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ABSTRACT. Sharp radius constants for certain classes of normalized analytic functions
with fixed second coefficient, to be in the classes of starlike functions of positive order,
parabolic starlike functions, and Sokét-Stankiewicz starlike functions are obtained. Our
results extend several earlier works.

1. Introduction

Let A denote the class of analytic functions f defined on D := {z € C: |z| < 1},
which are normalized by the conditions f(0) = 0, and f’(0) = 1 and let 8 denote
its subclass consisting of univalent functions. The well-known Bieberbach theorem
states that the second coefficient in the Maclaurin series of functions in 8 is bounded
by two. This estimate for the second coefficient plays an important role in the study
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of the class 8, and for that reason, there has been considerable continued interest
in the investigation of the class 8, C 8 of functions f(2) = 2z +ag2® + -+, az = 2b
for a fixed b with |b] < 1. The investigation on 8, was initiated as early as 1920
by Gronwall [7], where growth and distortion estimates were obtained for func-
tions in 8y. Recently, Ali et al. [5] extended the theory of second-order differential
subordination to the class of analytic functions with fixed second coefficient. Pur-
suant to that work, Nagpal and Ravichandran [15] obtained sufficient conditions for
starlikeness and close-to-convexity. Differential superordinations were considered
by Mendiratta et al. [13, 14], while Lee et al. [9] investigated other applications
of differential subordination for functions with fixed second coefficient. Livingston
problems for close-to-convex functions with fixed second coefficient were studied by
Mendiratta and Ravichandran [12]. A survey on functions with fixed initial coef-
ficient can be found in [2]. For 0 < « < 1, the classes 8*(«) and K(«) of starlike
functions of order o and convex functions of order « consist of functions f € 8
satisfying respectively Re (zf'(2)/f(z)) > a, and Re (1 + zf"(2)/f'(z)) > «; the
classes 8* := 8*(0) and X := K(0) are the familiar classes of starlike and convex
functions respectively. The second coefficient of functions in these classes satisfies
respectively the inequalities |as| < 2(1 — «) and |as| < 1 — «. For notational conve-
nience, let us denote by Ay, the class of normalized analytic functions of the form
f(z)=z+bz*+---. For [b| <Land 0 < o < 1, let 8;(a) := 8 () () Asp(1—a) and
Kp(a) := K(a) [V Ap(1—a)- Functions in these classes are respectively called starlike
and convex functions of order o with fixed second coefficient. Let 8} := 8;(0) and
Kp = Kp(0). The class 8} of Sokdt-Stankiewicz starlike functions [22] consists of
functions f € A for which zf/(z)/f(z) lies in the region bounded by the right half-
plane of the lemniscate of Bernoulli: |w? — 1| = 1. A function f € § is uniformly
conver if and only if Re(1+zf"(2)/f'(2)) > |zf"(2)/f'(2)|. The corresponding class
of starlike functions connected with the Alexander relation is the class of parabolic
starlike functions, introduced by Rgnning [19], given by

e freaon (580 - P51

For a survey of uniformly starlike/convex functions, see [1]. For § > 1, the class
M(B) consists of functions f € A satistying Re(zf'(z)/f(z)) < 8. This class con-
tains non-univalent functions and was investigated in [17, 24] (see also [4]). Clearly,
85 C 8%, 8% C 8*(1/2) while M(B) ¢ 8*.

The classes of starlike, convex and several other functions are related to the
class P(a), of analytic functions p(z) = 1 + b1z + ba2? + - - - satisfying Re(p(z)) >
a(0<a<l), P :=P0). It is well known [16, p. 170] that |b,| < 2(1 — «) for
p € P(«). We shall denote by P(«) the subclass of P(«) consisting of functions of
the form p(z) =14 2b(1 — )z +---, |b| <1, and let Py := P(0).

Given two sub-families S; and S of A, the Si-radius of S5 is defined to be the
largest number p such that »~1f(rz) € Sy for all 0 < r < p and for all f € S.
Several works on radius problems can be found in [18, 21, 23]. In a recent paper,
Ali et al. [4] obtained sharp radius estimates for functions f € A satisfying certain
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conditions on the ratio f/g for a given g € A. The radii results presented here
are nice extensions of Ali et al. [4] and the works of [2, 18, 21, 23] for functions
with fixed second coefficient, and include the radii results for the classes of starlike
functions of positive order, parabolic starlike functions, and the Sokél-Stankiewicz
starlike functions.

2. Preliminaries

The results that are required in the present investigation are enlisted below:
Lemma 2.1.([11, Theorem 2]) Let [b| <1 and 0 < a < 1. If p € Py(a), then, for
|z =r <1,

2(1 — a)r |b]r? + 2r + |b]
1—7r2 (1-2a)r2+2(1—a)lblr+1°

zp'(2)
p(2)

Lemma 2.2.([10, Lemma 1]) Let |b| <1 and 0 < a < 1. If p € Pyp(cv), then, for
lz| =r < 1, |p(2) — Cp| < Dy, where

(1+ [b]r)2 + (1 — 2)(|b] + 7)%r? D, = 2(1 = a)(|b]| + ) (1 + |b|r)r.

Cb = (T+20br +r2)(1—r2) (14 2[blr +72)(1 — 72)

Lemma 2.3.([10, Theorem 1]) Let [b] < 1 and 0 < a < 1. Suppose p € Py(a).
Then, for |z| =r <1,

/ —2(1—a)(|b|+2r+|b|r?)r .

¢ (Zp (Z)) > ) Ozanir@e-Darepr B S B

p(’z) (2\/0401701704)/(170[)7 R/ZRby

where Ry, = Cy, — Dy, R’ = \/aC1, Cy, and Dy, are as given in Lemma .

Lemma 2.4.([5, Theorem 5.1]) If f(z) = z+a22*+--- € K, then f € 8* (), where
« is the smallest positive root of the equation 20 — |as|a? — 4o+ 2 = 0, in the
interval [1/2,2/3].

Lemma 2.5.([3, Lemma 2.2]) For 0 < a < v/2, let v, be given by

_{ (V1—a?—(1—-a®)¥? 0<a<2v2/3;
T\ V2-a, 2v2/3 < a < V2,

and for a > 0, let R, be given by

R o_ V2 —a, 0<a§1/\@;
“7 ] a, 1/v2 < a.

Then {w: |w—al <r,} C{w:|w? =1 <1} C{w:|w—a| < Ry}
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Lemma 2.6.([20, Section 3]) Let a > 1/2. If the number R, is given by

oo fa=1/2 1/2<a<3)
*T U V2a—2, a>3/2,

then {w € C:|lw—al] < Ry} C{weC:|w—al <Rew}.
3. Radius constants
Let

and if Re(f(z)/z) > 0, then f(z)/z € P and hence |az| < 2. So such functions can
be given the series expansion: f(z) = z + 2b2%2 + -, where [b] < 1.

Definition 3.1. For |b| < 1, let F} be the class of functions f € Az, such that
Re(f(z)/z) > 0.

We now give below the radius constants pertaining to the class F}:
Theorem 3.2. The sharp radius constants for the class Fp are enlisted below:

1. The 8§ —radius is the smallest positive root ro € (0,1) of
(3.2) (V2 = 1)t 4+ 2v2b)r® 4 472 4 2[b|(2 — V2)r — V2 + 1 =0,
2. The M(B)—radius is the smallest positive root r1 € (0,1) of
(3.3) (B—1)r* +20b|Br3 +4r* +2|b|2 - B)yr —B+1=0.
3. The 8*(a)—radius is the smallest positive root ro € (0,1) of
(3.4) (1 —a)r* +2/b(2 — a)r® + 4r? + 2|blar + a — 1 = 0.
4. The 8% —radius is the smallest positive root rs € (0,1) of
(3.5) 4 6|br3 + 872 + 2/bjr — 1 =0.
Proof. Clearly, the function p(z) = f(z)/z2 =1+2bz+--- € P, and
' (2) _ 2f'(2)

p(z) — f(2)
Now by taking a = 0 in Lemma 2.1, we have
2p'(2) 2r([blr? + 2r + [b])

(3.6)

194

p(z) |~ (1=r2)(r24+2)br+1)
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(1) From Lemma 2.5, we see that

(Z2) -

whenever the following inequality holds:

<1

2r(|blr? + 2r + |b])
<v2-1
Ty =2t

which upon simplification, becomes
L= V24 2] (2= V2) r 42+ 2020 + (V2 - 1) 1t <0,

Therefore, the 87 -radius for the class 5’%, is the smallest positive root rog € (0,1) of
(3.2).
To prove the sharpness, consider the function fy defined by

(3.7 foz) = A4 E)

together with w(z) := z(2 + b)/(1 + bz). Then we see that

fol2) 1+ u(z)
z 1—w(z)’

where w is an analytic function satisfying the conditions of Schwarz’s lemma in the
unit disk D, which leads to Re(fo(z)/z) > 0 in D and hence fo € F}. Thus, for
z = rg, the root of (3.2), we have

fo(z) (=72 (1+2brg+73)

zfi(2) 1+ 4bro + 4r3 —r NG

it follows that

(?;6((,:)))2 _ 1‘ =1 (z=r),

which establishes sharpness of the result.
(2) The inequality (3.6) shows that

2f'(2) 2r([blr? + 2r + [b)
m(ﬂ@>§1+uﬂ%w+mw+n

if the following inequality

<5,

(B—1)r* +20b|Br® + 4r° +2(2 = B)|blr + 1 - B <0
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holds. Therefore, the M(f3)-radius of the class F} is the smallest positive root
r1 € (0,1) of (3.3). The result is sharp due to the function given in (3.7) as, for
z =11, the root of (3.3), we see that

zfé(z)_ 1+ 4bry +4r? —r} _5
fo(z)  (A—=rd)(L+2bry+77)

(3) In view of (3.6), it follows that

. 2f'(z) B 2r(|b|r? + 2r + |b]) N
a <f(z)>21 A-r) 2+ 2 +1) = @

whenever the following inequality

(1—a)r* +2/b|(2 — a)r® + 4r? + 2]blar +a — 1 < 0

holds. Thus, the 8*(a)—radius of the class F} is the smallest positive root 7 € (0, 1)
of (3.4).
The function fy defined by

2(1 — 2?)

(3.8) fo(z) = 1— 22+ 22

is in the class F} because for the function fy defined in (3.8), we have fo(z)/z =
(1—w(z))/(14+w(z)), where w(z) = z(z—b)/(1—bz) is an analytic function satisfying
the conditions of Schwarz’s lemma in the unit disk D, and hence Re(fo(2)/2) > 0
in . The result is sharp for the function given in (3.8) as, for z = —ry, the root of
(3.4), we have

Re (zfé(z)) 2fh(2) 1—r3(4—4bry +13)
= = =aq,
fo(2) fo(2) (1—72)(1—2bry +13)
which demonstrates sharpness.

(4) Lemma 2.6 shows that the disk (3.6) lies inside the parabolic region Q =
{w:|w— 1| < Rew} provided that

2r(|bjr? + 2r + |b])
(1—=r2)(r2 +2[b|r+1)

1
< o7
-2
or equivalently, if the inequality r* + 6|b|r® + 872 + 2|b|r — 1 < 0 holds. Thus, the
8% —radius of the class F} is the smallest positive root r3 € (0,1) of (3.5).

The function defined in (3.8), for z = —r3 satisfies
2ft(z)  1—r3(4—dbrs+1r3) 1

fQ(Z) B (1—’/’%) (1—2bT3+7’§) K

which demonstrates sharpness. The following figures illustrate sharpness of the
result. O
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Remark 3.3. For o = 0, part (3) of Theorem 3.1 reduces to the result [8, Theorem
2] of Goel.

Let
(3.9) 9(2) =24 g22" + -+

and assume that g(z)/z € P. Let f be given by (3.1) and Re(f(z2)/g(z)) > 0.
Then we have |as| < |g2| +2 < 4. Our next theorem focuses on the class of
functions involving these functions f and g with fixed second coefficients, whose
series expansions are given respectively by f(z) = z + 4b2%2 + --- and g(z) = z +
2cz% + -+, where |b| <1 and || < 1.

Definition 3.4. For [b| <1 and |¢| <1, let

ffgc = {f € Ay : Re <f(z)> > 0 and Re <g(z)) > 0, where g € AQC}.
’ 9(z) z

Here below, we furnish the radius constants for the class 3"5’6:

Theorem 3.5. Assume that v :=|2b— c|. Then the sharp radius constants for the
class 3"276 are enlisted below:

(1) The 85 —radius is the smallest positive root ro € (0,1) of
(V2 = 1)r% + (|c| + 7)2V2r® + (T + V2 + 4(1 + V2)|c|y)r* + 12(|¢| + 7)r?

(3.10)
(9= V2+403 = V2)|el)r? + 22 = V2)(|e| + y)r — V2 +1=0.

(2) The M(B)—radius is the smallest positive root r1 € (0,1) of

(8 = 1)r® +28(|e| +7)r° + (T + 8+ 4(1 + B)|ely)r* +12(|¢| + )
(311)  +(9—B+4B=B)lcy)r?+22—-B) (| +)r—B+1=0.

(3) The 8*(a))—radius is the smallest positive root ro € (0,1) of

(1—a)% +2(2 —a)(e| +7)r° + (9 — a + 4(3 — a)|c]y)r* +12(|¢| + 7)r®
(3.12)
+ (T4 a+4(1 +a)|efy)r? + 2(J¢| + y)ar + o — 1 =0.

(4) The 8p—radius is the smallest positive root r3 € (0,1) of
(3.13)
754+6(|c|+7)r°+ (174207 c)r*+24(|c|+7)r* +(15+127|c|)r?+2(|c|+v)r—1 = 0.
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Proof. Let the functions p and h be defined by p(z) = ¢g(z)/z, and h(z) = f(2)/g(z).
Then
p(z) =142cz+--- and h(z)=14+2(2b—c)z+---

or p € P.and h € Pyp_.. Since f(z) = zp(2)h(z), from Lemma 2.1 with a = 0, we
have

(3.14)
2G| LA | 2r  (lelr®+2r+|d  yr?+2r++
f(z) ~ 1 p(2) h(z) | = 1—r2 \ r242lclr+1 " 242y +1)"

(1) By Lemma 2.5, the function f satisfies ’(zf’(z)/f(z))2 —1| <1, for |z] < r, if
the following inequality holds

2 2 2
o (le|r®+2r+|c| 4+ 2r+ v <31
1—=r2 \ r242|cjr+1  r2+4+2yr+1

or equivalently, if the following inequality holds:

(V2 = 1)r% + (le| +7)2v2r® + (T + V2 + 4(1 + V2)|e]y)r* +12(|¢| + )r®
+ (9= V2+403 = V2)|e|)r? +22 = V2)(e| +y)r — V2 +1<0.
Therefore, the 8} -radius of the class 9’%_’6 is the smallest positive root r9 € (0,1) of
(3.10).

Consider the functions defined by
(3.15)

z — zC)z 22 cz 22
fo(z) = (14 (4b—2¢)z +2%) (1 +2¢cz + 2°)

(1-22)*

z (1 + 2cz + 22)
(1-22)

and go(2) =

The function fy with the choice of gy, defined above, is in the class 3";6 because

folz) _1tw) el 1)
go(2) 1 —wi(2) z 1—wa(z)’

where w1 (z) = z(z +2b —¢)/(1 + (2b — ¢)z) with |2b — ¢| < 1 and wa(z) = 2(z +
¢)/(1 + cz) are analytic functions satisfying the conditions of Schwarz’s lemma in
the unit disk D, and hence Re(go(z)/z) > 0 and Re(fo(2)/g0(z)) > 0 in D. Since
(3.16)

2fh(z 2 2 2(1 + cr 2 + 4bry — 2cr,

folz) _ 4 _ 0)2_ 0 O _ 5 (s=n0),
fo(z) 1—r9 147y 142cro+7r5 14ro(4b—2c+10)

we have

() -

Thus, the result is sharp.
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(2) The inequality (3.14) shows that

z2f'(2) 2r le|r? +2r + |e| = yr? +2r ++
R <1 <
e(f(z)>_ +1r2<r2+2|cr+1+r2+2'yr+1 <B

if the following inequality holds:

(B=1)r+28(c| +7)r® + (T+ B+ 4(1 + B)|cly)r* + 12(|c| +)r?
+ (9= B+4(3—B)|cl)r* +2(2 - B) (|| +y)r —B+1<0.

Hence the M(S)-radius of the class J3 . is the smallest positive root 71 € (0,1) of
(3.11). The result is sharp due to the functions given in (3.15) as it can be seen for
zZ=T

z2f§(2) - 2 2 2(1+ erq) 2+ 4bry — 2cry

3.17 _ _
(3.17) fo(2) 177“1+1+r1 1+2cri+r?  14+7r1(4b—2c+11)

=B.

(3) In view of (3.14), it follows that

Re z2f'(z) S 1o 2r le|r? +2r +|¢|]  yr?+2r +v >,
f(z) 1—r2 \ r2426elr+1  r2+429r+1

if the following inequality holds:

(1—a)r®+2(2 = a)(|e| +7)r° + (9 — a +4(3 — a)|e|y)r* +12(|¢| + 7)r®
+ (T+a+ 401+ a)|c|y)r* +2(|c] + y)ar +a —1<0.

Thus, the 8*(a)—radius of the class F7 . is the smallest positive root 72 € (0,1) of

,C

(3.12).
Consider the functions defined by
2(1—22)2 2(1—2’2)
1 = d =—“*
(318) fol2) (1—(4b—2¢)z + 22) (1 — 2¢cz + 22) and go(2) (1 —2cz+ 22)

The function fy, with the choice of gg defined in (3.18), is in the class 3"2 because

fE) _1-w) L wE) _1-us)
go(z) 14 wi(z2) z 14+ wq(z)’

where wy(z) = z(z — (2b — ¢))/(1 — (2b — ¢)z) with |2b — ¢|] < 1 and wy(z) =
z(z—c¢)/(1—cz) are analytic functions satisfying the conditions of Schwarz’s lemma
in the unit disk D, and hence Re(go(2)/z) > 0 and Re(fo(z)/go(z)) > 0 in D. The
functions defined in (3.18) satisfy

4 2 2 242 2(1 + 2bry —
sz(Z) - 1— _ + + 2cr2 2+ ( + "2 CT2) = (Z = —7‘2)7
fo(2) 147y 1—ry 142cro+7rs 1+47r2(4b—2c+ro)
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which demonstrates the sharpness.
(4) By Lemma 2.6, the disk (3.14) lies inside the parabolic region = {w :
|lw— 1] < Rew} provided

z2f'(2) < 2r le|r? +2r +|e| = yr?+2r +~ < 1
f(2) T 12\ r242cr+1  r24+2yr+1) 2
or equivalently, if 6 +6(|c|+7)r® + (17 +207|c|)r* +24(|c| +~)r3 + (15 + 129|c|)r? +

2(le| +v)r — 1 < 0. Thus, the 8} —radius of the class F7 is the smallest positive
root r3 € (0,1) of (3.13). The functions defined in (3.18) satisfy, for z = —r3,

zfo(z) 1 2 2 2(1+crs) 2(1+2brg—crz) 1
folz) T+r3 1—r3 1+2cr3+73 1+7r3(4b—2c+7r3) 2’
which demonstrates sharpness. O

Remark 3.6. Setting b =1 = ¢, in Theorem 3.5, we obtain the result [4, Theorem
2.1] of Ali et al.

Let the functions f and g be given by (3.1) and (3.9) respectively. Assume that
f and g are satisfying Re(f(z)/g(z)) > 0 and Re(g(z)/z) > 1/2 in D. Then we
have |az| < |g2] +2 < 3. In the following theorem we shall discuss some radius
problems for functions with fixed second coefficients whose series expansion are
given respectively by f(z) = 2z +3b2% + -+ and g(z) = 2 + c2® + -+ with |b] < 1
and |c| < 1.

Definition 3.7. For [b| <1 and |c| <1, let

3"5’6 = {f € Asp : Re (f(z)) > 0, and Re (g(z)) > 1, where g GAC}.
' 9(2) z 2

Now the radius constants for the class fﬂic are established in the following result.

Theorem 3.8. Assume that v1 = |3b — c|. For the class Srg’,c,
1. the 85 —radius is the smallest positive root ro € (0,1) of
V2clr® + (14 V2)(1+ felm)rt + (6le] + V2(1 + V2)7)r?
(3.19) + (64 (3= V2)|cly)r? + V2(V2 = )(le] + m)r —vV2+1=0
and it is sharp.
2. the M(B)—radius is the smallest positive root r1 € (0,1) of
[€lBr® + (L4 B)(A + [elm)r + (6le] + (2 + B)m)r?
(3.20) +(6+ (3= Bleln)r® + (2= B)(Jel +m)r = B+1=0

and it is sharp.
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3. the 8*(a)—radius is the smallest positive root ro € (0,1) of

— Jelar™ + (Jel(1 — @) +21el) = 1 — a)r + ([el(2 — a)(3 + 2lcln) — am)r®
+ (54 8|c)®> — a+ 23— a)le|y)rt + (12 + a)le| + 2(2 + |¢[2a)y)r?
+ (55— 2|c|2 + a4+ 2|c\2a +(1+ 3a)|c|'yl)r2 + (2]e| + 3|c]a + ay)r

(3.21)
+a—1=0.

4. the 8p—radius is the smallest positive root r3 € (0,1) of

le|r™ 4+ (1 4 4|c|® + 3|e|y1)r® + (17|c| + 3v1 + 8|c[*y1)r® 4+ (13 + 20|c|? + 16]c|1 )7t
(3.22)
+ (31]c| + 8y1 + 4|c|2fy1)7‘3 + (114 5|cwl)r2 + (y1—le)r—=1=0.

Proof. Define the functions p and h by p(z) = g(z)/z and h(z) = f(z)/g(z)

~

—~
™R

N

(3.23) p(z) =1+cz+-- and h(z) =

) = LBzt

orp € Pejp(1/2) and h € P(gp_c)/2. Lemma 2.1 with o = 0 and a = 1/2 respectively
lead to

zh'(2)
h(z)

roelr? +2r +|c|
“1-r2  r+1

. ST WET

T 1= r24yr+1 p(2)

From (3.23), f(2)/z = p(2)h(z), and so the inequalities in (3.24) yields

SICIRMERCINETE
f(z) | h(2) p(2)

r nri+4r+91  ejr? +2r + |
(3.25) —1—1r2 ( r2 4 yr+1 le|r + 1 )

(1) By Lemma 2.5, the function f satisfies ‘(zf’(z)/f(z))2 - 1} < 1, for |z] < r, if
the following inequality holds

r 71T2+4T+71+|C‘T2+2T+‘C| S\/ﬁ*l
1—=r2\ r24+mr+1 lelr +1

or equivalently, if the following inequality holds:

V2]elr® + (14 V2)(1 + [e|y)r* + (6lc] + V2(1 + vV2)y1)r?
+ (64 (3—V2)|cy)r? +V2(vV2 = 1)(|c| + m)r —V2+1<0.
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Therefore, the 87 -radius of the class ffg’c is the smallest positive root ro € (0,1) of
(3.19). Consider the functions defined by

2(1+(3b—c)z + 22)(1 + c2)
(1—22)2

z(1 4+ cz)

(3.26) folz) = R

and go(2) =

The function fy with the choice go, defined in (3.26), is in the class 3"5’7 . because

Jo(z)  14+wi(z) go(z) 14 wa(2)

= and = ,

go(z)  1—wi(z) z 1 —wa(2)
where w1 (z) = z(z + (3b—¢)/2)/(1 + ((3b — ¢)z/2) with |3b— ¢| < 2 and wa(z) =
z(z 4+ ¢/2)/(1 + ¢z/2) are analytic functions satisfying the conditions of Schwarz’s

lemma in the unit disk D, and hence Re(go(2)/z) > 1/2 and Re(fo(2)/g0(2)) > 0
in D. Since

z2fi(2) 2 2 1 2 4 3brg — cro _ 3

= —+ — — =
fo(Z) 177’0 1+’I"0 1+CT‘0 1+’I"0(3b70+7‘0)

for z = rg, the root of (3.19), we have |(zfo(2)/fo(2))? — 1| = 1. Thus, the result is
sharp.
(2) The inequality (3.25) shows that

Re(zf’(z))< r <'y1'r2+4fr+’y1+|c|r2+2r+|c>+lgﬂ7

fz) ) 7 1=r2\ r24+ymr+1 lelr +1
if the following inequality holds:
Blefr® + (1 + B)(L + |ely)r + (6le] + (2 + B)m)r®

+ (64 (3= B)|chn)r® + (2= B)(le| + n)r —B+1<0.

Therefore the M(/3)—radius of the class 5";?”6 is the smallest positive root 71 € (0,1)
of (3.20). The result is sharp for the functions given in (3.26) as it can be seen that,
for z = rqy, the root of (3.20), we have

zfé(z)_ 2 2 B 1 B 24+ 3bry —cr
folz)  1—r 14+r 1+4ery 14+7m(Bb—c+r)

= 8.

(3) Since f(z)/z = p(z)h(2), it follows from Lemma 2.1 and Lemma 2.3 that

(327) Re (Zf ’<Z>> 21 (12 + 47 +70)r (lel +2r + |elr2)r

a7
f(z) r2+yr+ D) =r2) (L4 2felr +r2) (1 +[cfr)
if the following inequality holds:
= lefar® + (lel(1 = a) (1 + 2le]) = 1 = a)r® + (el(2 = @) (3 + 2le|y1) — am)r”
+ (548l —a+2(3 — a)lefy)r* + (12 + a)|c| + 2(2 + |c[2a)y)r?
+ (5 = 2|c|* + a + 2|c|*a + (1 + 3a)|e[y1)r? + (2|e| + 3|eja + ay)r + a— 1 < 0.
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Thus, the 8*(a)—radius of the class Fj _ is the smallest positive root r2 € (0,1) of
(3.21). '

(4) From (3.25) and (3.27), it is clear that |(zf'(2)/f(2)) —1] < Re(zf'(2)/f(2))
provided

(rr? +4r +y)r (le[ + 27 + [c|r?)r
(2 +yr+ 1)1 —r2)  (1+2|clr+r2)(1+|cr)

ST nri+4r+91 ejr? +2r + |
T 1-r2\ r4+mr+1 lejr +1

or equivalently, if the following inequality holds:
le|r™ + (1 + 4|c|® + 3|efy)r® + (17]¢] + 3v1 + 8[¢|®y1)r® + (13 + 20|¢|* + 16]c|y1)r?
+ (31|c| + 8y1 + 4lc|?y1)r® + (11 4 5|cjy)r? + (71 — |e))r —1 < 0.

Thus the 85—radius of the class Fj . is the smallest positive root r3 in (0,1) of
(3.22). O

Remark 3.9. Putting b = 1 = ¢ in Theorem 3.8, we obtain the result [4, Theorem
2.2] of Ali et al.

Now consider the functions f and g, given by (3.1) and (3.9) respectively. Sup-
pose that f and g satisfy the conditions |f(2)/g(z) — 1] < 1 and Re(g(z)/z) > 0 in
D. Then it follows that |as| < |g2| + 2 < 3. Thus such functions with fixed second
coeflicient, satisfying the above conditions can have the series expansion namely
f(z)=2+3b22+--- and g(2) = 2 + 2¢2% + - -- with |[b] < 1 and |¢| < 1.

Definition 3.10. For |b| <1 and |c| < 1, let

:ﬂ‘},c = {f € Agyp: ’géj)) — 1‘ < 1,and Re (g(;)) > 0, where g EAgc}.

Now in the following result, we provide the radius constants for the class 3"276.
Theorem 3.11. Assume that 6 := [2c — 3b|. For the class I .,

1. the 8% —radius is the smallest positive root ro € (0,1) of

V207° 4+ (14 V2) (1 + 26]e])r* + 2(36 + V2(1 + v2)|¢|)r
(3.28) +2(34 (3= v2)dle))r? + (2= V2)(6 + 2|e))r —V2+1=0.
2. the M(B)—radius is the smallest positive root r1 € (0,1) of

Bor° 4 (14 B)(1 + 268]e))r* +2(30 + 2|¢| + |c|B)r®
(3.29) +203+ (3= B)|c)r2 + (2 =B+ 2|c))r —B+1=0.
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3. the f € 8*(a)—radius is the smallest positive root ro € (0,1) of

(2 — a)or® 4+ (14 26|c))(3 — a)r* +2(38 + 4|c| — |c|a)r®
(3.30) + (0 4 2|c))ar? +2(3 4 (1 4+ @)d|e|)r +a —1 = 0.

4. the 8p—radius is the smallest positive root rs € (0,1) of
(3.31) 3675 +5(1+26|c))r* +2(65 +7|c|)r® +6(2+5|c|)r? + (6 +2|c[)r—1 = 0.

Proof. Tt is easy to see that |f(2)/g(z) — 1| < 1 if and only if Re(g(z)/f(z)) > 1/2.
Define the functions p and h by p(z) = ¢g(2)/z, and h(z) = g(2)/f(2). Then

p(z)=1+2cz+--- and h(z):M:1+(20—3b)z+~~

f(2)

orp € P.and h € Prae_3p)/2(1/2). Lemma 2.1 with a = 0 and o = 1/2 respectively
lead to

zh'(2) 2r(|e|r? + 2r + |c|) zp'(2) r(0r? 4 2r + 6)
B2 e | = T=meEradr ey M e | S a-me
respectively, where ¢ := |2¢ — 3b|. Since 2zp(z) = f(2)h(z), from (3.32), we have
SO EICTNERE
f(2) ~ | p(2) h(z)
r 2(le|r? +2r +e|)  (6r% +2r +9)
(3.33) _1—7’2( r2 +2qr +1 + or+1 )

(1) By Lemma 2.5, the function f satisfies |(zf'(2)/f(2))* — 1| < 1, if the following
inequality holds:

2 2
T (2(c|r +2r+|c)  (6r +2r+§)> Va1,

1—r2 r2+2qr+1 or+1
or equivalently, if
V205 + (14 V2)(1 + 28]c))r* + 2(36 + V2(1 + V2)|c|)r?
+2(3+ (3= V2)d|e)r* + (2 = V2)(6 + 2|c))r — V2 + 1< 0.

Therefore the 87 —radius of the class Fj , is the smallest positive root ro € (0,1) of
(3.28).
(2) Using (3.33), we get

z2f'(z) r 2(|c|r? +2r +e|) = (6r% +2r +0)
Re(f(z)><1+l—r2< r2+2qr+1 + or+1 ><ﬂ
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if the following inequality holds:
B675 + (14 B)(1 4 25|c|)r* + 2(36 + 2|c| + |c|B)r?
+234+ B3 =8)|c)r?+ (2= B)( +2|c))r—B+1<0.

Therefore, the M(8)—radius of the class ff",‘i . is the smallest positive root r; € (0, 1)
of (3.29).
(3) Inequality in (3.33) implies that

zf'(z) r 2(|c|r? +2r +|e|)  (6r% +2r +9)
>1- >
Re(f(z))_ 1r2( r24+2qr+1 + or+1 =«

if the following inequality holds:

(2 — @)6r° + (14 26|¢))(3 — a)r* +2(30 + 4|c| — |c|a)r®
+ (6 +2|c))ar? + 23+ (1 + @)d|c[)r +a — 1 < 0.
Thus, the 8*(«)—radius of the class 9’?76 is the smallest positive root in ro € (0,1)
of (3.30).

(4) Lemma 2.6 shows that the disk (3.33) lies inside Q = {w : |w — 1| < Rew},
the parabolic region, provided

zf'(z) e 2(|c|r? +2r + |c|) N (012 4 2r +6) < 1
f(2) — 172 r2 4 2qr+1 dr+1 —2

if the following inequality holds:

30r° + 5(1 + 20¢|)r* 4+ 2(66 + 7|c|)r* + 6(2 + dlc|)r? + (6 + 2|c[)r — 1 < 0.

Therefore, the 8} —radius of the class EF;{C is the smallest positive root r3 € (0,1)
of (3.31). O

Remark 3.12. Note that, in addition, we obtain the following sharp results of [4,
Theorem 2.3] of Ali et al. as special case to parts (3) and (4) of Theorem 3.11 when
b=1=c.

For the class &"‘1{1,

(1) the 8% —radius, ro = 2(2_—‘/5)’
V2(V17-4v2+43)
—radi - 26-1H
(2) the M(B)—radius, 1 Py xov ot
(3) the sharp f € §(a)—radius, 7y — ——20=0)

3+4/9+4B(1—a)(2-a)’

(4) the sharp 8H—radius, 3 = %
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Consider the functions f and g given by (3.1) and (3.9) respectively. Further
assume that f and g satisfy the condition |f(2)/g(z) — 1| < 1 and g is a convex
function in the unit disk D. Then we have |as| < |g2| + 1 < 2. In the next theorem,
we consider such functions with fixed second coefficient, whose series expansion are
given by f(2) =2+ 2b22+ -+ and g(2) = z + 22 + -+ with [b| <1 and |¢| < 1.

Definition 3.13. For |b| <1 and |¢| < 1, let

97;:’,6:: {feﬂgb:Re(f(Z)> > 0, wheregeﬂcﬁK:ch}.

9(2)
We now obtain the radius constants for the class ff"ac in the following result.
Theorem 3.14. Assume that 61 := |c — 2b|. For the class Fy ,
1. the 8*(\)—radius is the smallest oot rg € (0,1) of
((51 + Body — (51)\)7‘5 + (2 + Bo + 3|C|(51 + |C‘ﬁ0(51 — A= 2|C|(51)\)T4
+ (5lef + el Bo + 301 — Bod1 — 2]e|N)r® + (3 = Bo + (1 = o + 2X)8uc])r”
(3.34)
+ 2N+ A —|e] — [e|Bo)r + A —1 =0,
where By = 2ap—1 and ag € (0, 1) is the smallest positive root of the equation

203 —qa® —4a+2=0

in the interval [1/2,2/3].

2. the 8% —radius is the smallest root 1 € (0,1) of

(81 4 28081)r° + (3 4 280 + 4]¢|d1 — 2|¢]Body )r
+ (8le| = 2[e|Bo + 661 — 26061 + 2|c|Bodr — 2[e|* Body)r®
+ (6 — 280 + 2|c|Bo — 2|¢|*Bo + 4c|61 — 2|¢|Bodr)r?
(3.35) + (=2le|fo + 61)r — 1 = 0.

3. the 8 —radius is the smallest root r5 € (0,1) of

(01 + V261 — Bod1)r® + (2 + V2 — By + 3¢01 + 2v/2|c|d1 — || Bodr)r?
+ (5le] + 2v2[e| — [¢]Bo + 381 + 2|¢[*61 — Bodr — [¢|Bodr — [¢]*Bodr)r?
+ (3 +2|e* = Bo — |c|Bo — ||*Bo + 5le|dr — 2v2|e|dr — |c|Bodi)r?
(3.36)
+ (3le| — 2v2|¢| — |e|Bo + 261 — V261)r — V2 + 1 =0.
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4. the M(B)—radius is the smallest root r3 € (0,1) of

(01 4 B61 — Bod1)r’ + (24 B — Bo + 3|c|d1 + 28|c|d1 — |c]Bodr)r
+ (5lel + 28e| — lelBo + 361 + 2cl*61 — Body — |¢lBobr — |e|* Bodr)r?
+ (3 4+ 2|c]® = Bo — |clBo — |c|*Bo + 5lc|d1 — 2bc|61 — |c|Bod)r?
(3.37)
+ (le| = 28| = |e|Bo + 201 — Bo1)r — B+ 1= 0.

Proof. Define the functions h and p by h(z) = g(2)/f(z), and p(z) = z¢'(z)/9(2).
Then

h(z)=1+(c—2b)z+--- and p(z)=1+4cz+---.
Since |f(z)/g(z) — 1| < 1 if and only if Re(g(z)/f(z)) > 1/2, we have h €
P(e—2p)/2(1/2). An application of Lemma 2.1 to the function h(z), gives

zh/(2)
h(z)

(0172 + 2r + 61)r
(01r +1)(1 —72)’

(3.38) <

where &1 := |c — 2b|. Since g(z) = z + cz? + -+ € K, it follows from Lemma that

/
Re (zg (Z)> > ap,
9(2)
where «p is the smallest positive root of the equation 2a® — |c|a? — 4o+ 2 =0 in

the interval [1/2,2/3]. Thus Re(p(z)) > .
(1) An application of Lemma with o = ayg, gives

(3.39) Ip(z) — Ce| < De,
where
2 _ 2,2 _
C = (1 +ler)® = Bo(lel +7)°r D, - (L = Bo)(le| +r)(A +|efr)r o Bo = 200—1.

(14 2|c|r 4+ r2)(1 —r2) (14 2lclr +r2)(1 —r2)
Since h(z) = g(2)/f(z) and p(2) = z¢'(2)/g(2), we have

(3.40) LY el <o -+ |52
From (3.39), (3.38) and (3.40), we have

zf'(z) (6172 +2r + 01)r
(3.41) O AR CTES =)

Clearly f € 8*()), provided that

z2f'(z) o (0172 + 21 + 61)r
Re(f(Z)>>C” be= Grrna—rm) =
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or equivalently, if the following inequality holds:

(81 4 Bob1 — 1A + (2 + Bo + 3leld1 + || Bodr — A — 2|c|d1 A)r?
+ (5‘C| + |C|ﬁo + 3(51 — ﬂo(sl — 2|C|)\)T‘3 + (3 - ﬁo + ((51 — ﬁ0(51 + 2(51)\)‘C|)7‘2
+ (=le| = |elBo + 2|e]A + d1A)r — 1+ A < 0.

Thus, the 8*(\)—radius of the class F} . is the smallest positive root 7o € (0,1) of
(3.34).

(2) In view of Lemma 2.6, the disk given in (3.41) lies inside the parabolic region
given by Q := {w : |w — 1| < Rew} provided

(0172 +2r + 61)r
(Or+1)(1—r2)

D, + )< Co—1/2

or equivalently, if the following inequality holds:

(81 4 2B001)r° + (3 + 280 + 4le|r — 2|e|Bodr)r*
+ (8|C| — 2|C|ﬁo + 6(51 — 250(51 + 2|C|5051 — 2|C|250(51)7"3
+ (6 — 280 + 2c|Bo — 2|c|*Bo + 4lc|d1 — 2|¢|Bod1)r? + (61 — 2|e|Bo)r — 1 < 0.

Hence the M(3)—radius of the class J}  is the smallest positive root 71 € (0,1) of
(3.35).

(3) From Lemma 2.5, the function f satisfies |(2f'(2)/f(2))? — 1| < 1,in|z| <,
if the following inequality holds:

2
(017 +2r+51)r)§\/§

T (G + 1)1 —12) —Ce,

or equivalently, if the following inequality holds:

(81 4+ V281 — Bod1)r® + (2 + V2 — By + 3¢d1 + 2v2|¢[d1 — |e|Bodi)r?
+ (5|C‘ + 2\/§|C| — |C|Bo + 361 + 2|C|2(51 — Bodr — |C|ﬁo(51 - |C|2,8061)T3
+ (3+2[c|* — Bo — |elBo — |e*Bo + 5lc|d1 — 2v/2|c|1 — || Bod)r?
+ (3le| — 2v2|¢| — |e|Bo + 201 — V281)r — V2 +1 <0.
Therefore the 87 —radius of the class J7 , is the smallest positive root 75 € (0,1) of

(3.36).
(4) From (3.41), we have

z2f'(z) (517’2 +2r+6)r
Re( ) ) st Dt Gorna e =7
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if the following inequality holds:

(61 + 861 — Bodi)r® + (24 B — Bo + 3|c|d1 + 2B|c|d1 — |c|Bodr)r?
+ (5le| + 2Be| — |clBo + 361 + 2[c|*61 — Bod1 — |clBodr — |¢[*Bodr)r?
+ (34 2lc|* = Bo — lelBo — |e|* Bo + Blc|dr — 2b|c|dy — [e]Bodr)r?
+ (Je| = 28]e| — |e|Bo + 201 — Bo1)r — B+ 1=0.

Therefore, the M(3)—radius of the class Fy . is the smallest positive root 3 € (0,1)
of (3.37). O

Remark 3.15. Note that for b = 1 = ¢, Theorem 3.14 reduces to the result [4,
Theorem 2.5] of Ali et al.
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