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EXPONENTIAL STABILITY OF A CLASS OF NONLINEAR
DIFFERENCE EQUATIONS IN BANACH SPACES

NGUYEN SINH BAY, LE VAN HIEN, AND HIEU TRINH

ABSTRACT. The problems of global and local exponential stability analy-
sis of a class of nonlinear non-autonomous difference equations in Banach
spaces are studied in this paper. By a novel comparison technique, new
explicit exponential stability conditions are derived. Numerical examples
are given to illustrate the effectiveness of the obtained results.

1. Introduction

It is well-known that delay differential equations (DDEs) play an essential
role in modeling a wide range of phenomena in the vivid world [9,25]. Typical
examples are chemical and physical processes, data transmission lines, biolog-
ical models, robotic control or communication networks. These practical sys-
tems are usually modeled in the form of nonlinear continuous-time systems with
time-varying delays, which are much more complicated than corresponding or-
dinary differential equations [12,20]. Today, with a dramatical development of
computer-based computational techniques, difference equations are found to be
much more appropriate for computer simulation, experiment and computation,
which play an important role in realistic applications. By a discretization pro-
cess, discrete-time systems described by difference equations inherit the similar
dynamical behavior of the continuous-time ones [12]. Considerable attention
from researchers has been devoted to develop efficient numerical methods and
enrich theoretical aspects for this type of systems [7,23,24,28]. Particularly,
the problem of stability analysis of difference equations with or without delays
has received extensive attention recently [4,11,12,16,17,27].

In most of existing results, which concern with stability of difference equa-
tions with delay, the Lyapunov—Krasovskii functional (LKF) method is widely
used to derive sufficient stability conditions. However, this approach, on one
hand, relies heavily on how to choose an appropriate LKF candidate which
usually leads to serious difficulties and, on the other hand, is hard to apply to
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nonlinear non-autonomous equations [14]. Another effective approach is the use
of discrete-type inequalities such as Gronwall inequality or Halanay inequalities
[1,2,12,19,26-28,30].

On the other hand, a numerical approximation process of a variety of practi-
cal systems leads to difference equations in infinite-dimensional spaces [4,7,29].
When considering the applicability of numerical methods for dynamical sys-
tems, it is important to analyze whether or not numerical methods inherit
dynamical properties of the underlying systems. Therefore, it is relevant and
important to study asymptotic behavior of difference equations in a Banach
spaces [3,5,6,10,21,29].

Motivated by the above discussion, in this paper, we consider the prob-
lem of exponential stability analysis of a class of higher-order nonlinear non-
autonomous difference equations in Banach spaces. Based on a novel compari-
son technique, we establish explicit conditions that ensure exponential stability
of the equation with general growth condition of the nonlinear part. Specifi-
cally, the derived conditions ensure both global exponential stability and local
exponential stability of the equation when the nonlinear part satisfies a sub-
linear condition and a superlinear condition, respectively. Numerical examples
are given to illustrate the effectiveness of the obtained results.

Notation. Throughout this paper, we let Z and Z* denote the set of integers
and positive integers, respectively. For r € Z, we denote Z,, = {m € Z : m > r}
and for r1,7r9 € Z,71 < 79, the set {ry,r +1,...,79} is denoted as Z[rq, ro].
We also use the notation m to denote the set Z[1,m] for m € Z™.

2. Preliminaries

Consider the following functional equation
(1) a'(t) = —ax(t) + b(t) f(t, 2e), @0 =0,
where a > 0 is a constant, b € L*(R,R), f : R x C([-7,0],R) = R, 7 > 0,
is a continuous function, ¢ € C([—7,0],R) is the initial condition and z; €
C([-7,0],R) defined by z:(s) = x(t + s),s € [-7,0].

By employing continuous Halanay inequality, it was proved in [15] that if
lf(t, @) < ||¢|l for all ¢ € C([—7,0],R) and bos = esssup|b(t)| < a, then all
solutions of (1) converge exponentially to zero. Later, by a discrete Halanay
inequality, it was proved in [18] the delay-independent condition by < a is
preserved under a numerical scheme. More precisely, let 7 be a positive integer
(the number of subintervals) and define h = 7/r as the discretization step.
Denote tg = 0,ty4; = ty, + th, v, = x(ty), Tnyi = 2(t, +ih), i € Z, then (1)
can be approximated by the following scheme:

Step 1 Calculate x,, = ¢(t,,) for n € Z[—r,0].

Step 2 Define ¢, : [tn—r,tn] — R as the piecewise linear function connecting
the( T+ 1) points p,_, = (tn—ramn—r)v <oy Pn = (tnwxn) and @n(t) =
¢n t— tn .
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Step 8 Calculate f(n,Tn,...,Tn_r) = b(ty)f(tn, Pn)-
By using the explicit Euler discretization method to approximate (1), we obtain

(2) Tpi1 = (1 —ah)z, +hf(n,zp,...,20_), n>0.
Theorem 2 in [18] ensures that equation (2) is asymptotically stable if bo, < @
and h < %

It should be pointed out that the asymptotic stability of (1) is preserved
in (2) only for sufficiently small sizes of discretization step. Now, we slightly
modify the approximation of (1). By applying the backward Euler method into
the linear part, equation (1) is approximated as

T — -
(3) % = —axpi1+ fn, 2, ..., Tp_yr)
which can be written in the form

ah h -
4 n =(1—-—— n P sdny ooy dp—r ).
(1) puin = (1 T e )

It can be verified by Theorem 2 in [18] that the asymptotic stability of (1) is
preserved for difference equation (4) without any restriction on the step size
h > 0.

Now, we adapt the discretization scheme in deriving (4) to the following
generalized nonlinear non-autonomous delay differential equation

(5)  2'(t) = —alt)z(t) + b(t)G(t,x(t — 1), x(t — T2),...,x(t — Tm)), t >0,

where a,b € C(RT,R) are continuous functions, a(t) > 0, z(t) € X, a Banach
space with the norm |||, G : Rt xX™ — X is a continuous function, G(¢,0) = 0,
Ti, @ € m = {1,2,...,m}, are positive numbers involving time-delay. We
assume that 0 < 7y < 79 < --- < 7,,, and 7;,¢ € m, have a positive common
factor, namely &, that means there are integers r1,7s2,...,7r,, such that 7, =
hri,i € m. By the same discretization scheme used in deriving (4) with step
size h, it follows from (5) that

1 b(n)
Ty +

1+ a(n) 1+a(n)
where F(n,Zp—ryy.. . Tn_r, ) = Gtn, ©n1,---Pnm), a(n) = ha(tn+1) and
b(n) = hb(t,). In equation (6), each initial condition is defined by a sequence,
also denoted by ¢, on Z[—rp,0], that is z(n) = ¢(n),n € Z[—rny,0]. For
convenience, we denote ||¢|| = max,ecz[—_,,. 0 [|@(n)]|-

First, we recall here that equation (6) is said to be globally exponentially
stable if there exist positive scalars 3, v such that any solution z,, of (6) with
initial condition ¢ satisfies the inequality

(7) lznll < Bllglle™", n € Z7.
If there exists a scalar § > 0 such that inequality (7) holds for any initial condi-

tion ¢ satisfying ||¢|| < J, then equation (6) is said to be locally exponentially
stable.

(6) Tn+1 = F(TL, Tp—ryy Tn—rgy - -+ )xn—’r‘m)a n >0,
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The main objective of this paper is to derive exponential stability conditions
for equation (6) subject to general growth conditions of the nonlinear func-
tion F'. Inspired by the comparison techniques of discrete Halanay inequalities
[12,27,30], we derive explicit conditions that ensure global exponential stability
of equation (6) when the nonlinear function F' satisfies a sublinear condition.
Different from existing results in the literature, in this paper, we will prove
that if the nonlinear function F satisfies a type of superlinear conditions, then
our derived conditions guarantee a local exponential estimate for (6). More-
over, as shown by numerical examples, our conditions are competitive and less
conservative than existing results in the literature.

3. Main results
3.1. Global exponential stability

We make the following assumptions.

(H1) a(n), |b(n)| are bounded functions satisfying
0<ay <a(n)<a®, by <|b(n)| <0, VneZT,

where, for a bounded function g(n) on Z*, we denote g4 = inf,, cz+ g(n)

and g% = sup,,cz+ 9(n).
(H2) There exist a positive integer p, nonnegative bounded functions \;(n),

i € p, and nonnegative scalars a;; such that Z;":l a;; = 1,Yi € p, and

m

ORTCRSINEATIES P08 § 1

j=1

¥ii (21, %9, .. Tm) € X™.

Remark 3.1. It follows from (H2) that ;; < 1 for all i € p,j € m, and thus
condition (8) is referred to a sublinear condition of nonlinear function F'.

We are now in a position to present our global exponential stability condi-
tions for equation (6) as given in the following theorem.

Theorem 3.2. Let assumptions (H1) and (H2) hold. If
P

©) o £ timinf {a(n) — [b(n)| D Mi(n) } >0,
i=1

then equation (6) is globally exponentially stable. More precisely, there exist
positive constants B, v such that any solution x, of (6) with initial condition
¢ satisfies

(10) lznll < Bllglle™", n € Z*.

Proof. Note at first that, by (8) and (9), = 0 is the unique equilibrium point
of (6). We now prove that this equilibrium point is globally exponentially
stable.
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By (9), there exists an integer Ny > 1 such that

P
o
i - : > 2,
(1) nt {a(n) — ()| ;Mn)} > 7
Therefore,
L+ [b(n)| 355, Ain) _ | a(n) — [b(n)] 307, Ai(n)
1+ a(n) 1+a(n)
1 P
<1 o it {a(w) — [b(n) ;Mn)}
g a
12 <l—————< = ,1), Vn > Ny.
From (6) we have
1 [b(n)|
n < n F YN —T1y N —T
ol < g ol + Tpps 1P o)
1 b)) <
13 n PR >\1 n—r; a”
(13) < a1 g M an |
For any initial condition @, ||z, || < [|¢||, Vn € Z[—ry,,0]. Thus, it follows from
(13) that [|lz1] < 522%|6], where A* = 337_ Af. By induction, from (13)
we readily obtain
1o A \"
14 < (A . n>0.
(1) ool < () el m
Suppose L2 > 1. Then, by (14), aall < folléll, Y € Z{—rm, No - 1,
where 3y = max{(%)%_l, 1}. Note that the above estimate obviously

holds if 11"_32;\* < 1. This, in regard to (13)-(14), leads to

(15) lznll < Bopll@ll, ¥n = No.

Now, inspired by the Archimede algorithm, we rescale Zy, by the following
sets

(16) In={No+ (k= 1)rpm +s:s€Z0,r, —1]}, k> 1,
then it can be seen that
Zn, ={n€Z:n> Ny} =Up2I}.
We will prove by induction that
(17) lzall < Bop*l16ll, Vn € I, Vk € Z*.
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Clearly, (17) holds for k¥ = 1. Suppose (17) holds for some k € Z*. Then, for
n= Ny + kry,, —1, we have n —r; = No+ (k — 1)ry, + 7, — 1 — 7, € I);. Thus,

1 b(n)| < a
lenall < Tz lleall + a0 Zxxn)HHxHA i
p m
< 1+ a0 )5op loll + 1= ;AZ 11 (Bor*lloll) ™
1+1b ™o
R n)ﬁop’“llaﬁll
< Bop* 4]l

Now, for any n € Iji1, we write n = Ng + kry, + 8,8 € Z[0, 7y, — 1], then by
the same arguments we have

Otl_/

fonsall € pas ol St ann Ny

i=1 =

()] <« i i
< || nH Z)‘Z H ||xn*""j||) ’ H (Hxnme) !
1+a( ) 1—|—Cl n i=1 s<r; ri<s
<1 P (n Al kNl @69
< I8l + 7 Z k) TT (5or*19l)
1 +a( ) s<r;
J
x [T (Bor™ll0l)™
r;<s
L+ o) 3232, Ai(n) 4,
< =
< TR Zan 20 5 )
< Bop™||I-
This shows that (17) holds for k£ + 1. By induction, (17) holds for all k € Z*.
Finally, to get a global exponential estimate, we define v = —ilog(p)

and 5, = plzvfo Bo. For any n > Ny there exists a unique k£ > 1 such that
n=No+ (k—1ry,+s, s €Z[0,r, —1], and thus, n < kr,, + Ny — 1 which
yields p* < ( 7"'§L/ﬁ)n+17N0. Therefore, by (17), we have

Izl < Bop® [l < Bo( x/p)" 0]

(18) = Bil¢lle™", n = No.
In addition,
19 leall < olléll < Boe ™D g™, ¥n € Z[0, Ny — 1.

A combination of (18) and (19) gives
[zn | < Bllglle™™, Vn >0,



NON-AUTONOMOUS DIFFERENCE EQUATIONS IN BANACH SPACES 857

where 8 = max { Boe?No—1), ﬁl}. This shows the global exponential stability
of (6). The proof is completed. O

Remark 3.3. If condition a(n) —[b(n)| Y-_, A\j(n) > o > 0 holds for all n € Z™,
then =1 and any solution z,, of (6) satisfies

(20) lzall < sup  Jlé(n)lle™™", Y >0,

NEL[—7pm,0
where 7 = —% log (1 — 1—5—#)

By the same arguments used in the proof of Theorem 3.2 we obtain the
following result [22].

Corollary 3.4 ([22], Thm. 3.1). Let x(n) be a nonnegative sequence satisfying

b(n)h .
21 1) < >

(21b)  z(n) = [p(n)], n € [no — k%, no),

where h > 0, k(n), n € Z, is a nonnegative bounded sequence of integers,
k* = supk(n) is a positive integer, p(n), n € [ng — k*,ng), is a real valued
sequence and a(n), B(n) are nonnegative bounded sequences of real numbers.
Suppose that

(22) g = Tllréfz(d(n) —b(n)) > 0.

Then, there exists a real number A > 1 such that

(23) x(n) < sup  z(f)A"PT) > .

no—k*<j<ng
Proof. The proof is straightforward from Theorem 3.2 and Remark 3.3 by
setting a(n) = ha(n), b(n) = hb(n) and 0 = hé. Then, A is defined as

1

5\:(1— h )77*. 0

1+hat

Remark 3.5. In [22], by using the original technique of continuous Halanay
inequality, the existence of A was defined by the continuity of the function

A b(n)h ey
F = :1;1%{1 amh 1+&(n)h)\k oot

and condition F(\) < —1_3%. In contrast, in Corollary 3.4 we give an explicit

convergent rate A

It is also worth to note that Theorem 3.2 in this paper encompasses some
recent results found in the literature, for instance, [17,26,27].
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Corollary 3.6 ([27]). The nonlinear difference equation

(24) Tn+l = (1 - p)xn + f(n, TnyTn—hyye-- 7$n7hm)a

where hy € ZT, p > 0, is globally exponentially stable if there exist q; > 0,
qm > 0 satisfying > v q; < p < 1 such that

(25) ‘f(n7$nﬂxn7h17‘"7"En7hm)| S Zqz
=0

Proof. We apply Theorem 3.2 for sequences
P+ qo
a(n) = ———,
m=1- P —qo
and p = m, \i(n) = = p > Vn, a; = 11if j =i and a; = 0 for j # 4,
then it can be found that assumptions (H1) and (H2) are satisfied. Condition
it o ¢ < p implies that

n) = b(n) 3" Ai(n) > 0= Z%1ql>o, V.
=1

b(n) =1, Vn € Z*

By Remark 3.3, equation (24) is globally exponentially stable. (I

As an example, let us consider a linear non-autonomous difference equation
in Banach space X

(26) Tpy1 = ZAi(n)xn_i, n >0,

where z,, € X and A;(n) € L(X) are linear continuous operators for all n > 0.
The following result generalizes Corollary 2.6 in [17].

Corollary 3.7. Assume that
(27) hmsupZHA ) =a<1.

Then, equation (26) is globally exponentially stable.
Proof. Denote F(n,xy,...,x) = Zf_l A;(n)x;, then

[F(n, 21,k ||<Z||A IIHSCZII—X:A )il

—a A .
where \;(n) = ||4;(n)||. Let ¢ = 5% a(n) = % and b(n) —
m, then from (27) we have

k
@) Lol < g ol + T S Aol

)=
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It is easy to verify that

k k
L T 1_€_Zi:o [ Ai(n) |l
tminf {a(n) = b(m)] 3 A} = Hminf — s =
1—
> e o> 0.
14+«
Thus, by Theorem 3.2, equation (26) is globally exponentially stable. (]

3.2. Local exponential stability

As discussed in [17], in many important practical models, function F does
not satisfy the sublinear condition (H2). In this section, we introduce the
following assumption including the case of superlinear functions.

(H3) There exist positive integers p, ¢, nonnegative bounded functions A;(n),

pur.(n) and nonnegative scalars aj;, Bi; such that Y7 g = 1,4 € p,
Z;.":l Brj > 1, k € g, and the following condition holds

m q

m
i %5+ pr(n) T Nz 1%
1 j=1

k=1

P
(29) ||F(n,a:1,a:2,...,xm)|| S Z/\Z(n)
i=1 J

foralln € Z7, (x1,22,...,%m) € X™.

Remark 3.8. Assumption (H3) is obviously weaker than (H2). More precisely, if
nonlinear function F satisfies (H2), then F also satisfies (H3). In the following
theorem we will show that under weaker assumption (H3), condition (9) ensures
local exponential stability of (6) but does not guarantee global exponential
stability of (6).

Theorem 3.9. Under assumptions (H1) and (H3), equation (6) is locally ex-
ponentially stable provided that condition (9) holds.

Proof. Let condition (9) hold. Then, estimates (11) and (12) are still valid.
Similar to (13), we have
(30)

1 p m - q m .
lanil < g {oall+07 (SN T s, 5+ i TT Nl 19) .
=1 j=1 k=1 j=1

For a fixed dp > 0 and ||¢|| < o, by induction, it can be found from (30) that
|zn]] < 0n, n € Z[0, No|, where (d,,), n € Z[0, Ng], is a sequence of positive
numbers defined by

q m .
(1 FHAT S e, T ﬁ’“)an.
k=1

(31) 5n+1 = 1+at

Since —1 + Y™, B; > 0 for all k € g, it can be seen from (31) that § =
SUPy,ez(0,No] |Tnll < 1 for sufficiently small do.
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For n = Ny, we have

1 m
n < — n )\ n—r; id
lensill < ool + 15y (Z [ enr|

q
43 ) [T 2amr, 179
k=1 j=1

P q

]- 1 § it =1 J
+ + l/l/ (5 Z:'_—1 6’“]‘ 6
< ( 2( a ) I a k J ) A

Since 0 <1 - 5775 <land -1+ Z;”zl Brj > 0 for all k € g, there exists a
0 € (0,1] such that if § < (5, then

g b+ 4 m
=1- FOTIFNN B € (0,1).
P 2(1+a+)+1+a+;'uk s e
Therefore,
1 z 5
32)  su 7{1+b ( Xi(n) + i(n)o— 1t 5'"=15'w')}< .
(32 swp e Z k;u() <p
Moreover, by the induction method, we also have
(33) lzn |l <6, Vn > No.
Now, we define a function ¢ : Rt — R¥ as follow
(34)
n b(n) - 1+E’"
= su =1 %)
() nz£0(1+a( ) 14a(n) ;
q
”) e D)
Tt 2 )

It is obvious that ¢(-) is a continuous function on RT, (1) < p < % <1
and (1) — oo as 7 tends to infinity. Hence, there exists an 79 > 1 such that
o) < p= L.

By (33) we have ||zn,| < 6 and thus no|lzn,+1]] < ¢(n0)d < pé < §. By
induction, once again, we readily obtain n{}||zn,+n| < J, ¥n > 0, which yields

(35) 2o 4nll < dmp™, Vn = 0.

This shows that the zero solution of (6) is locally exponentially stable. The
proof is completed. O
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Remark 3.10. The results of Theorem 3.2 and Theorem 3.9 can be easily ex-
tended to the case of time-varying delays r; = r;(k) satisfying r;(k) < ’I“;_,
j € m. The proof is then straightforward from the proof of Theorems 3.2 and
3.9 and thus let us omit it here.

4. Illustrative examples

In this section, three numerical examples are given to illustrate the effec-
tiveness of the obtained results presented in the preceding section.

Example 4.1. Let X be a finite-dimensional Banach space with basic {e, }7_,.
Consider the following difference equation
(36)
1 b(n)
Ty +
1+ a(n) 1+ a(n)

Tni1 = (2014 Mzn-all ¥ lzn—sll 21 + pllanillzn=s),
where a(n) =24 3+, b(n) = 1+ 5= and A, are real parameters.
We have a™ = 3,ay =2, b7 =4,b, =1 and
1 1 1
a(n) —b(n) =1+ TR <2 =

(a) For A = p = 0, note that inf, >o{a(n) — b(n)} < —1, the proposed
conditions in [17, 19,22, 26] are not satisfied. However, it can be seen
that liminf, ,.{a(n) — b(n)} = 1. By Theorem 3.2 in this paper,
equation (36) with A = = 0 is globally exponentially stable.

(b) Let g = 0 then liminf, . {a(n) —b(n) >_"_, Xi(n)} =1 — |A|. In this
case, Theorem 3.2 ensures the global exponential stability of equation
(36) for |A] < 1.

(c) For pn # 0 and |A\| < 1, by Theorem 3.9, equation (36) is locally ex-
ponentially stable. However, in this case, (36) is not globally expo-
nentially stable. For instance, let X = R?, A = 0, x = 1 and initial
sequence ¢(n) = [§ 0|7 € R%2,n € Z[-3,0], where § > 1 is a con-
stant. It is found from (36) that the corresponding solution of (36)
satisfies ||z(n)|| > 1 for all n > 0. This shows that (36) is not globally
exponentially stable.

Example 4.2. Let X = [2 be the Hilbert space of real sequences endowed with
Cauchy product (-,-);2 and induced norm || - ||;z defined as

oo 1
2
e = (D" 1usl?) " w = ()2, € 2,
j=1

Consider the following equation in [2

1 q .
(37) Tht1,) = 5w + 4j71acg717jm£727j, j>1,

where ¢ € R, a > 0,8 > 0 are real parameters.
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Note that equation (37) can be written in the form of (6) with a(k) = 1—e*
and b(k) = ¢(2 — e7%). The nonlinear function in the right-hand side of (37)
satisfies

o 1o\ E 2
(38)  IE Gk w0l < (32 417) ulizlols = Tl olid, Vo v e .

Jj=1
Therefore,

(a) when a + f < 1, condition (10) is satisfied if |q| < @. By Theorem
3.2, equation (37) is globally exponentially stable.

(b) when v+ 8 > 1, by Theorem 3.9, equation (37) is locally exponentially
stable for all g € R.

Example 4.3. Consider the following non-autonomous equation with delays
(39) 2/ (t) = —a(t)z(t) + B)x(t — 7(t))e YD)

where o, 8, v and T are continuous functions on RT satisfying a(t) > 0, y(t) > 0
and B(t) > 0 for all t € RT. Equation (39) represents a well-known biological
model, namely Nicholson’s blowflies model (see, [13] and the references therein).
It was proved in [13] that for any initial function ¢ € C([—77,0],R"), there
exists a unique nonnegative solution x(t,¢) of (39) on [0,00). Assume that
there are positive numbers oy, n such that

B(t)

alt) > ap, 0<—=<mn, Vt>0.
i 7(t)
Now, let h > 0 be a given step of discretization such that r = % e 7+,
Then (39) is discretized as follows

1 hﬂ(tn) —Y(tn)Tr—r
1+ ha(tn+1)xn 1+ ha(tn+1)xn_r6 '

(40) 2137L+1 =

In this case we have |F(n,z, )| = x,_pe”7tn)on—r < m Therefore, (40)
satisfies (9) with A\;(n) = =7, \a(n) = 0 and hence

Y(tn)e

2
a(n) = b(n) Y~ As(n) = h(altnsr) - B(tn)

P v(tn)e

) = lay = nfe).

If ap > I, then 0 = h(a+ - g) > 0 and condition (10) is satisfied. By
Theorem 3.2, equation (40) is globally exponentially stable. For illustrative
purpose, let a(t) = 1.5 4 |sin(¢)], () = 3| cos(2t)| and () = 1 + | cos(2t)|.
We have oy = infy>o at) = 1.5, ot = sup;> a(t) = 2.5, 8% = sup,5( B(t) = 3

and 7 = sup,> % =3/2. Thus, ay — 1 =3/2(1—-1/e) > 0 and equation (41)
is globally exponentially stable. This means that the discretization of (39) is

exponentially convergent for any bounded delay 7(¢). It is worth noting that,
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for this example, stability conditions proposed in [8] (Theorem 5) ensure that
all solutions of (39) converge to zero provided that

a4 —atrt B+2 + a+ﬁ+
(41) ,Bje > In (M

which yields 77 < 0.2042. This shows the effectiveness of our derived condi-
tions.
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