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CERTAIN NEW WP-BAILEY PAIRS AND BASIC
HYPERGEOMETRIC SERIES IDENTITIES

S. AHMAD ALI AND SAYYAD NADEEM HASAN Rizvi

ABSTRACT. The Bailey lemma has been a powerful tool in the discovery
of identities of Rogers-Ramanujan type and also ordinary and basic hyper-
geometric series identities. The mechanism of Bailey lemma has also led
to the concepts of Bailey pair and Bailey chain. In the present work cer-
tain new WP-Bailey pairs have been established. We also have deduced a
number of basic hypergeometric series identities as an application of new
WP-Bailey pairs.

1. Introduction

For |g| < 1, we define

(0 = { g,n :)él —ag)(l—ag®)---(1—ag" ");n €N

or equivalently,

(a;q)n — H (1 — aqj) — (a;Q)oo

imo(L—ag™7) = (ag™; q)o

where a is real or complex. A basic hypergeometric series is defined as

T@s(a17a27a37 s 7a7‘;b17b2ab3a .- '7bs;q7 Z)

_ Z a17 a27q) (a’r7q)n [(_1)nqw]1+s_rzn.
b1,q) (b2;@)n - (bs; @)

For 0 < |q| < 1, the series converges absolutely for all z if »r < s and for
|z2| < 1if r = s+ 1. This series also converges absolutely if |¢] > 1 and
|Z| < |b1b2 e bs\/|a1a2 s ar|.
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In 1944, Bailey [7] introduced a very useful and simple identity known as
Bailey’s lemma. The Bailey’s lemma states that, if

(1) /Bn = Zarun—rvn+r
r=0

and
[

(2) Yn = Zéru7'—nvn+r7

then under the suitable convergence conditions and if change in the order of
summations is allowed

(3) Zan’)’n = Zﬂn(s’ru
n=0 n=0

where «,., d,, 4 and v, are functions of r such that 3,, and ~, exist. The proof
of the lemma is trivial.

During last seven decades Bailey lemma and its various generalizations have
proved to be a powerful tool in the discoveries of Rogers-Ramanujan type of
identities, transformations and summations theorems of ordinary and basic
hypergeometric series. Slater [17,18] used Bailey lemma to discover the famous
list of 130 identities of Rogers-Ramanujan type. Using the same tool more
identities of Rogers-Ramanujan type and basic hypergeometric series have been
given by Andrew [4], Foda and Quano [11], Denis [9], Denis and Singh [10],
Singh [14,15] and Ali and Rizvi [1].

In (1), if we choose u, = 1/(q; q), and v, = 1/(ag; q),, we get

n

(4) b= o

(¢ @)n—r(aG; @)ptr

The pair of sequence (., 8,) that satisfies (4) is called a Bailey pair relative to
the parameter a. The concept of Bailey pairs has been generalized in the works
of Bressoud [8] and Singh [16]. The most elegant generalizations of Bailey pair
have been given by Andrews [5] which is

n

(5) By = Z (k/a; @)n—r(k; @) ntr o

= (G D)n—r(aq; Ortr

The pair (o, 5,) satisfying (5) is termed as WP-Bailey pair. It is easy to see
that (5) follows by setting u, = % and v, = % in (1). For k =01in
(5), we get the standard Bailey pair (4).

Andrew et al. [2-4, 6] have exploited very effective mechanism of Bailey
lemma in the form of Bailey chain. In fact Andrews [5] described that the
process may be iterated to produce a chain of WP-Bailey pairs constructing
new WP-bailey pairs from existing initial WP-Bailey pair and introduced the
concept of Bailey chain. The aforesaid technique developed by Andrews have



CERTAIN NEW WP-BAILEY PAIRS AND BASIC ... 887

been effectively used to discover new WP-Bailey pairs. The idea of WP-Bailey
pairs and chain has further been generalized by Liu and Ma [13] and Spiridonov
[19]. For more details on Bailey lemma and its various generalizations and
applications one is referred the recent and a very elegant survey of Warnaar
[21].

In the present work, we have established some new WP-Bailey pairs using
the following results of Andrews [5] and Warnaar [22]. We, further, have used
the new WP-Bailey pairs to produce a number of new transformations of basic
hypergeometric series.

Theorem 1 ([5]). If(an(a k;q), Bn(a k;q)) is a WP-Bailey pair and satisfies
(5), then so is the pair (a (a, k;q), B, (a, k; q)) given by

! . _ (plapQ’ )TL ﬁ na a.m:
(6) a”(a’k’q)_(aq/pl,aq/pz;q)n(m) n(a,mq),

n

P (mq/p1,mq/p2; Q)n (1- (15 p2; @)r (K /M5 @) ey
(1) Bala:ksa) = (agq/p1,aq/p2; q) Z( —m mq/m,mQ/pz, G

Dty (E) Br(a,m;q),

(Mq; @Q)ngr \ M
where m = kpipa/aq.

Theorem 2 ([5]). If (an(a,k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is
the pair (a;z(a, k; q),,é’;(a7 k;q)) given by

/ oy (mig)an (k" .
(8) an(a, kaq) - (k,q)?n (E) an(a7maQ)a
b s~ By n BT .
(9) 5n(a,k,Q)f§7(q;q)nir (=) Brlamiq),

where m = a%q/k.
Theorem 3 (BD). If (an(a, k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is
the pair (« (a k;q), 8 (a,l@q)) given by

m(ﬁ)n%wa%q),

qa?
“ (k2/qa; q)nr

(11) Bolakiq) ="
r=0

(10) o (a, k; q) =

(¢; Q)n—r (ﬁ)rﬁr(avqaz/k;q).

qa?
Theorem 4 (122]). If (an(a, k;q), Bnla, k;q)) is a WP-Bailey pair, then so is
the pair (o), (a. k:q). F(a, k:q)) given by
(

1 —oVk)(1+ovmg")(m:q)an (ﬁ)"a (a,m: q)
(1= oVkg )(1+of)(7)2n m/ T

(12)  aylakiq) =
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(13)
) (1- ~ ; r

Bulaskia) = J‘i}/; Z;) ﬂ?@qm;(kq/m) Dnr (£Y75 (0, mig),
where m = a*/k and o € (—1,1).
Theorem ,5 ([22]). Ij/‘ (an(a, k;q), Brla, k;q)) is a WP-Bailey pair, then so is
the pair (o, (a,k; q), B, (a, k;q)) given by
(14) a,(a®, k; ¢°) = an(a,m3 q),
(15)

8 (a® k; ¢?)

_ (om0~ (L= mg® ) (k/m* ¢*)nr (ks @) (N7
B (—aq;q)gnz:0 (1 — m)(q% @) m_r (M2¢% )i (a> Br(a,m;q),

r=

where m = k/aq.

Theorem 6 ([22]). If (an(a,k;q), Bn(a, k;q)) is a WP-Bailey pair, then so is
a, k;q

the pair (o, (a, k1 q), B,,(a. ki q)) given by
, 1 2n
(16) oy, (a®, k; ¢°) = q‘"((fji))an(a, m;q),
(17)
B, (a®, k; ¢?)

n

(G @ong" N~ (L= mg®) (k/m?; 62— (K 4P (NPT .
B (7G§Q)2n ;) (1*m)(425q2)n—r(m2q2;q2)n+r (;) BT(a7m7Q)a

where m = k/a.

Theorem 7 ([22]). If (an(a, k;q), Bn(a, k;q)) is a WP-Bailey pair, then so is
a, k;q

the pair (o, (a, k; q), B, (a, k; q)) given by
(18) (@, k59) = an(a,m; ¢%);  gpyy(a,kiq) =0,
(19)

Bn(a, k; q)

— (mq; qz)n [”Z/Q] (1 B mq4r)(k/m; Q)n72r(k; q)n+2r (7k)n_2rﬂr(a, m; q2)7

C (ag:¢)n = T=m)(G Dn2e(MG Onyar  \ @

a

where m = k? /a.

In the next section, we shall also require the following identities.

B (aq,qv/a/b;q)n
20) 4p3(a, —qv/a,b,q " —va,aq/b,aq™ s q, ¢ al P o) = S
(20) 45 / /%) = @ aa o)

([12]; IL.14)



CERTAIN NEW WP-BAILEY PAIRS AND BASIC ... 889

for b = kq™ in (20), we get

sps(a, —qv/a, kq", 7" —v/a,aq" " [k, aq" " ¢, qa? [k)
o) Gk a1y

(ava k/a;q)n \Va/ '

(22)
wpala,c,aq" 2 Je g7 aq/e, g P ag" g, ¢7)

_ (1 + \/a)(a’% \/qv \/@/Cv Q\/E/C; Q)n _ (1 B \/a)(a’% \/qv \/@/Cv 7(]\/5/0; q)n

2v/a(aq/c,\/q/c,\/aq,qv/a;q)n 2v/a(agq/c, —\/a/c;\/aq, —q\/a; Q)n
([20]; 44)

for ¢ = a\/q/k in (22), we get
(23)
ap3(a,ay/q/k, kg™, ¢ " kg, ag" " [k aq" s g, ¢)
2\/6(]6\/67 k/a’7 ﬁ7qﬁ7 (])n 2\/a(k\/§7_k/a7 \/aiv _(I\/a’ q)TL
2. New WP-Bailey pairs
If (an(a, k; q), Bn(a, k; q)) is a WP-Bailey pair, then so is the pair (a;l(a, k;q),
B, (a,k;q)) given by
' (a,p1,p2, =4/ a; Q) ko
24 o, (a, ks q) = ,
@4 ( ) (¢, —Va,aq/p1,aq/p2; q)n <mﬁ>

(25)
! . _ (mq/plvmq/p%k/mak;q)n
fnla, kiq) = (q,aQ/p1,aq/p2,mq'q)
Q\/i P1,P2,49 - kqn m m/\[7 ) q r
XZ q,qff —v/m,mq/p1,mq/p2, mg*=" [k, mq"+1; ), ( )

where m = kp1p2/aq.

Proof of (24)-(25). Let us choose

(26) ar(a, k;q) = ((a(; __q\\//aa,;qq)): (%)T

in (5), we obtain

n

kk/aqnn (kq™,q ™, a,—q\/a;q);  [qy/a\"
Bula. ki) = (¢,04;9)n anql n/k,aqnt1, ﬁ;q)r( )

r=

)

by making the use (21), we have

(k k/Va;q)n

@7 ok = ()
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We obtain new WP-Bailey pair (2
and (27) in (6) and (7), we get (24),

6), (27). Now using WP-Bailey pair (26)
(25).

)
B k-l ey

(k/m; q)n q ", m/\a;q), r
(29)  Bulwkia) == Z wammara (va)

where m = qa?/k. O

7=

Proof of (28)-(29). Using WP-Bailey pair (26), (27) in (8) and (9), we obtain
(28) and (29).

co o (@@ )k @)an (a,—qVa @)n [ K2\
(30) a,(a,k;q) = Tt (Vo). ( -~ /2) ,

T kQ/qa 7q nx- (7" qa? [k, a®2q/kiq)r 1 g \T
BL - Balakia) = a4 ,;) (¢,9v/a,a?q> " /k?; q), (ﬁ) ' O

Proof of (30)-(31). By using WP-Bailey pair (26), (27) in (10) and (11), we
get (30) and (31).

(32)  aylakig) =

(U\/Ea —0qV/m, a, —qv/a; Q)n(m; )20 ( k )n
(Qa 7\/57 0'(]\/%7 70’\/E; q)n(k7 q)2n m\/&

(k/m,o\/E; Q)n - (maqinam/\fv —QO'\/R; Q)r (7)
(¢,90Vk; @) “=(@,0v/a,mg' =" /k, —o/m;q)r \a/

where m = a?/k,0 € (—1,1). O

(33) B(a,k;q) =

Proof of (32)-(33). By making the use of WP-Bailey pair (26), (27) in (12) and
(13), we have (32), (33).

9 g 9 _(a>_Q\/6;Q)n i n
34 @ K5 0) = (¢, V@ @)n <\/5) 7
(35)
v oy (=mg;@)an(k, k/m? q?)n (m"
Aol kiq) = (—aq;q)zn(q2 m2q%; ¢2)y, (a)
(m,m//a;q)r (g, k¢®",mg* ¢*),  (mg*ay\"
X Z q q\/> q m’m2q2+2n7m2q272n/k;q2)r( If ) )

where m = k/aq. O
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Proof of (34)-(35). Now using WP-Bailey pair (26), (27) in (14) and (15), we
get (34) and (35).

(14 ag®™)(a, —qv/a; q)n

(%) @) = T G a ava)

(37)
2 g 2Y (_mq;Q)2n(k,k/m2;q2)n m n
Bn(a k;q”) = (—a;q)an (g2, m2¢%;¢2)n (aq)
- (m,m//a;q)r (g2, k¢®*™, mq?; ¢%), ma2/ay T
XTZO(qqfq) (m2¢2+2n m2q2=2n [k, m; ¢%) ( A ) ,

where m = k/a. O

Proof of (36)-(37). Using WP-Bailey pair (26), (27) in (16) and (17), we obtain
(36) and (37).
(a, —¢°v/a;¢*)n

(38) a;n(a’ kiq) = m(ﬁ)HJ a/2n+1(a7k;q) =0,

(39)
v (ma, —y/ma ko k/m;q)n (—kyn
Bn(a’ k7q) o (M7_M7qvmq;q)7L ( a )

B ma) g kg ke mm ) ai 6), (et
= (1 =m)(mq' =" /k, mg>=" [k, mg"*,mq" 2, ¢, ¢*\/a; ¢?) k4 ’

where m = k?/a. O

X

Proof of (38)-(39). By using WP-Bailey pair (26), (27) in (18) and (19), we
get (38), (39).

/ (p1,p2,a,a\/q/m;q)n  [kq\"
40 o, (a, ks q) = — 1,
(40) ( ) (g, m~\/q,aq/p1,aq/p2; @)n ( a )

(41)
! .y = A+ Va)(k k/m,mq/p1,ma/pa; @)n
Bula ksq) = 2va (q,mq,aq/p1,aq/p2; q)n

XX”: (qv/m, —q/m, p1, p2, ™, kg™, m, /G, m/\a, m\/q/Va @) ¢

= (Vm, —v/m,mq/p1,mq/p2,mq' " /k,mq"t, ¢, m/q,\/aq, /a5 Q)

_ (= Va)(k, k/m,mq/p1,mq/ps; O)n

2f ((IymlJJIQ/PhWI/P?Q)n

XX”: —qv/m, p1, p2,q” " k", mm)a, /G, mNa, —my/q/\a; q)r g

(V/m, \qu/m,mq/pzﬂnql n/k,mq" 1, q,m\/q, —m/a, \/aq, —q\/a; q),’

where m = kpi1pa/aq. O



892 S. A. ALT AND S. N. H. RIZVI
Proof of (40)-(41). Let us choose

(a,a\/q/k;@)r (kqy\"
42 ar(a,k;q) = ———— —
42) rl ) (4, k\/T5 9)r ( a )

in (5) and by using (23), we obtain

(1 +Va) (k, V@, k/va, k\/a/Va; q)n
2va  (q,ky/q,\/aq,av/a;q)n
(1 —+a) (k. k/a, /3, k/\a, —k\/q/v/a;q)n

2va  (¢,ky/q,—k/a,\/aq,—qva;q)n

We obtain new WP-Bailey pair (42) and (43), use (42), (43) in (6) and (7),
we get (40) and (41).

/ (@, ay/q/m; @)n(m; @)an (kq\"

() (e F30) = (q,\n{\/é; 0)n(k; q)2n (;> ’

(43)  Bula,k;q) =

(45)

B, (a, ks q)
_ (++a) k/mqnz": V@ m/Va,my/g/Va. g a)r q"
2Va (¢a)n = (¢.my4,\/agqv/a,mg =" /k;q),
 (1-Va) k/mqnimm/a V@ m/Va, —m\/q/va,q " q)r g
2vVa (¢a)n = (¢,m/q,—m/a,\/aq,—qv/a,mq'~"/k;q),
where m = qa?/k. O

Proof of (44)-(45). By making the use (42), (43) in (8) and (9), we obtain (44),
(45).

(46) a,(a,k;q) =

(90®/k; @)2n (a,k/a\/G; q)n (@)”
(k:@)2n  (2.02¢%2/k;q)n ’

(47)
' oy L+ Va) (R qa%@)n = (077 /T 002 [k, 632 K, 022 [k q)eg”
Pnlakiq) = =57 (@ @)n ZO (0:9Va,a%¢%? [k, \faq,a*q> " [k?; q)r
(1= Va)(k*/qa’; q)nz(q " V4@ aq/k, qa’ [k, a*q/k, —a**¢* % ki q),  q"
2va  (¢;9)n (0, —qv/a, —ag/k, a®¢>2 [k, \fag,a®¢> " [k2; q),

O

Proof of (46)-(47). By using (42), (43) in (10) and (11), we deduce (46) and
(47).
(1 —oVk) (1 + oy/mg™)(a, a\/q/m; q)n(m; q)an (@)”

W) onle k) = = B + o) (@ my @ (ks o
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(49)

/ (1 + va)(ovk, k/m;q)n

kiq) =

Pl ki) 2va(ogv'k, ¢; q)n
y Z": (m, /@, m//a,m\/q/Va, —oqym,q" " q)r 4"

= (¢,myq,\/aq, qv/a,—o/m,mq" =" /k; q)r

(1 —oVE)(L = Va)(k/m:q),

2va  (1—0q"VE)(a:9)n

% Zn: (m,m/a, \/av m/\/av *m\/a/\/aa 70(]%& T ¢

r—0 (qv m\/&? _m/aa \/a>a _Q\/a’ _J\/TTL’ mqlin/k; q)r ’
where m = a?/k,0 € (—1,1). O
Proof of (48)-(49). Making the use (42), (43) in (12) and (13), we obtain (48)
and (49).

o0 ol o) = U )"

(51)
9 2 (14 v/a@)(—mq, —mg?, k/m?, k; ¢*),, ym\™
a®, k; = m
Bula® ki 0”) 2v/a (—aq,—aq?® ¢*,m?¢% q*)n (a>
= (m, 3, m/\a,m\/q/Va,¢v/m, —¢/m, ", ¢ ", ¢Vk, —¢"VEk; ¢)r
= (0. /G, /aq, qv/a, /m, —/m, mg' =" [Vk, —mg' = [V, mg ", —mqitq),
2 2 2 2 n
amg®\" (1 =/a)(=mg, —mg* k/m? k;¢*)n (m\" (m,m/a,m/\/a,
“(5) - P>

2va  (—aq,—ag?,¢*, m*¢* ¢*)n  \a/ (g, m/q,—m/a, /aq,

V@, —my/q/va, g/m, —qym, ¢ ", —q ", 4"V, —¢"VE; q), (aqu)"'
—qv/a,v/m, —v/m,mg' =" [k, —mg' =" [k, mg' 4, —mg i), N k)
where m = k/agq. O
Proof of (50)-(51). Using (42), (43) in (14) and (15), we get (50), (51).

(a, a/3/m, iqV/a, ~igv/a; )n (@)n
(Qam\/a7i a, —i\/a;qQ)n )

X

(52) a,(a® k; ) = p

(53)
B (a2, k; ¢?) = UFva) Cma, —mq®, k/m? k; q*)n (ﬂ)"
2va  (—a,—aq,q%,m?*¢*¢°)n  \agq
Xi (m, /G, m/a,mq/va,a/m, —qvm,q ", —q ", q¢"Vk, —q"Vk; q), (M)
= (g, m\/q, \/aq, g\/a, /m, —/m, mqt—n/VEk, —mgt=n /VEk, mgi+n, —mgltn; q), k
(1 = V@) (=mq, —mg®, k/m* k; ¢*)n (m)
2va  (—a,—aq,¢*,m*¢* %), \ag
XX": (m,m/a, /g, m/a,—m\/a/Va,qym, —a/m, ¢, =" "Vk, —¢"Vk; 9)» (aqu ) ",
= (¢, —m/a,m\/q, \/aq, —qv/a, /m, —/m, mg =" vV, —mq ="/ k, mgtn, —mgl+n; g), k
where m = k/a. O
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Proof of (52)-(53). By using (42), (43) in (16) and (17), we obtain (52) and
(53).

(54)  ag,(a,kiq) =

(a,aq/m; q%)n (mg>\m
(2, mq; ¢%) . ( a ) ) O‘2n+1(a7 k;q) =0,
b b n

(55)

’ oy — (V@) (mg; ¢*)n (k, k/m;q)n (—ky\"
ﬂn(a’k’q) T 2V (ag;¢*)n (¢, mq; q)n (7)

"2/2] (L=mg") (g™, ¢ " kq" kq" T, m,q,m/\/a,mq/\/a; ¢*)- (amq)Q"
(1-

[
X
m)(mgt="/k, mg?=" [k, mq"+t, mq"+2, 2, mq, q\/a, *v/a; ¢%), \ k2

(1= /@) (mg; %) (k, k/m; ) (—k)ﬂl"“] (1—mg")

=0

2Va  (aq;@®)n (@mag@n \a/ S (1-m)
x (" q ™ kq" kg™t m,m/a, q,m/\/a, —mq/\/a; ¢), (“mq)%
(mgt=n/k, mg?=" [k, mg" 1, mg"*+2, g2, mq, —m/a, qv/a, —¢*\/a; ¢ \ k2 )7
where m = k?/a. 0

Proof of (54)-(55). By making the use (42), (43) in (18) and (19), we get (54)
and (55). 0
3. Applications

As an application of the new WP-Bailey pairs established in the previous
section, we obtain a number of basic hypergeometric series identities in this sec-
tion. If we use the WP-Bailey pairs (24)-(55) in (5), after some simplification,
we obtain the following presumably new transformations.

(56) 8307((]\/7%7 7‘1\/%7 P15 P2, qina kqna m, m/\/a, \/E7 7\/%3 mQ/pl, mq/p27
mq' =" [k, mq" ", qv/a; ¢, q/Va)

k/a,mq,aq/p1,aq/p2;q _
_ ¥/ o1, a4/ o2 _ i 6s(a, —qVa, p1, p2,kq", 7" —Va,
(aq,mq/p1,mq/p2,k/m; q)n

aq/p1,aq/p2,aq' " /k,aqg" " q,qv/a/m),
where m = kp1pa/aq, |q/+/a| < 1 and |gv/a/m]| < 1.
(57)  sprla, —gVa,Vm, —v/m,\/mq, —/mq, kq",q""; —/a, \/E7_\/E’ \ﬂ‘i
—Vka,ag" " [k, aq" " q,q/a/m)

= W sp2(m,m/v/a,q~"; qv/a,mg " [k; ¢, q/v/a),

where m = qa®/k, |gy/a/m| < 1 and |q/\/a| < 1.
(58) 8()07((17 _Q\/a7 q7n7 kqn7 Gy Q/k, —avy Q/k, CEQ/\/E, —GQ/\/E, _\/aa aqn+1a
aql_n/ka \/Ea _\/E> V k y TV kqa q, k/a3/2)
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aq, k?/qa®; q), —n —n
:We,soz(qa2/k,qa3/2/k,q sava,a** " k%5 q,q//a),

|k/a®?| < 1 and |q/v/a| < 1.
(59)

10@9(oVk, —qo/m, V/m, —/m,/mgq, —/mq, a, —qv/a, kq", ¢ " qoVE,
— ovm,Vk, ~Vk,\kq, —\/kq, —a,aq 7" [k, ag" s ¢, ¢v/a/m)
_ (ag,k/m,ovk:q)s
(k/a,k,0qVk; q)n
X4 3(m,m/\a,q ", —oqv/m; qv/a,mq' " [k, —o\/m; q,q/Va),
where m = a?/k,0 € (—1,1), |gv/a/m| < 1 and |q/+/a| < 1.
(60)
ser(gvm, —qv/m, ", =", ¢"Vk, —q"Vk,m,m/\/a;v/m, —/m, q\/a,
mg' ™" /VE, —mg" ™" [V, mg T, —mg' T ¢, ma?Va/k)
2.2 2 2. .2 . n
- TP (0
¢"Vk,—¢"Vk;—va,aq" " |k, —ag" " [V, aqg" T —aq" 1 q,¢*a®? [K),
where m = k/aq, |mq*/a/k| < 1 and |¢?a®/?/k| < 1.
(61)

8%07((1\/%3 7(]\/%, m, m/\/av qina 7‘17”5 qn\/E’ 7qn\/E : \/E7 7\/%3
mg' " )V, —mg* " [V, mg" T, —mg' ™™ ¢v/a; ¢, ma*Va/k)

(m2q?, —aq, —a, ¢*;¢*)n(k, k/a; q)n (aq)" . .
= - 8P7 Zq\/afv —ZCI\/&, a, _Q\/av
(k, —mq, —mq?, k/m?2;¢*)n(q, aq; q)n \m (

" —q " "V, —q"Vk;iva, —iva, —a,ag* " /Vk, —aq" " |V,

aqn+17 _aqn-‘rl; q, 0/3/2Q/k/’),

where m = k/a, [mg*\/a/k| < 1 and |a®/?q/k| < 1.
(62)

1 + a —n m
(2\/\2{7) 10@9(Qﬁ7 _qm7 P1,pP2,4 L7 kq L7 \/a7m7m/\/a7m\/§/\/&a

\/ﬁ7 _mv mq/p17 mQ/an mql_n/k7 mq7l+17 m\/E], Vv aq, Q\/aa q, CI)
1—-+/a _

(2\/\(47) 11@10(Q\/%7 _q\//rT-'H P1,pP2,9 na kqna \/aa m, m/a7 m/\/&7

- m\/a/\/aa \/%7 _ma mQ/ph mQ/p% mql_n/k7 mqn+17 m\/@ Vv aq,
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—m/a,—q\a;¢; q)
(ag/p1,aq/p2, mq, k/a; q)n
(mq/p1,mq/p2,k/m,aq; q)n
X6 5(p1, p2, aya/q/m, ¢ " kq"; aq/p1, aq/p2, m/q,aq' " [k, aq T q, ¢),

where m = koi09/aq.

(63)
u ;\/\g&) sea(m, /q, ¢, m/Va, my/q/vVa;my/g, ag, ¢va,mg " ks q, q)
(1—+/a)

- W G@S(ma \/57 m/a, qina m/\/>7 —m\/ﬁ/\/a; m\/aa _m/av
Vag, —gva,mq' " /k; q, q)

_ (k7k/a"q)n _ _ n -n,

— 8907(\/%7 \/%7 VMg, —4/M ,a,aﬁ/m%q ,q 3

\/E; 7\/E7 \/F7 7\/]’(;77 m\/a? aq1+na aqlin/k’; q, q2)’

where m = a®q/k.

(64) spr(a, ¢ " kg™, kfa\/q,a\/q/k, —a\/q/k,aq/\/E, —aq/\/E; aql_”/k,
aq1+na \/Ea _\/Ea V kl y TV kq, a2q3/2/k; q, q2)
(aq,k*/qa®; ¢)n(1 + V/a) 2 3/2 5. 3/2 3/2
(k,k/a,q)n(Z\/EL) 5@4(\/317qa / ,qa / ,q a / )
q " /ag, qVa,a’ > K2 a*q*? ki q, q)
(ag, k*/qa®; @)u(1 — Va) 2 3/2 3/2
— k k, — k
(k,k/&; q)n(2\/a) 6505(\/67 qa / 7aq/ y —q a / )
qa®? [k, q™"; —aq/k, \/aq, —qv/a, a*¢* " /k*, a*¢*? [k; q, ),

(65) (1;\/\6/5) 6905(7071\/%7 qinv m, \/57 m/\/aa m\/&/\/a7 70’\/E7 m\/aa

Vag. qv'a,mg " [k; q,q)
(12\/}{5) 706(—0qy/m,q~" m,m/a, \/g,m/\/a,—m\/q/v/a; —o+/m,
m/q, —m/a,/ag, —qv/a,mq' " [k; g, q)
e
a,av/q/m,q"", kq"; oqVk, —a/m, Vk, —Vk, \/kq, —/kq, m\/q,

ag' " /k,aq" ' q, ¢?),
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where m = a?/k,0 € (—1,1).
(66)
1++a —-n n o n n
(2\/\;{») 1099 (Q\/ﬁ7 _qm7 q y =4 »,q \/Ea —q \/Ea m, \/a’ m/\/&a
m\/&/\/av \/%a _\/Ea _mqlin/\/E7 mqlin/\/g7 mqn+17 _mqn+1a m\/a7
Vag, qv/a; g, amg? [k)
1-va —-n n .n n
- <2\/\ZL[) 11()010((]\/%’ _qﬁﬂl ,—q ,q \/Ev —q \/E7m7m/avm/\/57
\/aa _m\/a/\/&7 m7 _\/ﬁa _mql—n/\/%’ mql—n/\/E7 mqn+17 _mqn—i-l,
- m/aa mfa ﬁa 7‘]\/57 q, aqu/k)
~ (—aq,—aqg®, ¢, m*¢*; ¢*)n(k, k/a; q)y ( a

n
- 6¥5 (aa a q/m7 q_n7 _q_na
(=mgq, —maq?, k/m?,k; 4*)n(q, aq; q)n m) va

qn\/Ev _qn\/E7 m\/(j7 aql—n/\/E’ _aql—n/\/E7

ag"*t, —aq" s, amg?® [k),
where m = k/aq and |amq?/k| < 1.
(67)

(1++a)

W 1049 (q\/m, _q\/m7 qin7 _qn7 qn\/E, _qn\/E, m, \/aa m/\/aa

Va/Va; N, —m, —mg ™" Nk mg T VE, mg" Y —mg" T ma/g, V/ag,
qva; g, amg? k)

l-va —-n n o n n
—(2\/\{) 1e10(gvm, —gvm, ¢ ", =¢", ¢"Vk, —q"Vk,m, /g, m/a,
m/Va, —my/q/Va; vVm, —/m, —mg" " [Nk, mg" ™" )V, mg" T, —mg" T,
— m/a,m\/q, \/aq, —q\/a; ¢, amg’ /k)

(—a,—aq, ¢, m*¢*; ¢*)n (k. k/a;q)n [ag\™ . .
 (—ma,—m@? k[/m?, k%) (4. a0 @) (32) sertia/aiava.a.avajm,

q_nv _q_na qn\/];7 _qn ka ’L\/aa —Z\/&, m\/aa
aql—ﬂ/\/E’ _aql_n/\/E7 aqn+17 _aqn+1; q, aqu/k)7

where m = k/a and |amg?/k| < 1.

m
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