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FIXED POINTS OF BSC-SEQUENCES

PARvIZ SADAT HOSSEINI AND BAHMANN Y OUSEFI

ABSTRACT. We call a sequence (T}, ) of bounded operators on a Banach
space X, BSC-Sequence if it is a Cauchy sequence in the strong operator
topology and is uniformly bounded below. We determine conditions under
which such sequences has a fixed point.

1. Introduction

In this paper by an operator we mean a linear transformation. First we
extend some notations from [8]. Let X be a complex Banach space and denote
by B(X) the space of all bounded operators on X. For T = (T},), a subset of
B(X), we define

orb(T,x) = {Tpx : n € N}
for every x in X. The J-set of 7 under z is denoted by J(7T,z) that is defined
by

J(T,x) = {y : there exist a sequence (z,,), € X and a strictly increasing

sequence (k; ), in N such that z,, = x and Ty, x, — y}.
Also, J™%_set of T under x is defined by

J™E (T, z) = {y : there exists a sequence (x,), € X such that x,, — =

and Tz, — y}.

Note that if T € B(X) and we put T,, = T™, then by the notations of [8],
orb(T,x) = orb(T,x), J(T,x) = J(T,x) and J™*(T,z) = J™*(T, x).

A sequence T = (T},),, is called J-class (J™*-class) sequence if J(T,z) = X
(Jm@(T,z2) = X), and in this case, z is called a J-vector (J™*-vector) of T.
In a similar way, we can define A7 and A’7’—”x. The closedness of A7 and A7
can be proved by the same method used in [8, Lemma 2.12].

Definition 1.1. A sequence 7 = (T,,), of operators on a normed space X
is called bounded below if each T, is bounded below. We call 7 uniformly
bounded below if there exists ¢ > 0 such that ||T,,z| > c||z| for all n, and
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for all z. Also, T is called strongly bounded below if for every n there exists
¢n > 1 such that ||T,z|| > c,||z| for all z in X.

Definition 1.2. Let 7 = (7,,), be a sequence of operators on a normed space
X. A vector x € X is called a fixed point for 7T if T,x = x for all n.

In the next section, by using linear dynamics we give a necessary and suffi-
cient condition for a certain sequence of operators has a fixed point.

2. Main results

Fixed point theory has been the focus of attention for several decades and
many properties relating these topics have been studied (e.g. [2,4-6,13,14,
18,20-22,24]). R. Agarwal, M. Meehan and D. O’Regan in their book have
provided a clear exposition of the flourishing field of fixed point theory ([1]). In
this book authors start from the basics of Banach’s contraction theorem, most
of the main results and techniques have been developed: fixed point results
are established for several classes of maps and the three main approaches to
establishing continuation principles have been presented. Also, L. Barbet and
K. Nachi considered k-contractions 7T, which are only defined on a subset X,
of a metric space. They introduced a new notion of convergence and obtained
a convergence result for the fixed points ([3]). S. Mishra, S. L. Singh and S.
Stofile proved stability results for a pair of sequences of mappings and their
common fixed points in a Hausdorff uniform space using certain new notions
of convergence ([17]). M. Ertiirk and V. Karakaya in [9] studied existence and
uniqueness of fixed points of operator F' : X™ — X where n is an arbitrary
positive integer and X is partially ordered complete metric space. A. Soliman
in [26] introduced the concept of new notions related to n-tupled fixed point
and proved some related results for an asymptotically regular one-parameter
semigroup, § = {F(t) : t € G, where G is an unbounded subset of [0,00)}
of Lipschitzian self-mappings on []"_, X in the case when X is a complete
bounded metric space with uniform normal structure. In [25] authors compared
relation between n-tuple fixed point results and fixed point theorems in abstract
metric spaces and metric-like spaces. Actually, they showed that the results of
n-tuple fixed point can be obtained from fixed point theorems and conversely.

Regarding the theory of linear dynamics, in 1982, C. Kitai introduced linear
dynamics which mainly concerned with the behaviour of iterates of linear trans-
formations ([15]). Some considerable works have been done by G. Godefroy, J.
H. Shapiro, K. Grosse, and G. Erdmann to develop this theory ([11, 12, 23]).
We recall that the concept of J-sets has been given by localizing dynamic be-
haviour (hypercyclicity) of an operator. G. Costakis and A. Manoussos have
done some valuable works about J-sets of operators ([7,8]). The purpose of
their work is to treat a new notion related to linear dynamics, which can be
viewed as a “localization” of the notion of hypercyclicity. They investigated
the class of operators satisfying the property of topologically transitivity and
provided various examples. It is worthwhile to mention that many results from
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the theory of hypercyclic operators have their analogues in this setting. For
example they established results related to the Bourdon-Feldman theorem and
they characterized the J-class weighted shifts. In [16], A. Manoussos general-
ized concept of coarse hypercyclicity, introduced by N. S. Feldman in [10], to
that of coarse topological transitivity on open cones. He localized these con-
cepts by introducing two new classes of operators called coarsely J-class and
coarsely D-class operators. Namely, he showed that if a backward unilateral
weighted shift on 1?(N) is coarsely J-class (or D-class) on an open cone, then it
is hypercyclic. Then he gave an example of a bilateral weighted shift on [*°(Z)
which is coarsely J-class, hence it is coarsely D-class, and not J-class. Finally,
he showed that there exists a non-separable Banach space which supports no
coarsely D-class operators on open cones. In [19], A. B. Nasseri in his Ph.D.
dissertation investigated J-class operators on non-separable space [*°.

Here, we state and prove some properties of J-sets and then we give theorems
concerning the fixed points of sequences.

Lemma 2.1. Let T = (T,,) be in B(X). We have

(a) If T is a Cauchy sequence and it has a subsequence converges to a bounded
operator U in the strong operator topology, then for every x, both sets J(T,x)
and J™= (T, x) are equal to the singleton set {Ux}.

(b) If (T},)n converges to an operator U in the strong operator topology, then

2J(T, ] + .’L‘Q) - U(xl + .1'2) - J(T, .%‘1) + J(T, .%‘2)
for all z1,x4 € X.
Proof. (a) Suppose that € X and ye J(T, ), then there exist (2,), in X and
a strictly increasing sequence of positive integers (k). such that z, — z and
T, ©n, — y. Now since
ly = Uzl < lly = Tr,zall + 1Tk, — Ullllznll + [Ullzn — ]|

for sufficiently large n, we get y = Ux. By putting k, = n, we conclude the
same result for J™ (T, z).

(b) Suppose that y € J(T,x1 + x2), then there exist a strictly increasing
sequence of positive integers (k,), and a sequence (wy,), in X such that w, —
1 + 22 and Ty w, — y. Now we have

Wy, — 1 — Ta, Tk, (W —21) =y — Uy
and

Wy, — T2 — 1, Tk, (Wn, — 22) = y — Uxa.
Hence we get

y—Uzy € J(T,z2), y—Uzs € J(T,z1).
And so

2y —U(xy +x2) € J(T,21) + J(T, 22),
which gives the result. (I
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Recall that for 7 C B(X), by 7’ we mean the collection of all bounded
operators on X which commutes with each member of 7.

Lemma 2.2. Suppose that T = (T,,), € B(X) and U € T'. For all positive
integers m and x € X, we have

(a) U™(J(T,x)) C J(T,U™zx).

(b) U™(J™=(T,x)) C J™*(T,U™x), and equality holds if U has bounded
inverse. Moreover, if U is surjective, then At is a U-invariant subset and
A?“’ is a U-invariant subspace of X.

Proof. (a) Without loss of generality suppose that J(T,z) # 0. Let y € J(T, z),
then there exist a strictly increasing sequence of positive integers (k,), and a
sequence (), in X such that x,, — = and Ty, x,, — y. For any positive integer
m, we have
Urx, — Uz, Ty, (UTz,) - UMy

as n — oo. Hence U™y € J(T,U™x).

(b) Put, k, = n in the proof of part (a).

Now we suppose that U has bounded inverse. If z € J(T,U™z), then there
exist a strictly increasing sequence of positive integers (ky), and a sequence
(un)n in X such that v, — U™x and Tk, u,, — 2. So we get

U "up =z, Ty, (U Muy) - UMz,

This yields that U=™z € J(T,z) and hence z € U™(J(T,z)). By putting,
k, = n, we can prove for J™%-sets. Now suppose that T is surjective, if
x € A, then J(T,z) = X and so we have

X =U(X)=U(J(T,z)) C J(T,Uz) C X.

Hence U(A1) C Ay. Similarly, we can prove that AT{-‘”’ is a U-invariant sub-
space. U

Corollary 2.3. If T = (Ty,)n, € B(X) and XA # 0, then J(T,\x) = AJ(T,x),
and J™E(T, Ax) = NJ™ (T, ).

Proof. Put Uz = Az, and m = 1 in Lemma 2.2. O

By Corollary 2.3, if 2 is a J-vector (J™*-vector) for T, then for any nonzero
scaler A, Az is a J-vector (J™-vector) for T. So if Ay (A7*) is nonempty,
then it should be infinite set.

Definition 2.4. We mean by a BSC-Sequence, a sequence T of operators on
a normed space X that holds in the following conditions:

(a) T is a uniformly bounded below sequence.

(b) T is a Cauchy sequence in the strong operator topology.

If furthermore 7 is a Cauchy sequence in the norm topology, then we say
that 7 is a BC-Sequence.

Obviously BC-Sequences are BSC-Sequence. Also, it’s clear that a constant
sequence of operators is a BSC-Sequence. Here we give other examples.
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Example 2.5. Let n € N and S,, be defined on (1 < p < o) by S, =
(1+ %)B , where B is forward shift operator. Then

1 1
Spz| = (1+ =)||Bz|| = (1 + =)||z| >
1Snzll = (L + =) Ball = (1 + S|zl = ||

and so (Sp), is uniformly bounded below. On the other hand, (S,), is a
Cauchy sequence, since for m,n € N. We have

1 1 1 1
[Sn = Spll = | = = — | Bz|| = |~ = —[[|].
nom nom

1 1
Thus ||S, — Sm|| = |— — —|. Hence (S, ), is a BC-Sequence.
n o m
Example 2.6. Suppose that n €N is arbitrary and T,, is defined on ¢y by

Tn(xlax27~-~) = (xla--- ,In,1,2$n7$n+1,...),

then T,, € B(cp). In fact ||z|| < [|[Thz| < 2|jz|| for all z € ¢g. To show
that (T,), is a Cauchy sequence in the strong operator topology, suppose that
n <m and x = (z1,...) € ¢y, we have

| Tnz — Tzl = |10, ..., 20,0,...,0, =%, 0,...)|| = sup{Zn, —Zm},
which tends to zero as n tends to infinity. Thus (7},), is a BSC-Sequence.

Theorem 2.7. Suppose that T = (T},)n, € B(X) holds in the following condi-
tions.

(a) (Th)n is a bounded sequence.

(b) J™(T,z) # O for all z.

Then T is a Cauchy sequence in the strong operator topology.

Proof. For every z in X, we choose y in J™ (T, x), so there exists (), in X
which tends to x and T, x,, — y. Now we have

[Tnz = yll <[ Tnw = Ton|l + [Tazn =yl < Mlle = zn|| + [[Town = yll,

where M is a bound of 7. Therefore, for every x in X we can find y in X such
that | T,z —y|| — 0. By Banach-Steinhaus Theorem there exists U € B(X) such
that | T,x—Uz|| — 0 for all z. Therefore (T},),, converges in the strong operator
topology and so it is a Cauchy sequence in the strong operator topology. O

Now immediately we have:

Corollary 2.8. If T = (T,), C B(X) is uniformly bounded below such that
(a) T is bounded.
(b) J™e(T,z) # 0 for all x.

Then T is a BSC-Sequence.

In the following we state and prove some properties of certain operator
sequences.
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Theorem 2.9. Let T = (T,,), C B(X) and z,y € X be such that x £y. If T
is uniformly bounded below or T is strongly bounded below, then we have

JMEHT, ) N J™H(T,y) = 0.
Proof. Suppose that z € J™#(T,x) N J™(T,y), then there exist sequences
(zn)n and (yn)n in X such that z, — z, y, — y and
Thxn — 2, Thyn — 2.
Let € > 0, be given. Then there exists a natural number N such that
len —zll <€ llynv —yll <e
and
ITnveny — 2|l < €/2, |[Tnyn — 2| < €/2.
So
[Tnzn — Tnyn| <
If 7 is uniformly bounded below, then there exists ¢ > 0 such that
len —ynll < cllTven — Tnyn|| < ce.
Since
o —yll < llo —anll + ley — ynll + llyx —yll;

we conclude that z = y.
If T,,’s are strongly bounded below, then there exists ¢y € (0, 1] such that

len —ynll < enl|Tvan — Tvyn|| <e
and again we obtained x = y, that is a contradiction. O

Corollary 2.10. If T = (T,,), C B(X) is a J™*-class sequence, then it is not
uniformly bounded below. Also, there exists n € N such that T,, is not strongly
bounded below.

Proof. If T is uniformly bounded below (or strongly bounded below), then we
can take z,y € A’{-”x such that x # y. Since

JUE(T 2) = X, JE(T ) = X,

so J™e(T x) and J™*(T,y) have nonempty intersection which is a contra-
diction by Theorem 2.9. [

Theorem 2.11. Let T = (T},), € B(X) and z,y€ X such that x#y. If T is
a bounded BSC-Sequence (or BC-Sequence), then J(T,z) N J(T,y) = 0.

Proof. Suppose that T is a bounded BSC-Sequence and z € J(T,2) N J(T,y).
Then there exist strictly increasing sequences of positive integers (i), and
(kn)n and sequences (), and (y,)n in X such that x, — z, y, — y and

T xn — 2, Ti,yn — 2.
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Let M be a bound of 7. For every € > 0 there exists a natural number N;
such that
lzn, — zll <€/9IM, |lyn, —yll <e/9M
and
HTiNIxJ\H - Z” < 6/37 HTkNl YN, — ZH < 6/3
Also, there exists Ny € N such that for ¢,k > Ny we have
1Tiy — Tryll < €/9.
Since the sequences (i), and (k,, ), are strictly increasing, there exists a natural
number N3 such that in,, kn, > Nz and so
| Tin, ¥ — T, yll < €/9.
Put N = max{N;, N3}. Therefore we have
||1—1£NyN - TkNyNH < HTZNyN - ENyH + ||TlNy - TkNyH + ||Tk1vy - TkNyNH
< Mllyny =yl + 1 Tixy — Tinyll + Mlly =y ||
< €/3.
Now, we have
ITixen — Tinynll < [ Tiyan — 2 + 1z = Ty yn | + [ Thyyn — Tiyynll <e.
But 7 is uniformly bounded below, thus there exists ¢ > 0 such that
len —ynll < cllTiyzn — Tixyn|l < ce.
Since
e —yll < llz —anll + llzx —ynll + llyny —yll,
we conclude that x = y, which is a contradiction.

In the case that T is a BC-Sequence, since any BC-Sequence is a bounded
BSC-Sequence, the result is true for BC-Sequences, but we can also prove it
directly: suppose contrary that z € J(T,2) N J(T,y), then there exist strictly
increasing sequences of positive integers (i), and (k;), and sequences (),
and (yn)n in X such that z, — =, y, — y and

T xn = 2, Tk, yn — 2.

For every € > 0 there exists a natural number N7 such that for every i,k > Ny
we have
1T = Ti|l < €/3,
and
lzr — ol <€ [lye —yll <e
Since the sequences (i), and (k,), are strictly increasing, there exists a natural
number Ny such that in,, kn, > N and
HTiNng2 - Z” < 6/37 HTkNQyNz - ZH < 6/3‘

Now, we have

”,TiNQxNQ - iNr_;yNQH < ||EN2‘TN2 - Z” + ”Z - TszyNQH
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+||TkN2 YN, — iNQyNzll < €.
But 7T is uniformly bounded below, thus there exists ¢ > 0 such that

lzn, —yna |l < el Tin, o, — Tin, yns || < ce.
Since
[z =yl < llz = zn,ll + lev, =y |l + llyn, —yll,
we conclude that x = y. (I

Remark 2.12. Note that a bounded sequence T = (T,), C B(X) is not J-class
sequence, since otherwise there is some nonzero x € X such that J(7,z) = X.
But by boundedness, if x,, — x, then there exists M > 0 such that for any
sequence (kp), || Tk, xn|| < M. Now, let y be in X with ||y]| > M, then
no sequence (T, x,) can approximate y. Hence, BC-Sequences and bounded
BSC-Sequences are not J-class sequence.

Now, we present our main theorems about fixed points of certain sequences:

Theorem 2.13. Let T = (Ty,), € B(X) be a BC-Sequence. A vector x € X is
a fixed point for T if and only if 0 € J(T,x — T,x) for all n. The same result
holds for bounded BSC-Sequences.

Proof. Suppose that x € X, and for all n, 0 € J(T,2 — Thx). If ng € N is
fixed but arbitrary, then since 0 € J(7T,x — Ty, x), there exist a sequence (uy)
in X and a strictly increasing sequence of positive integers (my), such that
ur = ¢ —Tp,x and T, up — 0 as k — oo. Put, zp = up + T, x, then z, — 2.
Note that B(X) is complete and so (7T5,), converges in B(X). Since

h/?ITm’“ (g — Thox) = li}znkauk =0,

we have
li]?aka:ck = lilglleanoﬂﬂ e J(T,x)NJ(T,Ty,x).

By Theorem 2.11, we get T,,,x = z. Since ng € N is arbitrary, the result is
obtained. Conversely, if z is a fixed point for 7, then we have to show that
0 € J(T,0). For any strictly increasing sequence of positive integers (k),, and
a sequence (x,), converges to zero, (Tk, ,)n tends to zero, which gives the
result. By similar method we can proved for bounded BSC-Sequences. O

Theorem 2.14. Let T = (T},)n be a Cauchy sequence in B(X) and suppose
that T is either uniformly bounded below or strongly bounded below. Then a
vector x is a fized point of T if and only if for all n, 0 € J™(T,x — T,,x).
Proof. Let x € X and suppose that 0 € J™*(T,z — T,x) for all n. For ng
fixed but arbitrary, there exists a sequence (ug)x in X such that

up = x — Thox, Trur — 0

as k tends to infinity. Put xp = up + Tz, then xp — x. Since (Ty)y is
converges and
li}gnTk(xk —Thox) = lilgn Trur =0,
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we have

liinTkxk = lilgn Ti Ty € J™(T,2) N J™(T, Ty ).

Hence by Theorem 2.9, T,,,x = x. Since ng is arbitrary, we conclude that x is
a fixed point of 7. The converse can be proved by the same method used in
Theorem 2.13. ]

Example 2.15. Let S = (S,), be the same defined in Example 2.5. Then
S, — B as n — oo, and by Lemma 2.1(a), J(S,z) = J™®(S,z) = {Bx} for
all . Therefore, the only fixed point of S is the zero vector.
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