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ON THE GENERALIZED MODIFIED k-BESSEL FUNCTIONS

OF THE FIRST KIND

Kottakkaran Sooppy Nisar

Abstract. The recent research investigates the generalization of Bessel

function in different forms as its usefulness in various fields of applied
sciences. In this paper, we introduce a new modified form of k-Bessel

functions called the generalized modified k-Bessel functions and estab-
lished some of its properties.

1. Introduction

The k-Bessel functions of the first kind are defined by the following series
[14]:

(1.1) Jγ,λk,υ (z) :=

∞∑
n=0

(γ)n,k
Γk (λn+ υ + 1)

(−1)
n

(z/2)
n

(n!)
2 ,

where k ∈ R; α, λ, γ, υ ∈ C; < (λ) > 0 and < (υ) > 0. Here (γ)n,k is the

well-known k-Pochhammer symbol defined as follows (see [2])

(1.2) (γ)n,k =

{
Γk(γ+nk)

Γk(γ) (k ∈ R;γ ∈ C\ {0})
γ (γ + k) · · · (γ + (n− 1) k) (n ∈ N; γ ∈ C ) ,

where Γk(z) denotes the k-gamma function defined by (see [2])

(1.3) Γk (z) =

∫ ∞
0

e−
tk

k tz−1dt, < (z) > 0, k > 0.

Clearly, Γk(z) reduces to the classical Γ (z) function for k = 1. The k-Bessel
functions and their properties are studied widely in many research articles (see,
[5, 11, 14]). Recently Nisar and Saiful [10] defined a new generalized form of
k-Bessel functions as follows:
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Let k ∈ R;σ, γ, υ, c, b ∈ C;< (σ) > 0,< (υ) > 0, the generalized k-Bessel
functions of the first kind are given by the following series

(1.4) Jb,c,γ,σk,υ (z) =

∞∑
n=0

(c)
n

(γ)n,k

Γk
(
σn+ υ + b+1

2

) (z/2)
υ+2n

(n!)
2 ,

where J1,1,γ,σ
k,υ is the k-Bessel function and J1,−1,γ,σ

k,υ denotes the modified k-
Bessel function.

In this paper, we give a new modified form of (1.4) and define

(1.5) Ib,c,γ,λk,υ (z) =

∞∑
n=0

(c)
n

(γ)n,k

Γk
(
λn+ υ + b+1

2 + k
) (z/2)

υ+2n

(n!)
2 ,

where k ∈ R;λ, γ, υ, c, b ∈ C;< (λ) > 0,< (υ) > 0. Here our aim is to give some
properties of generalized modified k-Bessel function defined in (1.5).

The generalized Wright hypergeometric functions pΨq(z) are given by the
series

(1.6) pΨq(z) = pΨq

[
(ai, αi)1,p

(bj , βj)1,q

∣∣∣∣z] =

∏q
j=1 Γ(βj)∏p
i=1 Γ(αi)

∞∑
k=0

∏p
i=1 Γ(ai + αik)∏q
j=1 Γ(bj + βjk)

zk

k!
,

where ai, bj ∈ C, and αi, βj ∈ R (i = 1, 2, . . . , p; j = 1, 2, . . . , q). Asymptotic
behavior of this function for large values of argument of z ∈ C were studied in
[4] and under the condition

(1.7)

q∑
j=1

βj −
p∑
i=1

αi > −1

was found in the work of [15, 16]. The properties of these generalized Wright
functions were investigated in [6] (see also [7, 8]). In particular, it was proved
[6] that pΨq(z), z ∈ C is an entire function under the condition (1.7).

The generalized hypergeometric functions are represented as follows [13]:

(1.8) pFq

[
(αp) ;
(βq) ;

z

]
=

∞∑
n=0

Πp
j=1 (αj)n

Πq
j=1 (βj)n

zn

n!
,

provided p ≤ q; p = q + 1 and |z| < 1 where (λ)n is well known Pochhammer
symbol defined for λ ∈ C (see [13])

(1.9) (λ)n :=

{
1 (n = 0)

λ (λ+ 1) · · · (λ+ n− 1) (n ∈ N := {1, 2, 3, . . .}) ,

(1.10) (λ)n =
Γ (λ+ n)

Γ (λ)

(
λ ∈ C\Z−0

)
,

where Z−0 is the set of non positive integers.
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If we put α1 = · · · = αp = β1 = · · · = βq = 1 in (1.6), then (1.8) is a special
case of the generalized Wright function:
(1.11)

pΨq(z) = pΨq

[
(α1, 1) , . . . , (αp, 1) ;
(β1, 1) , . . . , (βq, 1) ;

z

]
=

∏q
j=1 Γ(βj)∏p
i=1 Γ(αi)

pFq

[
α1, . . . , αp;
β1, . . . , βq;

z

]
.

Also, we need the following relation of Γk with the classical gamma Euler
function (see [14]):

(1.12) Γk (z + k) = zΓk (z) ,

(1.13) Γk (z) = k
z
k−1Γ

( z
k

)
,

(1.14) (γ)n,k = kn
(γ
k

)
n
.

2. Main results

In this section, we present some properties of the generalized modified k-
Bessel functions given in (1.5).

Theorem 1. For λ, µ, υ, c ∈ C, γ, k ∈ R+and < (υ) > 0, the following formula
holds:

d

dz

(
z
υ
2 + b+1

2 Ic,γ,1k,υ

(√
z
))

= z
v+k+b

2 − 1
2 2(v−k)+ b+1

2 Ic,γ,1k,υ−k
(√
z
)
.

Proof. Using the definition given in (1.5), we have

z
υ
2 + b+1

2 Ic,γ,1k,υ

(√
z
)

= z
υ
2

∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2 + k
) (
√
z/2)

υ+2n+ b+1
2

(n!)
2

=
1

2v+ b+1
2

∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2 + k
) zυ+n+ b+1

2

4n (n!)
2 .

Now,

d

dz

[
z
υ
2 + b+1

2 Ic,γ,1k,υ

(√
z
)]

=
1

2v+ b+1
2

∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2 + k
) (υ + n+ b+1

2

)
zυ+n+ b+1

2 −1

4n (n!)
2 .

Using Γk (z + k) = zΓk (z), we get

d

dz

[
z
υ
2 + b+1

2 Ic,γ,1k,υ

(√
z
)]

=
1

2v+ b+1
2

∞∑
n=0

cn (γ)n,k(
υ + n+ b+1

2

)
Γk
(
λn+ υ + b+1

2

) (υ + n+ b+1
2

)
zυ+n+ b+1

2 −1

4n (n!)
2
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=
z
k
2 + υ

2 + b+1
2 −1

2
b+1
2 −k

∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2

) (
√
z/2)

v+2n−k

(n!)
2

= z
v+k+b−1

2 2
b+1
2 −kIc,γ,1k,v−k

(√
z
)
. �

Corollary 2.1. If we set c = 1 and b = 1, then we get

d

dz

(
z
υ
2 +1I1,γ,1

k,υ

(√
z
))

= z
k
2−

v
2 21−kI1,γ,1

k,υ−k
(√
z
)

which is the modified form of the result given in [1].

Theorem 2. Let Ic,γ,1k,−v (z) be the generalized modified k-function of order −v
and let z be a real non-negative number. Then the following formula holds:

d

dz

(
z
υ
2 + b+1

2 Ic,γ,1k,−υ
(√
z
))

= z
b−v−1

2 2−v−kIc,γ,1k,−υ−k
(√
z
)
.

Proof. Using the definition given in (1.5), we have

z−
υ
2 + b+1

2 Ic,γ,1k,−υ
(√
z
)

= z
υ
2 + b+1

2

∞∑
n=0

cn (γ)n,k

Γk
(
n− υ + b+1

2 + k
) (
√
z/2)

2n−v

(n!)
2

= z−
υ
2 + b+1

2

∞∑
n=0

cn (γ)n,k

2vΓk
(
n− υ + b+1

2 + k
) zn−

v
2

4n (n!)
2

=

∞∑
n=0

cn (γ)n,k

2vΓk
(
n− υ + b+1

2 + k
) zn−v+ b+1

2

4n (n!)
2 .

Now,

d

dz

[
z
υ
2 + b+1

2 Ic,γ,1k,−υ
(√
z
)]

=

∞∑
n=0

cn (γ)n,k

2vΓk
(
n− υ + b+1

2 + k
) (n− v + b+1

2

)
zn−v+ b+1

2 −1

4n (n!)
2 .

Using Γk (z + k) = zΓk (z), we get

=
1

2v
z
b+1
2 −1

∞∑
n=0

cn (γ)n,k

Γk
(
n− υ + b+1

2

) zn−v

4n (n!)
2

= z
b−1
2 2kz−

v
2

∞∑
n=0

cn (γ)n,k

Γk
(
n− υ + b+1

2

) (√z
2

)−v−k+2n

= z
b−v−1

2 2kIc,γ,1k,−v−k
(√
z
)
,

which is the required result. �

Corollary 2.2. If we set c = 1 and b = 1, then we get

d

dz

(
z
υ
2 +1I1,γ,1

k,−υ
(√
z
))

= z
v
2 2kI1,γ,1

k,−υ−k
(√
z
)
,

which is the modified form of the result given in [1].
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In the next theorem we will use a fractional integral called k-fractional in-
tegral [12], which is the generalization of classical Reimann-Lioville fractional
integral [9].

The k-fractional integral of order α is defined by

(2.1) Iαk (f) (x) =
1

kΓk (α)

∫ x

0

(x− t)
α
k−1

f (t) dt.

It is clear that when k → 1, (2.1) reduces to the classical Reimann-Lioville
fractional integral.

Theorem 3. For λ, µ, υ, c ∈ C, γ, k ∈ R+and < (υ) > 0, the following formula
holds:

Iαk
(
z
υ
2 + b+1

2 Ic,γ,1k,υ−k
(
2
√
z
))

=
zv+ b+1

2 +1

Γ
(
γ
k

)
kv+ b

2 +α− 1
2

1Ψ2

[ (
γ
k , 1
)

;

(1, 1) ,
(
v+ b+1

2 +α

k , 1
k

)
;
cz

]
.

Proof. Using the definition given in (1.5), we have

z
υ
2 + b+1

2 Ic,γ,1k,υ−k
(
2
√
z
)

= z
v+b+1

2

∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2

)
(

2
√
z

2

)υ+2n

(n!)
2

= z
v+b+1

2

∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2

) z
υ
2 +n

4n (n!)
2

=

∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2

) zv+n+ b+1
2

4n (n!)
2 .

Now,

Iαk
[
z
υ
2 + b+1

2 Ic,γ,1k,υ−k
(
2
√
z
)]

= Iαk

( ∞∑
n=0

cn (γ)n,k

Γk
(
n+ υ + b+1

2

) zv+n+ b+1
2

4n (n!)
2

)

=

∞∑
n=0

cn (γ)n,k

4n (n!)
2 I

α
k

z
(
v+n+ b+1

2
k2

)
k+1−1

Γk
(
n+ υ + b+1

2

)
 .

Using

Iαk

(
xβk − 1

Γk (β)

)
=

x
α
k+ β

k+1

Γ (α+ β)

we get

=

∞∑
n=0

cnΓk (γ + nk)

Γk (γ)n!Γ (n+ 1)

zn+v+ b+1
2 +1

Γk
(
n+ v + b+1

2 + α
) .

Now using the relation Γk (z) = k
z
k−1Γ

(
z
k

)
, we get

=
zv+ b+1

2 +1

Γ
(
γ
k

)
kv+ b

2 +α− 1
2

∞∑
n=0

cnΓ
(
γ
k + n

)
n!Γ (n+ 1)

zn

Γ
(
n
k + v

k + b+1
2k + α

k

) .
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In view of the definition of Wright hypergeometric functions, we obtain the
desired result. �
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[3] A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher Transcendental

Functions. Vols. I, II, McGraw-Hill Book Company, Inc., New York, 1953.

[4] C. Fox, The asymptotic expansion of generalized hypergeometric functions, Proc. Lon-
don. Math. Soc. 27 (1928), no. 4, 389–400.

[5] K. S. Gehlot, Recurrence Relations of k-Bessel’s function, Thai J. Math. 14 (2016), no.

3, 677-85.
[6] A. A. Kilbas, M. Saigo, and J. J. Trujillo, On the generalized Wright function, Fract.

Calc. Appl. Anal. 5 (2002), no. 4, 437–460.
[7] A. A. Kilbas and N. Sebastian, Generalized fractional integration of Bessel function of

the first kind, Integral Transforms Spec. Funct. 19 (2008), no. 11-12, 869–883.

[8] , Fractional integration of the product of Bessel function of the first kind, Fract.
Calc. Appl. Anal. 13 (2010), no. 2, 159–175.

[9] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional

Differential Equations, North Holland, 2006.
[10] K. S. Nisar and S. R. Mondal, Certain unified integral formulas involving the generalized

modified k-Bessel function of first kind, Commun. Korean Math. Soc. 32 (2017), no. 1,

47–53.
[11] K. S. Nisar, R. K. Parmar, and A. H. Abusufian, Certain new unified integrals associated

with the generalized k-Bessel function, Far East J. Math. Sci. 100 (2016), no. 9, 1533–

1544.
[12] S. Mubeen and G. Habibullah, k-Fractional integrals and application, Int. J. Comtemp.

Math. Sci. 7 (2012), no. 1-4, 89–94.
[13] E. D. Rainville, Special Functions, Macmillan, New York, 1960.

[14] L. G. Romero, G. A. Dorrego, and R. A. Cerutti, The k-Bessel Function of the First

Kind, Int. Math. Forum 7 (2012), no. 38, 1859–1864.
[15] E. M. Wright, The asymptotic expansion of integral functions defined by Taylor series,

Philos. Trans. Roy. Soc. London, Ser. A. 238 (1940), 423–451.

[16] , The asymptotic expansion of the generalized hypergeometric function, Proc.
London Math. Soc. (2) 46 (1940), 389–408.

Kottakkaran Sooppy Nisar

Department of Mathematics
College of Arts and Science at Wadi Aldawaser

Prince Sattam bin Abdulaziz University

Riyadh region 11991, Saudi Arabia
E-mail address: ksnisar1@gmail.com, n.sooppy@psau.edu.sa




