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SOME RESULTS ON UNIQUENESS OF MEROMORPHIC
SOLUTIONS OF DIFFERENCE EQUATIONS

ZONG SHENG GAO AND XI1A0 MING WANG

ABSTRACT. In this paper, we investigate the transcendental meromorphic
solutions with finite order of two different types of difference equations
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that share three distinct values with another meromorphic function. Here
aj, by, d; are small functions of f and a; #Z 0(j = 1,2,...,n), by Z 0,
dq # 0. cj # 0 are pairwise distinct constants. p, ¢, n are non-negative
integers. P(z, f) and Q(z, f) are two mutually prime polynomials in f.

1. Introduction and results

In this paper, we assume that the reader is familiar with the standard sym-
bols and fundamental results of Nevanlinna theory, see [4,6,9,10]. We use
notation p(f) to denote the order of growth of f. In addition, we denote by
S(r, f) any quantity satisfying S(r, f) = o(T(r, f)), (r — oo, € E), where F is
an exceptional set with finite logarithmic measure. If a meromorphic function
a(z) satisfies T'(r,a) = S(r, f), we say a(z) is a small function with respect to
1(2).

Let f(z) and g(#) be the non-constant meromorphic functions and let a be a
complex number in the complex plane. We say f(z) and g(z) share a CM(IM)
provided that f(z) and g(z) have the same a-points counting multiplicities
(ignoring multiplicities). If f(z) and g(z) have the same poles, we say f(z) and
g(z) share co CM (counting multiplicities) or IM (ignoring multiplicities).
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In 1989, Brosch [1] studied the uniqueness problem that a meromorphic so-
lution of the Malmquist-type ordinary differential equation (w’)" = Z?ZO ajw
shares three values with another meromorphic function. Recently, Lii, Han and
Lii [8] proved a similar uniqueness theorem which is related to Malmquist-type
difference equation. The difference equation is

(1.1) Zn:ajf(z—i—cj) _ Pz, f) _ Yo buf*
j=1

Q= f)  Ylodf'

Here aj, by, d; are small functions of f and a; # 0(j = 1,2,...,n), b, # 0,
dg #0. ¢j #0(j = 1,2,...,n) are pairwise distinct constants. p, ¢, n are
non-negative integers. P(z, f) and Q(z, f) are co-prime polynomials in f.

Denote Il(zvf) = Z;‘Lzl ajf(z + Cj)7 H1(Z,f) = Il(zaf)Q(va) - P(Z7f)

Now, we recall the following theorem.

Theorem A ([8]). Let f(z) be a finite-order transcendental meromorphic solu-
tion of (1.1) and let eq, ey be two distinct finite numbers such that Hy(z,e1) Z
0, Hi(z,e2) 20, p < ¢ =n. If f(z) and another meromorphic function g(z)
share e1, e and oo CM, then f = g.

In this paper, we make some further investigation on this problem and obtain
some results as follows.

Theorem 1.1. Let f(2) be a finite-order transcendental meromorphic solution
of (1.1) and let a, b be two distinct finite numbers such that Hy(z,a) Z 0,
Hy(z,b) Z0. p, q, n satisfy max{p,q} =n>2orp<qg=n=1. If f(z) and
another meromorphic function g(z) share a, b and co CM, then f = g.

Remark 1.1. In Theorem 1.1, if ¢ = 0, p = n = 1, the result may not be true.
For example, f(z) = e* + 1 is a finite-order meromorphic solution of equation
f(z+1)=ef(z)+1—e. f(z) and g(z) = e * + 1 share 0, 2 and co CM with
Hy(2,0) #£0, Hi(2,2) # 0, but f(2) # g(2).

Remark 1.2. In Theorem 1.1, the conditions Hy(z,a), H1(z,b) # 0 are neces-
sary. For example, f(z) = tan z is a solution of the difference equation

T T\ 4f(2)
Fe+g)+i(-7) = - 2(2)°
f(z) and g(z) = —tanz share the values 0, +i, co CM with H;(z,0) =
Hy(z,+1) =0, but f(2) # g(2).
We also get some similar results for another type of difference equation

" PGS b
(1.2) jl;[lf(z+c]) Q= f) Ylodift

Denote Iz(z, f) = H;.l:l f(z+¢j), Ha(z, f) = I(z, [)Q(z, f) — P(z, f) with
restrictions on c¢;, by, d; unchanged.
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Theorem 1.2. Let f(z) be a finite-order transcendental meromorphic solution
of (1.2) and let a, b be two distinct finite complex numbers such that Hy(z,a) #
0, Hy(z,b) £ 0. We have the following results:

(i) When p, q, n satisfy max{p,q} < n and ¢ > 1, if f(z) and another
meromorphic function g(z) share a, b and co CM, then f = g.

(ii) When p, q, n satisfy ¢ =0 and p < n, if f(z) and another meromorphic
function g(z) share a, b and co CM, then f = g.

Theorem 1.3. Let f(z) be a finite-order transcendental meromorphic solution
of (1.2) and let a, b be two distinct finite non-zero complex numbers such that
Hy(z,a) £ 0, Ha(z,b) £ 0. p, q satisfy max{p,q} < n. We have the following
results:

(i) When p < n, if f(z) and another meromorphic function g(z) share a, b
and 0 CM, then f=g.

(ii) When p =n and by # 0 for at least one k(0 < k <p—1), if f(z) and
another meromorphic function g(z) share a, b and 0 CM, then f = g.

Theorem 1.4. Let f(2) be a finite-order transcendental meromorphic solution
of (1.1) or (1.2). Let a, b, ¢ be three distinct finite complex numbers such that
Hi(Z,CL) $—é 07 HZ(Zﬂb) ?_é 07 Hi(Z,C> $é 0(2 = 172> When max{p7 q} < n, fo(Z)
and another meromorphic function g(z) share a, b, ¢ CM, then f = g.
Remark 1.3. In Theorem 1.2, the result is not true for ¢ = 0, p = n. For
example, f(z) = e* 4 1 is a finite-order meromorphic solution of
fFe+Df(z=1)=f2(2) +(e+e =2)f(2) = (e+e! - 2).
f(2) and g(z) = e=* + 1 share 0, 2 and co CM with Hy(z,0) # 0, Ha(z,2) # 0,
but f(z) # g(2).
Remark 1.4. In Theorem 1.3, the result is not true for p = n, by = 0 for all
k(0 <k < p—1). For example, f(z) = e is a solution of the equation

F+Df(z—1) =€ f(2).
Here by,b; = 0. f(z) and g(z) = e 2" share the values 0, 1, —1 CM with
HQ(Zv 1) $é 0 and H2(27 _1> 7_é 07 but f(Z) §é g(Z)

Remark 1.5. In Theorems 1.2 and 1.3, the conditions Hz(z,a) # 0 and Hz(z,b)
# 0 are necessary. For example, f(z) = tan §z is a finite-order meromorphic
solution of the equation f(z+1)f(z —1) = —1. f(z2) and g(z) = —f(z) share
0, £i, oo CM with Hs(z,0) =1 # 0, Ha(z,£i) =0, but f(z) £ g(2).

Remark 1.6. It is natural to suppose that max{p,q} < n according to the
results such as Propositions 8, 9, Theorem 12 in [5].

2. Some lemmas

In this section, we will give some important lemmas for the proof of theorems.
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Lemma 2.1 (]2, Corollary 2.6]). Let 11, na be two complex numbers such that
m # 12 and let f(z) be a finite-order meromorphic function. Let o be the order
of f(z), then for each € > 0, we have

()~

Lemma 2.2 ([3, Theorem 3.2], [7, Theorem 2.4)). Let f(z) be a transcendental
meromorphic solution of finite order p of the difference equation P(z, f) =0,
where P(z, f) is a difference polynomial in f(z) and its shifts. If P(z,a) 0
for a small function a, then

1
m(r,—— ) =S5(r,
(i) =)
outside of a possible exceptional set of finite logarithmic measure.

Lemma 2.3 ([7, Theorem 2.3]). Let f be a transcendental meromorphic solution
of finite order of a difference equation of the form

U(Z,f)P(Af) = Q(Z’f)v

where U(z, f), P(z, f) and Q(z, f) are difference polynomials such that the total
degree degU(z, f) = n in [ and its shifts, and deg Q(z, f) < n. Moreover, we
assume that U(z, f) contains just one term of mazimal total degree in f and
its shifts. Then for each & > 0,

m(r, P(z, f)) = 0"~ %) + S(r, f),
possibly outside of an exceptional set of finite logarithmic measure.

Lemma 2.4 ([6, Theorem 2.2.5]). Let f(z) be a meromorphic function. Then
for irreducible rational functions in f,

>isgai(2)f(2)°
20 bi(2)f(2)7
with meromorphic coefficients a;(z), bj(z), the characteristic function of R(z, f)

satisfies

T(r,R(z, f(2))) = max{m,n}T(r, f) + O(max{T(r,a;), T(r,b;)}).

R(z, f(2)) =

Lemma 2.5 ([2, Theorem 2.2]). Let f be a meromorphic function with expo-
nent of convergence of poles /\(%) =A< 400, n # 0 be fized. Then for each
e >0,

N(r, f(z+mn)) = N(r, f) + O(r*"*%) + O(log ).

Lemma 2.6. Let f(z) be a non-constant meromorphic function, p(f) = agf™+
a1 f" 4 tan, ag(£0), a1, . . ., a, are small functions with respect to f. Then

n-m(r, f) <m(r,p(f)) + S(r, f).
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Proof. Without loss of generality, suppose ag = 1.

On circle |z = 7, let A(z) = maxy<j<n |a;(2)|7 (i = 1,2,...,n). For fixed
r,let By = {6 €[0,2m) : |f(re!?)| > 2A(re!)} and E; = {6 € [0,27)} — Ey. In
set F1,

= |fn. a0
lp(H)l = 1" |1+ f+ +fn
n al an n 1 B 1 N
> |f] {1_f_..._ﬂl}2f| {1—2 ..... 271} i lf
So

n-m(r,f):m(nf”)

1 1
7/ 1og+\f"|d9+—/ log™ | ™| dé
2 Eq 2 E,

1 27 1 27
< —/ log™ |2"p(f)| d6 + 7/ log™t |24|™ d6
27 0 27 0
< m(r,p(f)) +S(r, f). 0
Lemma 2.7 ([9, Theorem 1.51]). Let f;(2)(j =1,...,n)(n > 2) be meromor-
phic functions, g;(z), j =1,...,n, be entire functions satisfying

(1) X7y fi()en @) =05
(i) when 1 < j <k <mn, gj(z) — gx(2) is not a constant;
(iii) when 1 < j<n,1 <h<k<n,

T(r, fj) = o{T(r, e 9%)}, (r — oo, r ¢ E),

where E C (1,00) is of finite linear measure or finite logarithmic measure.
Then fi(z) =0(j =1,...,n).

Lemma 2.8. Let f(z) be a finite-order transcendental meromorphic solution
of (1.2). If p, q, n satisfy max{p,q} < n and ¢ > 1 or p, q, n satisfy ¢ =0
and p < n, then

m(r, f) = S(r, f).

Proof. (1) If p, ¢, n satisfy max{p,q} < n and ¢ > 1, by Lemma 2.3 and

Lz, £)Qa(2, f) = P(z, f), we have m(r,Q(z, f)) = S(r, f). By Lemma 2.6,
we have m(r, f) = S(r, f).

n—1
(ii) If p, g, n satisfy ¢ = 0 and p < n, by Lemma 2.3 and | [] f(z+¢;)
j=1

f(z+en) = P(z, f), we have m(r, f(z + ¢)) = S(r, f), then by Lemma 2.1

me):m<ﬁﬂZ+%”féﬁiw)

<mlrfle )+ m (n L) = 50)
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3. Proof of theorems
3.1. Proof of Theorem 1.2

Suppose f is a finite-order transcendental meromorphic solution to equation
(1.2) and p, ¢, n satisfy max{p,q} < n and ¢ > 1 or p, q, n satisfy ¢ = 0 and
p < mn, f and g share a, b, oo CM. By Nevanlinna’s second main theorem, we
have

T(r, f)<N(r,f)+ N (r’fia> +N (r, fl—b> +S(r, f)
= N(r,g)+ N <T’gia> +N (r,gib) +5(r. )
<3T(r,g) + S(r, f).

Similarly, T'(r,g) < 3T(r, f) + S(r,g). So p(g) = p(f) < oo which means g is a
finite-order meromorphic function.

According to Ha(z,a) # 0 and Lemma 2.2, we have m (r, f—ia> = S(r, f).
Similarly, m (r, ﬁ) = S5(r, f). By Lemma 2.8, m(r, f) = S(r, f).
f and g share a, b, co CM, so there exist two polynomials « and 3 such that
f —a « f —b _ 6[5

3.1 = L=
(3.) e

Let v = f—a,ife* =1 or e =1 or ¢ = 1, Obviously we have f = g.
Suppose e* #Z 1 and ¢ # 1 and €7 # 1.
By equation (3.1), we have
e? -1

(3.2) f:a—l—(b—a)eﬂy_1

and

eB -1 e*—1
(3.3) f—b+(ba)<67_11)—b+(ba)67_167.

First, we claim that the degrees of «, (8, v are at least 1. In the following,
we discuss four cases.

Case 1. If o, 3 are both constants (e® # 1,e # 1), then « is also a constant.
We deduce that f is a constant by (3.2), which contradicts with the condition
that f is a transcendental meromorphic function.

Case 2. If 3 is a constant (e # 1) and the degree of « is at least 1, the
degree of v is also at least 1. Let 71 = (b — a)(e® — 1), we deduce that 7 is a

non-zero constant. From (3.2), we have f =a + 5. So

T f) = m (r, fi) N (r, fl_a> +o(1)
— S )+ N (n e: 1) — S0 ).
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This is a contradiction.
Case 3. If « is a constant (e® # 1) and the degree of § is at least 1, the
degree of v is also at least 1. Let 75 = (b — a)(e® — 1), we deduce that 7 is a

non-zero constant. By (3.3), we have f = b+ Zﬁi. So

T(r, f) = m (r, fib> LN (7’, fib) Lo
—S(nf)+N (n e;;) = 5(r, ).

This is a contradiction.

Case 4. If o and S are not constants but + is a constant (e? # 1). Let
T3 = 2= then 73 is a non-zero constant. By (3.2), we get f = a+ 73(e” —1).
So

T(r,f):m(r,f)+N(r,f):S(r,f)—kN(r,a—!—Tg(eﬁ—l)):S(r,f).

This is a contradiction.

From the four cases above we conclude that a, 8 and «y are all non-constant
polynomials.

Substituting (3.2) into (1.2) yields

a B(x) _ 1\ n Bz+e;) _ 1
e e
=0 j=1
P B(z) _1\"
e
k=0

@, f3, 7 are non-constant polynomials, denote e?(*1¢i) = ¢A(2)+5;(2) an( e7(2+¢))
= YA*45(2) - Clearly, s;(2) and t;(z) are polynomials of degrees at most
deg f(z) — 1 and deg(z) — 1, respectively.

Multiply both sides of equation (3.4) by (7 —1)" [7_; (7*F%) —1), we get

(3.5

~~

@ (“(@W(z) D+ (b—a) (e’ - 1))l (ewz) _ 1)"‘l} ,

=+ 1

(et e )

—N— —
<
Il

1

b (a(e”) 1) 4 (b - a)(eﬁ<z>_1))’“ (ev<z>_1)"*’“ . ﬁ (o4 - 1),

j=1

[
NE

~
Il
<
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We can write (3.5) as
2n  2n

(3.6) 3N Ayt =o.

A=0 p=0
Here, A, ,, are either 0 or polynomials in by,d; and e ,e'. By computation,

Ago = (Z dlbl> b — (Z bkbk> = Hy(z,b) #£0,
k=0

=0

(3.7) Agon = (g:o dlal) <j1j1 a;> _ <k§o bkak) (}i e)

= ﬁ el Hy(z,a) # 0.

j=1

Next, we will prove deg 8 = degy = dega = p(f) = d. Here d is a positive
integer.

As we known, T'(r,e®) < T(r,f) + T(r,g9) + O(1) < 4T(r, f) + S(r ).
Similarly, T(r,e”) < 4T(r, f) + S(r, f). So p(f) > max{p(e®),p(e”)}. It
follows from (3.2) that

p(f) < max{p(e”), p(e7)} < max{p(¢”), p(e*)} < p(f)-

That is to say p(f) = max{deg(a),deg(5)}.

Let No(r) be the integrated counting function of common zeros of ¢ —1 and
€7 — 1(counting multiplicities). If zp is a wy-order zero of e? —1 and a wy-order
zero of €7 — 1(wy,wq > 1), then zo will counts min{ws,ws} times in No(r). By

(3.2), we have
T(r, f) = m (r, ; L a) N (r, fla> +o(1)

=N (r, Z;:i) +8(r, f)
(3.8) N ( 51_1> — No(r) + S(r. f).

By the Nevanlinna’s first and second main theorems, we have

T(r,e%) < N(r,e?) + N(r,e ) + N (r, eﬂl_l) + S, e?)
_N (r, 6511> + S0 f),
7)) 2 N (1 g )+ 50.),

that is, T(r,e?) = ( - 1) + S(r, f). Combining (3.8) yields

T(r,e’) = T(r, f) + No(r) + S(r, f).
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Similarly, we have

T(r, f) =m(r, f) + N(r, f)
B
zN(r 1) +S(r, f)

Tev—1

Ter —1

1
=¥ (n ) = Nalr) + 50 ),
and
1
YY) —
Tre) =N (r g ) +50.5)
that is T(r,e¥) = T(r, f) + No(r) + S(r, f). Then
T(r,e) =T(r,e?) + S(r, f).
Similarly by (3.3), we have T'(r,e®) = T'(r,e¥) + S(r, ).
Then we conclude that dega = deg 8 = degy = p(f) = d.
In what follows, we will prove deg(AS+py) = deg(AB—py) =d, 1 < X < 2n,
1< pu<2n.

Suppose that deg(A\3 4+ wy) < d, obviously e**#7 is a small function of f
and e”®. So

T(r, M7 =2 = T(r,e™ ) + S(r, f) = XT(r,e%) + S(r, f).
On the other hand,
T(r, By e—/\a) =T(r, e(M—u)v)
= A+ u)T(re”)+5(r f)
= A+ w)T(r,e*) + S(r, f).

Since p # 0, we obtain a contradiction.

Suppose that deg(A\3 — py) < d, e’ ~#7 is a small function of f and e~.

EA>p,

T(r,eM =17 . =) = \T(r,e) + S(r, f).
On the other hand,
T(r,eM =17 e=2) = T(r,eP=17)
=A=p)T(r,e”)+S(r f)

=A=wT(r.e")+S(r f).

We obtain a contradiction.
If A <p,
T(’I", e_(A/B_N"/) . eﬂa) = MT(T7 ea) —+ S(r, f)
On the other hand,
T(r, e~ (AB—p7) ere) = T(r,e(uﬁx)ﬁ) =(u—NT(r,e*) +S(r, f).

It is a contradiction.
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It is easy to find {4, [0 < A < 2n,0 < p < 2n} are small functions of
eMHr and eM 1Y for each A, posatisfied 0 <A <2n, 0 < p<2n, A+ pu#0.
By Lemma 2.7, we deduce that Ay, = 0, which contradicts with (3.7). So
=y
3.2. Proof of Theorem 1.1

The result of case p < ¢ =n =1 of equation (1.1) follows immediately from
Theorem A.
If max{p, q} = n > 2, using Lemmas 2.1, 2.4 and 2.5, we have

T T,Zajf(z+cj) =m T,Zajf(z+cj) +N T,Zajf(z+cj)
=1 j=1 j=1

<m r,f(z)ZW +nN(r, f)+ S(r, f)

=m(r,f) +nN(r, f) + S(r, f)

and

n , 2 Ca _ ’I"P(Z’f) . . .
T r,;agf( +J) _T<’Q(z,f)>_ T(r,f)+ S(r, f)

=n-m(r,f)+n-N(r, )+ S(r, f).

So (n—1)m(r, f) = S(r, f). When n > 2, we have m(r, f) = S(r, f). Then use
the same method as the proof of Theorem 1.2, we obtain f = g.

3.3. Proof of Theorem 1.3

Let F(z) = $, G(2) = 1, then F(z) and G(z) share ;, ; and co CM since
f and g share a, b, oo CM.

If p < g, according to equation (1.2), we have

n d. fld4+...4+d d e doF4
(39)  [[Flete)=Blitotd _doto b do
j=1

CobpfP4 by by F9P e b FY

Hy(z,a) = a"(dga? + - - + do) — (bpaP? + - - - + by) # 0, we multiply both sides
by then

1 bp bo dO
() (e )~ (a4 + ) 20

Similarly, (:1) (bffp T ‘,;—0) — (dg+---+ %) # 0. By Theorem 1.2(i),
F=G,s0 f=g.

T antao
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If p > q, we have

ﬁ Cdgfi++dy  dgFPTU+ 4 dgFP

3.10 F )= =
( ) (Z+C]> bpfp++b0 bp++b0Fp

When ¢ < p < n, (3.10) satisfies the case (i) or (ii) of Theorem 1.2, then f = g.
When p = n and by, # 0 for at least one k(0 < k < p — 1), (3.10) satisfies the
case (i) of Theorem 1.2, then f = g.

3.4. Proof of Theorem 1.4

Suppose that f is a finite-order transcendental meromorphic solution of
(1.2). Let F(2) = 74, G(2) = &, A = ;L B = 1, then F(z) and
G(z) share A, B, oo CM, since f(z) and g(z) share a, b, cCM

Hs(z,c) # 0, applying Lemmas 2.2, 2.4, m(r, F') = m(r, 1= L) =S(rf) =
S(r, F).

Substituting f = + + ¢ into equation (1.2), we have

1 (7 ) S blg o+
=1 Z—|—C]) lé)dl(%‘FC)I .

It can be transformed into

n q
H[1—|—0F z+¢j)] {Zdl + cF) Fn- l}

(3.11) =t =0
{ZkacF yFn ’“} F(z4¢j) =
k=0 j=1
Use H3(z, F)) to denote the left of (3.11). By calculation,
HQ(Z a‘) H2(Z7b)
H. A 0, H B)= —-+
3(27 ) (a_c)gn ?_é 3(Z5 ) (b_c)zn 5—'&0

According to Lemma 2.2, m(r, =+5) = S(r, F), m(r, =15) = S(r, F).
F and G share A, B, oo CM, so

F—-A F—-B
12 ToA _ e bbb s
(312) G-A “'G-B ¢
Denote y =0 — «
_ v
(3.13) F=A+(B- A)e LI c -1

e"—1" F Ao+ (B—A)ef—B
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Substituting (3.13) into equation (3.11), and eliminate the denominator, we

obtain
2n 2n
S5 e =0
A=0 p=0
By calculation, we have
H2(Z b)
A= - #£0
00 (b — C)2n 7_é

Using the method in proof of Theorem 1.2, we can prove F' = G easily, then

=g

Similarly, we can obtain the corresponding result for equation (1.1).
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