The Korean Journal of Applied Statistics (2017) DOTI: https://doi.org/10.5351/KJAS.2017.30.5.665
30(5), 665-679

Estimation of smooth monotone frontier function under

stochastic frontier model

Danbi Yoon® - Hohsuk Noh®!

“Department of Statistics, Sookmyung Women’s University

(Received July 17, 2017; Revised August 23, 2017; Accepted August 31, 2017)

Abstract

When measuring productive efficiency, often it is necessary to have knowledge of the production frontier
function that shows the maximum possible output of production units as a function of inputs. Canonical
parametric forms of the frontier function were initially considered under the framework of stochastic fron-
tier model; however, several additional nonparametric methods have been developed over the last decade.
Efforts have been recently made to impose shape constraints such as monotonicity and concavity on the non-
parametric estimation of the frontier function; however, most existing methods along that direction suffer
from unnecessary non-smooth points of the frontier function. In this paper, we propose methods to estimate
the smooth frontier function with monotonicity for stochastic frontier models and investigate the effect of
imposing a monotonicity constraint into the estimation of the frontier function and the finite dimensional
parameters of the model. Simulation studies suggest that imposing the constraint provide better perfor-
mance to estimate the frontier function, especially when the sample size is small or moderate. However, no
apparent gain was observed concerning the estimation of the parameters of the error distribution regardless
of sample size.
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Figure 3.1. An example of the estimated frontier function (the true frontier function - solid line, the estimated
function by Keshvari and Kuosmanen (2013) - dash-single-dotted line, and the estimated function by local linear
method with monotonicity constraint - dash-double-dotted line).
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Table 4.1. Performance comparison result of Model 1 when (o, A\) = (1.371,1.659)
yi = 1+1log(l+ ;) + ¢, (o,\) = (1.371,1.659)

Unconstrained Constrained
sp lc 11 Sp lc 11 kk

IBIAS2 1.091 0.884 0.447 0.680 0.820 0.449 3.294

n = 100 IVAR 14.701 8.434 8.631 9.233 8.439 8.512 10.978

MISE 15.791 9.318 9.078 9.913 9.259 8.962 14.272

IBIAS2 0.262 0.450 0.138 0.193 0.403 0.138 1.680

g(+) n = 200 IVAR 6.904 4.344 4.376 4.744 4.300 4.321 6.275

MISE 7.166 4.794 4.515 4.937 4.703 4.459 7.955

IBIAS2 0.280 0.348 0.157 0.207 0.318 0.156 1.485

n = 300 IVAR 5.031 3.135 3.133 3.485 3.098 3.113 4.702

MISE 5.311 3.484 3.290 3.693 3.416 3.269 6.187

BIAS —0.084 —0.039 —0.040 —0.051 —0.038 —0.040 —0.098

n = 100 VAR 0.036 0.037 0.037 0.036 0.037 0.037 0.033

MSE 0.043 0.038 0.038 0.039 0.038 0.038 0.043

BIAS —0.043 —0.024 —0.023 —0.029 —0.023 —0.023 —0.061

o n = 200 VAR 0.020 0.020 0.020 0.020 0.020 0.020 0.019

MSE 0.022 0.021 0.021 0.021 0.021 0.021 0.023

BIAS —0.041 —0.025 —0.023 —0.029 —0.025 —0.023 —0.053

n = 300 VAR 0.015 0.015 0.015 0.015 0.015 0.015 0.015

MSE 0.017 0.016 0.016 0.016 0.016 0.016 0.018

BIAS 0.024 0.109 0.120 0.106 0.112 0.120 0.029

n = 100 VAR 0.838 0.970 1.012 1.014 0.990 1.003 0.821

MSE 0.837 0.981 1.025 1.024 1.002 1.017 0.822

BIAS 0.005 0.031 0.035 0.030 0.032 0.035 —0.008

A n = 200 VAR 0.350 0.351 0.354 0.354 0.350 0.352 0.337

MSE 0.349 0.351 0.355 0.355 0.351 0.353 0.337

BIAS —0.040 —0.010 —0.005 —0.013 —0.008 —0.004 —0.036

n = 300 VAR 0.240 0.246 0.248 0.250 0.245 0.248 0.231

MSE 0.241 0.245 0.248 0.250 0.245 0.248 0.232
So 223 ARUFE FAoE 24014 ABE BRAL DI WAL ABAU B Aot
270] Qi Ao ZAT BEYS FHE ) AFD) PR ST o knot = 03} 14fele] 5
7+49] knotE AE-31= Hastie2} Tibshirani (1990)9] 4 7= 0] 9l generalized cross validation
We ALEstel internal knot] A58 AARGAT. E SAT AYNA FLTF AT AL

Al

2
S
=
1o
2
@)
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o
o
=
(]
&
o
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it
Y
N
Lot
off
;F
o
et
ot
g
it
r>~
4
ok
32
v

AIC(h) = log (Z(y,- — T (2 h))2) +2 <Z L“-(h)> /n. (4.1)

i=1

L;i(h)+ H&Fo] hE Fo]A & ul linear smoother m7u,(-;h)2] smoothing matrix2]

otk BEAS BRI 2AY ATRE] F4F ALS A internal knots] A5t

B dxyg Agxo] g A4S 8 A9E A 5dsHA ARty 9, Keshvari®h Ku-

osmanen (2013)] F3%F AE A3 B3 Mmuns(-)> R T2 7|24l isoregE ©]-8-3F

o] AAretAtt Ao 2 pseudo-likelihoodol] 7|98t (0,0)8] A4S $13F F & 3slol+= R package
‘nloptr’E A3 T
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(0.988, 0.642)
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yi =1+ 1log(l+ ;) + €, (o,\) = (0.988,0.642)

Unconstrained Constrained
sp lc 11 Sp lc 11 kk
IBIAS2 0.523 0.672 0.225 0.399 0.612 0.233 2.656
n =100 IVAR 14.429 8.917 9.066 9.577 8.916 8.987 11.307
MISE 14.952 9.588 9.291 9.976 9.529 9.220 13.963
IBIAS2 0.174 0.421 0.110 0.155 0.375 0.110 1.525
g(+) n =200 IVAR 7.504 5.004 5.050 5.418 4.996 4.979 6.867
MISE 7.678 5.425 5.159 5.573 5.371 5.089 8.392
IBIAS2 0.242 0.343 0.166 0.202 0.316 0.165 1.437
n =300 IVAR 5.565 3.812 3.804 4.100 3.783 3.789 5.349
MISE 5.807 4.155 3.970 4.302 4.099 3.954 6.786
BIAS —0.056 —0.020 —0.021 —0.030 —0.019 —0.021 —0.071
n = 100 VAR 0.032 0.033 0.033 0.033 0.033 0.033 0.030
MSE 0.035 0.034 0.034 0.033 0.034 0.034 0.035
BIAS —0.031 —0.016 —0.015 —0.020 —0.015 —0.015 —0.047
o n = 200 VAR 0.019 0.019 0.019 0.019 0.019 0.019 0.018
MSE 0.020 0.019 0.019 0.019 0.019 0.019 0.020
BIAS —0.033 —0.020 —0.019 —0.024 —0.020 —0.019 —0.045
n =300 VAR 0.015 0.015 0.015 0.015 0.015 0.015 0.014
MSE 0.016 0.015 0.015 0.015 0.015 0.015 0.016
BIAS 0.079 0.113 0.119 0.112 0.115 0.120 0.077
n =100 VAR 0.619 0.686 0.693 0.665 0.691 0.695 0.582
MSE 0.625 0.698 0.706 0.677 0.703 0.708 0.587
BIAS 0.021 0.032 0.035 0.033 0.033 0.035 0.018
A n =200 VAR 0.256 0.262 0.264 0.264 0.264 0.262 0.252
MSE 0.257 0.263 0.265 0.265 0.265 0.263 0.252
BIAS —0.024 —0.008 —0.006 —0.010 —0.007 —0.006 —0.022
n =300 VAR 0.181 0.185 0.188 0.186 0.186 0.188 0.179
MSE 0.181 0.185 0.188 0.186 0.185 0.188 0.179
ZAzte] ZaEo] $4 FABN S B8] A5 KB B4 o9} Aol THAA S bias, vari-
ance, MSEES A48t 39 249 Z™-E 0] 34 g(-)oll thalxe A (4.2)9} Z2o] 49 H9
Aol tsiA A §(x) biase] AlF, variance, MSE ¥+E Z&3} ZH(IBIAS2, IVAR, MISE)<
ARFaieh
1000 ) | oo r o 100 ) 9
MISE = oo > ISE (g ) = 056 2 |01 2= (g (2) — g(zl)) (4.2)
— j=1 =0
100 B 100 1000 _ B )
= > (o)~ ) + g D [1010 >~ (390 — (=) }
1=0 =0 Jj=1
= IBIAS2 + IVAR.
o wl, {2, i =0,...,100}(z0 = 0, 2100 = 1) [0,1]8 1005E3}= gride]x, V) (-)& jHA dlolE

NEZRE 349

ﬂ—*ﬂﬂ o] A o)™
Tables 4.1-4.6= T 7} AlEd ol 29 thfst (62, 02)

, §(z) = 10007 30100 59 (2 )°lD}
Ay 2ol e 2Ae Asua dge
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Table 4.3. Performance comparison result of Model 1 when (o, A\) = (0.551,0.799)
yi =1+ 1log(l+ ;) + €, (o,\) = (0.551,0.799)

Unconstrained Constrained

Sp lc 1 sp lc 11 kk
IBIAS2 0.091 0.673 0.202 0.307 0.614 0.212 1.893
n = 100 IVAR 13.592 8.088 8.377 8.939 8.096 8.246 10.689
MISE 13.683 8.761 8.579 9.246 8.710 8.459 12.583
IBIAS2 0.105 0.500 0.154 0.190 0.453 0.158 1.233
g(+) n = 200 IVAR 7.025 4.661 4.689 5.042 4.631 4.650 6.563
MISE 7.130 5.161 4.843 5.233 5.085 4.808 7.795
IBIAS2 0.028 0.270 0.057 0.080 0.245 0.059 1.079
n = 300 IVAR 5.166 3.524 3.491 3.810 3.512 3.478 4.989
MISE 5.194 3.794 3.548 3.890 3.757 3.537 6.068
BIAS 0.001 0.030 0.028 0.021 0.031 0.028 -0.016
n = 100 VAR 0.026 0.026 0.026 0.026 0.026 0.026 0.024
MSE 0.026 0.027 0.027 0.026 0.027 0.027 0.024
BIAS 0.012 0.025 0.025 0.021 0.025 0.025 -0.003
o n = 200 VAR 0.014 0.015 0.015 0.015 0.015 0.015 0.014
MSE 0.015 0.015 0.015 0.015 0.015 0.015 0.014
BIAS 0.006 0.016 0.017 0.012 0.016 0.017 -0.005
n = 300 VAR 0.011 0.011 0.011 0.011 0.011 0.011 0.011
MSE 0.011 0.011 0.011 0.011 0.011 0.011 0.011
BIAS 0.215 0.215 0.222 0.220 0.218 0.222 0.207
n = 100 VAR 0.417 0.392 0.426 0.425 0.396 0.427 0.388
MSE 0.462 0.438 0.475 0.473 0.443 0.476 0.430
BIAS 0.136 0.138 0.139 0.139 0.139 0.139 0.133
A n = 200 VAR 0.175 0.179 0.179 0.177 0.179 0.179 0.176
MSE 0.194 0.198 0.198 0.196 0.198 0.198 0.193
BIAS 0.085 0.091 0.093 0.088 0.091 0.093 0.089
n = 300 VAR 0.119 0.122 0.123 0.122 0.122 0.123 0.119
MSE 0.126 0.130 0.132 0.129 0.130 0.131 0.126

RolZ3 Q). unconstrained 52 Fan 5 (1996)2] FHHS m(z)e] 22k 4% (sp), local
constant A= (lc), local linear FA (1)) 71wkele] AAIES w] FAAS F71E23E R 9]
t}h. constrained F#-2 H =FoA A = FAFE m(z)d] HRAS T Fat= =
A& local constant =&, local linear Aol 7|Wsle] Axg S wle] FAHAS H7129E B
Z3 Qt}. o2, constrained FF2] kk column-2 Keshvari2} Kuosmanen (2013)2] =] 3l
FA] AT ARE Fe HoAFT Yot AEH A Aol wrE=w Model?] F74U (07,07)
/\]Ura]l‘?—gr FAGLe] B =7l Altet Z-Eo] T (g(x))d] FAF ©d2A AldzrAS 183A
942 Fan 5 (1996)9] Z&Eo] ¥4 FAFEG FH50] ¢4 Aoz vepgton, dzg Aoz
AL 1837 A A o] Al g Fojx|= tHE o] 9l Keshvari?} Kuosmanen (2013) Xt}
T FAA S0l 943 Aoz yelgt) Keshvari®} Kuosmanen (2013)2] Z#Ejo] = AL 7
G R Jehdthes 48 wjZol 9RAAS 1A -2 Fan 5 (1996)9] ZHE 0] T4 FHFHT}
FA3%5 A= o R ez eyttt o]t dAbe] RS o] fE te o] AL B 4
Atk ®BEe 77 A AAZIE T2 A G2 glo] AR deFH o] A5 E weEhe 54

k

Z =l
U= L
=

=
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Table 4.4. Performance comparison result of Model 2 when (o, A\) = (1.371,1.659)
yi =3+ 2tan"1(10(z; — 0.5)) + €;, (0, A) = (1.371,1.659)

Unconstrained Constrained

Sp lc 11 Sp lc 11 kk
IBIAS2 0.228 1.521 1.683 0.645 1.690 2.148 2.252
n =100 IVAR 16.117 10.808 11.568 11.030 10.581 10.695 16.269
MISE 16.345 12.328 13.251 11.676 12.271 12.843 18.521
IBIAS2 0.415 1.150 1.275 0.429 1.103 1.297 3.198
g(*) m=200 IVAR 7.966 6.027 6.418 5.912 5.817 5.873 10.144
MISE 8.381 7.177 7.693 6.341 6.919 7.169 13.342
IBIAS2 0.397 0.927 1.052 0.401 0.881 1.064 2.528
n =300 IVAR 5.599 4.396 4.683 4.332 4.191 4.248 7.695
MISE 5.996 5.322 5.736 4.733 5.072 5.313 10.224
BIAS —0.006 0.011 0.005 0.014 0.015 0.009 —0.100
n = 100 VAR 0.026 0.026 0.026 0.026 0.026 0.025 0.020
MSE 0.026 0.026 0.026 0.026 0.026 0.025 0.030
BIAS —0.050 —0.042 —0.046 —0.038 —0.042 —0.044 —0.136
o n = 200 VAR 0.020 0.020 0.020 0.020 0.020 0.020 0.017
MSE 0.023 0.022 0.022 0.021 0.021 0.022 0.036
BIAS —0.045 —0.041 —0.044 —0.037 —0.040 —0.041 —0.114
n =300 VAR 0.015 0.015 0.015 0.015 0.015 0.015 0.013
MSE 0.017 0.017 0.017 0.017 0.017 0.017 0.026
BIAS 0.210 0.213 0.210 0.218 0.214 0.207 0.174
n =100 VAR 0.422 0.398 0.409 0.421 0.398 0.394 0.317
MSE 0.466 0.443 0.453 0.468 0.443 0.437 0.347
BIAS —0.010 0.000 —0.007 0.008 —0.001 —0.007 —0.090
A n =200 VAR 0.352 0.346 0.346 0.344 0.346 0.345 0.290
MSE 0.352 0.346 0.345 0.344 0.346 0.344 0.298
BIAS —0.048 —0.042 —0.048 —0.030 —0.038 —0.043 —0.101
n =300 VAR 0.232 0.237 0.235 0.242 0.237 0.234 0.205
MSE 0.234 0.239 0.237 0.243 0.238 0.235 0.215

O = Qs AldRAs WEse A7 WobA Algfzd Rz Q% Aol 20157 Ak A
vl 2= E| o ?‘531»-’,*—7} smoothdt -] Keshvari®} Kuosmanen (2013)2] FA %3} o] Adgoz
Z0]A 2 ATEL RO 771 AAE Z=A2E] non-smoothnessz 013 23 Hol7}F o]= AT
A% ot Qe Zo] 7Festal o] Zo] AsAste] =l 2 & ME]—-
S, ZelEjo] Foelo] SFM 289 2ok & O 248l (0, )(EE (03, 03)0) tfalAle 2
gl A Pol Fan 5 (1996)2] Biel wlal o9l 24459 AolE Lehi ghatek
o] F3 SFM 2y 22 £HE 432 E Y (semiparametric model)2] 2] A EAFZ A FA3H
Aot L Fo FRAY R4 (T B4)9 2ANES B4 AVl B0l LA BE 2
AU meE(IESAT 24 B 2AMEY PAL AT 2AE 8L 4 ULL F 4 9
t} S, (0,)0)9 FHT Addte] B =89 AW HT Keshvari®} Kuosmanen (2013) 9] 2
B B F AP D A5 U AR 02 A A B ] Fl,

£ Keshvari®} Kuosmanen (2013)9] W o] ¢t o 953 A5S Uehll= 218 8 5 A

;ﬂj;:i;z
-[o
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Table 4.5. Performance comparison result of Model 2 when(o, A) = (0.988, 0.642)
yi = 3+ 2tan"1(10(z; — 0.5)) + €;, (0, 2) = (0.988,0.642)

Unconstrained Constrained

Sp lc 11 sp Ic 11 kk
IBIAS2 0.780 1.866 2.120 0.860 1.721 2.194 5.133
n = 100 IVAR 16.676 11.591 12.222 11.694 11.290 11.367 16.742
MISE 17.457 13.457 14.342 12.553 13.012 13.561 21.875
IBIAS2 0.288 1.053 1.174 0.364 1.013 1.221 2.493
g(*) n=200 IVAR 8.552 6.591 7.020 6.628 6.378 6.496 10.573
MISE 8.840 7.644 8.194 6.991 7.390 7.718 13.066
IBIAS2 0.357 0.890 1.001 0.380 0.850 1.023 2.139
n = 300 IVAR 6.203 4.951 5.220 4.956 4.768 4.847 8.221
MISE 6.560 5.842 6.221 5.336 5.618 5.870 10.360
BIAS —0.065 —0.044 —0.051 —0.040 —0.040 —0.046 —0.167
n = 100 VAR 0.032 0.032 0.032 0.032 0.032 0.031 0.025
MSE 0.036 0.034 0.035 0.034 0.033 0.033 0.053
BIAS —0.036 —0.030 —0.033 —0.028 —0.029 —0.031 —0.112
o n = 200 VAR 0.019 0.018 0.019 0.019 0.018 0.018 0.016
MSE 0.020 0.019 0.020 0.020 0.019 0.019 0.028
BIAS —0.037 —0.033 —0.036 —0.030 —0.032 —0.034 —0.097
n =300 VAR 0.015 0.014 0.014 0.015 0.015 0.014 0.013
MSE 0.016 0.016 0.016 0.016 0.016 0.016 0.022
BIAS 0.063 0.079 0.075 0.093 0.084 0.075 0.005
n=100 VAR 0.601 0.586 0.600 0.629 0.582 0.590 0.577
MSE 0.604 0.591 0.604 0.637 0.588 0.595 0.576
BIAS 0.017 0.019 0.016 0.022 0.018 0.017  —0.020
A n =200 VAR 0.259 0.255 0.257 0.261 0.254 0.258 0.222
MSE 0.259 0.255 0.257 0.262 0.254 0.258 0.222
BIAS —0.030 —0.025 —0.031 —0.020 —0.025 —0.029 —0.049
n=300 VAR 0.178 0.178 0.176 0.182 0.178 0.177 0.164
MSE 0.179 0.178 0.177 0.182 0.178 0.178 0.166

5. A2 Y Foolpust
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|2 o] A& Keshvari®} Kuosmanen (2013)9] FAFH} L4538 24452 VeI 3
iy it i S I 5] o=
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= B 97 3 AldzxAs R o, Y
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Table 4.6. Performance comparison result of Model 2 when (o, A) = (0.551,0.799)

677

yi = 3+ 2tan"1(10(z; — 0.5)) + €;, (0, A) = (0.551,0.799)

Unconstrained Constrained
sp lc 11 Sp lc 11 kk
IBIAS2 0.228 1.521 1.683 0.645 1.690 2.148 2.252
n=100 IVAR 16.117 10.808 11.568 11.030 10.581 10.695 16.269
MISE 16.345 12.328 13.251 11.676 12.271 12.843 18.521
IBIAS2 0.144 0.959 1.036 0.288 1.035 1.242 1.242
g(+) n =200 IVAR 8.175 6.247 6.624 6.278 6.020 6.116 10.276
MISE 8.319 7.206 7.661 6.566 7.055 7.358 11.518
IBIAS2 0.103 0.653 0.725 0.196 0.691 0.863 1.088
n = 300 IVAR 5.784 4.598 4.850 4.571 4.442 4.482 7.861
MISE 5.887 5.251 5.576 4.767 5.133 5.345 8.949
BIAS —0.006 0.011 0.005 0.014 0.015 0.009 —0.100
n = 100 VAR 0.026 0.026 0.026 0.026 0.026 0.025 0.020
MSE 0.026 0.026 0.026 0.026 0.026 0.025 0.030
BIAS 0.007 0.012 0.010 0.014 0.013 0.012 —0.061
o n = 200 VAR 0.014 0.014 0.014 0.014 0.014 0.014 0.013
MSE 0.014 0.014 0.014 0.015 0.014 0.014 0.016
BIAS 0.004 0.005 0.004 0.008 0.007 0.006 —0.049
n =300 VAR 0.011 0.011 0.011 0.011 0.011 0.011 0.010
MSE 0.011 0.011 0.011 0.011 0.011 0.011 0.012
BIAS 0.210 0.213 0.210 0.218 0.214 0.207 0.174
n =100 VAR 0.422 0.398 0.409 0.421 0.398 0.394 0.317
MSE 0.466 0.443 0.453 0.468 0.443 0.437 0.347
BIAS 0.135 0.131 0.132 0.134 0.130 0.129 0.119
A n =200 VAR 0.178 0.175 0.173 0.178 0.174 0.174 0.161
MSE 0.196 0.192 0.191 0.196 0.191 0.191 0.175
BIAS 0.085 0.084 0.083 0.086 0.084 0.084 0.085
n = 300 VAR 0.118 0.116 0.115 0.118 0.117 0.117 0.111
MSE 0.125 0.123 0.122 0.126 0.124 0.124 0.118
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