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ENUMERATION OF OPTIMALLY LABELLED GRAPHS OF

BANDWIDTH 2

Gab-Byung Chae, MinSeok Cheong, and Sang-Mok Kim

Abstract. An optimally labelled graph of bandwidth 2 is an ordered pair

(G, f) where G is a simple graph with bw(G) = 2 and f : V (G) → [n] is a
bijection such that bw(G, f) = 2. In this paper, the number of optimally

labelled graphs of bandwidth two of order n is enumerated by counting
linear forests.

1. Introduction

Let G = (V,E) be a graph of order n and f : V (G) → [n] be a bijection
(labelling). The bandwidth of f , denoted by bw(f,G), is the maximum of
|f(u) − f(v)| for uv ∈ E(G). The bandwidth of G, written bw(G), is the
minimum bandwidth over all bijections f . That is,

(1) bw(G) = min
f
bw(f,G).

A bijection satisfying

(2) bw(G) = bw(f,G)

is called an optimal labelling of G, and the pair (G, f) an optimally labelled
graph. Hence an optimally labelled graph of bandwidth 2 is an ordered pair
(G, f) where G is a simple graph with bw(G) = 2 and f : V (G) → [n] is a
bijection such that bw(G, f) = 2.

We follow the usual convention of regarding two labelled graphs as identical
if and only if their adjacency matrices are the same. For the rest of the paper
we work directly with adjacency matrices. Let Af = [ai,j ] be an adjacency
matrix of a simple labelled graph G of order n with a bijection f . If bw(Af )

Received February 25, 2016; Revised March 31, 2017; Accepted August 17, 2017.

2010 Mathematics Subject Classification. 05C30.
Key words and phrases. enumeration, linear discrepancy, bandwidth.
The present work has been conducted by the Research Grant of Kwangwoon University

in 2017.

This research was supported by Basic Science Research Program through the Na-
tional Research Foundation of Korea funded by the Ministry of Education, Science and
Technology(NRF-2012R1A1A4A01012894).

c©2017 Korean Mathematical Society

1883



1884 G.-B. CHAE, M. CHEONG, AND S.-M. KIM

0 ① ② 0 0 0 0   

  0 ③  ④  0 0     

    0 ⑤        0 

            0 0 

          2n-7 2n-6 0 

          0 2n-5 2n-4 

            0 2n-3 

              0 

The second diagonal line 

The first diagonal line 

Figure 1. Asset positions

denotes max{j−i : ai j = 1, j ≥ i}, then bw(Af ) = bw(f,G), since bw(f,G) =
max{|f(u)− f(v)| : uv ∈ E(G)}. Hence we have

bw(G) = min
f
{bw(Af )}.

The Af satisfying bw(G) = bw(Af ) is called an optimally labelled matrix. Hence
we now count the number of optimally labelled graphs of bandwidth 2 and of
order n by counting the corresponding optimally labelled matrices, although
the characterization of 2-bandwidth graphs has not been accomplished yet [1].
Since adjacency matrix is symmetric, it is enough to consider the matrices
which have all zero entries except the first two upper diagonal lines, say the first
diagonal line and the second diagonal line of the matrix above the main diagonal
line as in Figure 1 when we consider the adjacency matrices of graphs of order
n and of bandwidth less than or equal to 2. We call such matrix in Figure 1
two-diagonal matrix from now on for convenience. Thus each of two-diagonal
matrix represents an ordered pair (G, f) where G is a graph and f : V (G)→ [n]
is a bijection such that bw(G) ≤ 2 and that bw(G, f) ≤ 2. Thus optimally
labelled matrix Af of bandwidth 2 is a two-diagonal matrix representing an
ordered pair (G, f) where G is a graph and f : V (G)→ [n] is a bijection such
that bw(G) = 2 and that bw(G, f) = 2. There are (n − 1) + (n − 2) = 2n − 3
available entries at the first two diagonal lines above the main diagonal line in
the two-diagonal matrices Af of order n depending on given bijection f . Hence
these 2n − 3 entries shall be filled up by 0 or 1. We call each of these 2n − 3
entries an asset position of the two-diagonal matrix.

Hence the total number of two-diagonal matrices is 22n−3, and clearly the
total number of two-diagonal matrices of bandwidth one is 2n−1 [2]. There
are some two-diagonal matrices which are not labelled optimally, that is, even
though there is at least one 1 at the second diagonal line of the matrix, they
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could be relabelled to be matrices of bandwidth one. They are called non-
optimal matrices. Hence a non-optimal matrix is an adjacency matrix of graph
G with an bijection f such that an ordered pair (G, f) of a graph G and
bijection f : V (G) → [n] satisfies bw(G) = 1 but bw(G, f) = 2. Hence this
whole counting is completed by excluding non-optimal matrices and the two-
diagonal matrices of graphs of bandwidth one, from all two-diagonal matrices.

2. Counting optimally labelled graph of bandwidth 2

The following definitions are needed for characterizing the non-optimal ma-
trix. If bw(G \ {v}) ≤ bw(G)− 1 for any v ∈ V , then G is called an irreducible
graph. If G is irreducible and its bandwidth is k, then G is called k-irreducible.
It is easy to obtain the following results.

Theorem 1 ([3]). A graph G is 1-irreducible if and only if G is K2.

The proof is trivial.

Theorem 2 ([3]). A graph G is 2-irreducible if and only if G is K1,3 or Cn,
n ≥ 3.

Proof. If G is K1,3 or Cn, n ≥ 3, then clearly G is irreducible and bw(G) = 2.
Conversely, suppose there is an irreducible graph G = (V,E) which is neither
K1,3, nor Cn, n ≥ 3. Since G is irreducible, G does not contain K1,3, and Cn

as its induced subgraph. Since K1,3 is not an induced subgraph of G, it is clear
that deg(v) ≤ 2 for v ∈ G. Note that G cannot be a path since bandwidth of a
path is 1. If there is a vertex of degree 1, then there is a vertex of degree 3 since
G is not a path. This implies that G contains K1,3 as its induced subgraph,
i.e., a contradiction. Hence, deg(v) = 2 for all v ∈ V . This implies G is Cn.
Therefore, G is one of K1,3, and Cn. �

Theorem 3 ([3]). G is a graph with bw(G) = 1 if and only if G has K2 as a
subgraph but no 2-irreducible graph as a subgraph.

Proof. Suppose that G is a graph with bw(G) = 1. If G have any 2-irreducible
graphs as a subgraph, then bw(G) ≥ 2. This is a contradiction. Hence G does
not have any 2-irreducible graphs. And clearly G contains K2. Conversely,
Suppose that G has K2 as a subgraph but no 2-irreducible graph as a subgraph.
Then we have 1 = bw(K2) ≤ ld(G). Since G has no 2-irreducible graph as a
subgraph, we have bw(G) < 2. Hence, bw(G) = 1. �

If a graph G has K2 as a subgraph, then its two-diagonal matrix has at least
1 on the first diagonal line. If G has a K1,3 as a subgraph, then its two-diagonal
matrix has a sequence which represents a vertex of degree greater than or equal
to three (see Figure 2). And if G has any Cn, n ≥ 3 as a subgraph, then each
of its two-diagonal matrix has a sequence which represents any cycle in the
two-diagonal matrix (see Figure 2 also).

So we have the following lemma by Theorem 3.
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Figure 2. The two-diagonal matrices that have sequences
which represent the cycles or vertices of degree three

Lemma 4. A two-diagonal matrix of order n is non-optimal if and only if
there is at least one 1 at the second diagonal line and there is no sequence
which represents any cycle or vertex of degree greater than or equal to three.

Proof. Suppose a two-diagonal matrix of order n is non-optimal. It means that
it represents a ordered pair (G, f) of a graph G and bijection f : V (G) → [n]
such that bw(G) = 1 but bw(G, f) = 2. By Theorem 3, the graph G with
a proper f has K2 as a subgraph but no 2-irreducible graph as a subgraph.
That means there is no sequence which represents a cycle, Cn, n ≥ 3 or vertex
of degree greater than or equal to three which is K1,3 in the two-diagonal
matrix. Since bw(G, f) = 2, it also has at least one 1 at the second diagonal
line of the two-diagonal matrix. Conversely, suppose there is at least one 1
at the second diagonal line and there is no sequence which represents a cycle
or vertex of degree greater than or equal to three in the two-diagonal matrix
Af . The existence of at least one 1 at the second diagonal line implies that
bw(G, f) = 2 with the given labelling f of graph G where Af is the adjacency
matrix of G. Since there is no sequence which represents a cycle or vertex of
degree greater than or equal to three in the two-diagonal matrix Af , G does
not have K1,3 or Cn, n ≥ 3 as a subgraph. That means G has no 2-irreducible
graph as a subgraph by Theorem 2. Hence bw(G) = 1 by Theorem 3. So this
two-diagonal matrix is an adjacency matrix of graph G with an bijection f such
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that an ordered pair (G, f) of a graph G and bijection f : V (G)→ [n] satisfies
bw(G) = 1 but bw(G, f) = 2. �

Here we count the number of graphs of bandwidth 0 or 1 and the graphs of
which the adjacency matrix are non-optimal. By Theorem 3 and Lemma 4, the
graphs of bandwidth 0 or 1 and the graphs of which the adjacency matrix are
non-optimal of order n must be a linear forest, that is, it must be acyclic and
have maximum degree less than 3. Let an be the number of graphs of labelled
linear forests of order n. And let bijn be the number of graphs of order n in
which the vertex n − 1 has degree 0 or 1 if i = 1 and degree 2 if i = 2, and
in which the vertex n has degree 0 or 1 if j = 1 and degree 2 if j = 2. Let
A(x) =

∑
anx

n, B11(x) =
∑
b11n x

n, B12(x) =
∑
b12n x

n, B21(x) =
∑
b21n x

n,
and B22(x) =

∑
b22n x

n. Note that

(3) A(x) = 1 + x+B11 +B12 +B21 +B22

with a0 = 1 and a1 = 1 for convenience.
Note that we deal with the two-diagonal matrices of bandwidth less than

or equal to two, hence the 3-irreducible graphs are not necessary for our con-
sideration. Suppose M = [mi,j ] is the adjacency matrix of a graph of order n
counted by b11n . Let x = mn−2,n, y = mn−1,n, z = mn−3,n−1, w = mn−2,n−1,
a = mn−3,n−2, b = mn−4,n−2, and c = mn−4,n−3 in the matrix M (See Fig-
ure 3).

Here to obtain the adjacency matrix of graph of order n counted by b11n one
may append the (n− 1)-th and n-th column and row to the adjacency matrix
of graph of order n − 2 so as to maintain the acyclic and minimum degree 2.
The graphs that are counted by b11n are obtained from the graphs of order n−2
or n− 3 by the following several subcases.

1) Some graphs in which the vertex n− 1 and the vertex n have degree 0
are obtained from those counted by an−2. That is x = 0, y = 0, z = 0,
and w = 0.

2) Some graphs in which the vertex n−1 has degree 0 and the vertex n is
adjacent to vertex n−1 only are obtained from those counted by an−2.
That is x = 0, y = 1, z = 0, and w = 0.
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3) Some graphs in which the vertex n−1 and the vertex n are adjacent to
vertex n− 2 are obtained from those counted by an−3. That is x = 1,
y = 0, z = 0, and w = 1.

4) Some graphs in which the vertex n− 1 is adjacent to vertex n− 2 only
and the vertex n have degree 0 are obtained from those counted by
b11n−2 and b21n−2. That is x = 0, y = 0, z = 0, and w = 1.

5) Some graphs in which the vertex n− 1 is adjacent to vertex n− 3 only
and the vertex n have degree 0 are obtained from those counted by
b11n−2 and b12n−2. That is x = 0, y = 0, z = 1, and w = 0.

6) Some graphs in which the vertex n − 1 have degree 0 and the vertex
n is adjacent to vertex n− 2 only are obtained from those counted by
b11n−2 and b21n−2. That is x = 1, y = 0, z = 0, and w = 0.

7) Some graphs in which the vertex n− 1 is adjacent to vertex n− 3 only
and the vertex n is adjacent to vertex n − 2 only are obtained from
those counted by b11n−2. That is x = 1, y = 0, z = 1, and w = 0.

Since a linear forest should be acyclic and have maximum degree less than
3, the asset position a, b, and c cannot have some set of values. Hence we have

(4) b11n = 2an−2 + an−3 + 4b11n−2 + 2b21n−2 + b12n−2, n ≥ 4.

Equivalently,

(5) B11 = (2x2 + x3)A+ 4x2B11 + 2x2B21 + x2B12 + 2x3

with the boundary condition b113 = 5.
Similarly, the graphs that are counted by b12n are obtained from the graphs

of order n− 2 by appending the (n− 1)-th and n-th columns and rows to the
adjacency matrix of graph of order n− 2 with the values x = 1, y = 1, z = 0,
and w = 0 so as to maintain the acyclic and minimum degree 2. The graphs
counted by b11n−2 and b21n−2 contribute to the number b12n . But b12n−2 causes
graphs in which a vertex of degree 3 arise. Therefore we have

(6) b12n = b21n−2 + b11n−2, n ≥ 4.

Equivalently,

(7) B12 = x2B21 + x2B11 + x3

with the boundary condition b123 = 1.
Here to obtain the adjacency matrix of graph of order n counted by b21n one

may append the n-th column and row to the adjacency matrix of graph of
order n− 1 so as to maintain the acyclic and minimum degree 2. There are 4
subcases to consider which are b22n−1, b21n−1, b12n−1, and b11n−1.

Subcase b22n−1: When we attach n-th column as (x, y) = (1, 1), (x, y) = (1, 0),
and (x, y) = (0, 1) cannot generate the matrix counted by b21n . But (x, y) =
(0, 0) generates matrices counted by b21n .

Subcase b21n−1: When we attach n-th column as (x, y) = (1, 1), (x, y) = (1, 0),
and (x, y) = (0, 0) cannot generate the matrix counted by b21n . But (x, y) =
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(0, 1) generates matrices counted by b21n except the matrices which have all zero
(n− 1)-th column.

Subcase b12n−1: When we attach n-th column as (x, y) = (1, 1), and (x, y) =
(0, 1) cannot generate the matrix counted by b21n . But (x, y) = (1, 0) and
(x, y) = (0, 0) generate matrices counted by b21n .

Subcase b11n−1: When we attach n-th column as (x, y) = (1, 1), (x, y) = (1, 0),
and (x, y) = (0, 0) cannot generate the matrix counted by b21n . But (x, y) =
(0, 1) generates matrices counted by b21n except the matrices which have all zero
(n− 1)-th column.

In all cases above, the matrices which have all zero (n − 1)-th column are
counted by an−2 so we have

(8) b21n = b21n−1 + b22n−1 + 2b12n−1 + b11n−1 − an−2, n ≥ 3.

Equivalently,

(9) B21 = xB21 + xB22 + 2xB12 + xB11 − x2A+ x2

with the boundary condition b212 = 0.
Here to obtain the adjacency matrix of graph of order n counted by b22n one

may append the (n− 1)-th and n-th column and row to the adjacency matrix
counted by b11n−2 of order n− 2 with the values x = 1, y = 1, z = 1, and w = 0
so as to maintain the acyclic and minimum degree 2. But there are matrices
which has a sequence denoting cycle on it and they are counted by

n−4∑
i=0

ai.

Hence we have

(10) b22n = b11n−2 −
n−4∑
i=0

ai.

Equivalently,

(11) B22 = x2B11 −
x4A

1− x
.

Solving the system of Equations (3), (5), (7), (9), and (11) gives us

(12)
(−1 + 2x+ 4x2 − 4x3 + 4x4 − 6x5 + 4x6)A(x)

= − 1 + x+ 4x2 − 3x3 − 3x5 + 2x6.

Or

(13)
(−1 + 4x− 4x2 + 4x3 − 4x4 + 2x5)A(x)

= − 1 + 3x− 2x2 + x3 − 2x4 + x5.

Then we can have the recurrence relation for an by extracting the coefficient
of xn as follows.
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Theorem 5. The recurrence relation for the number of bandwidth 0 and 1
graphs and the graphs of which the adjacency matrix are non-optimal of order
n, an, is

(14) an = 4an−1 − 4an−2 + 4an−3 − 4an−4 + 2an−5

with the boundary conditions a0 = 1, a1 = 1, a2 = 2, a3 = 7, a4 = 22, and
a5 = 65.

Theorem 6. Let Bw2(n) be the number of optimally labelled graphs of order
n and bandwidth 2. Then we have

(15) Bw2(n) = 22n−3 − an.

The corresponding numbers are given in Table 1.
The partial fraction method provides an asymptotic expression for the num-

ber an. From Equation (13), we have

(16)

A(x) =
−1 + 3x− 2x2 + x3 − 2x4 + x5

−1 + 4x− 4x2 + 4x3 − 4x4 + 2x5

=
1

2
− −1/2 + x− x3

−1 + 4x− 4x2 + 4x3 − 4x4 + 2x5

=
1

2
− 0.0924327...

−0.335209...+ x

+
0.126302...− 0.366435...x

2.04547...− 3.03653...x+ 1.41421...x2

+
0.237007...+ 0.497155...x

1.45845...+ 0.682159...x+ 1.41421...x2
.

One can find that

(17) an = Crn(1 +O(ρn)),

where C = 0.275746... and r = 2.98321... by the term

(18)
−0.0924327...

−0.335209...+ x
,

and

ρ = r/0.984717558361022906 = 0.33008626028494554388 and

0.984717558361022906

is the growth rate of the next fastest growing term, and other terms are slower
growing as n tends to infinity. Here r is the only real root of characteristic
equation of Equation (14). Therefore by Equation (15) we have

(19) Bw2(n) = (22n−3 − Crn)(1 +O((0.984717558361022906/4)n).
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us the alternative method to find the numbers and the asymptotic result.
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Table 1. Number of optimally labelled graphs of bandwidth
2 and an

n Bw2(n) an
3 1 7
4 10 22
5 63 65
6 318 194
7 1468 580
8 6462 1730
9 27608 5160
10 115678 15394
11 478364 45924
12 1960152 137000
13 7979908 408700
14 32335192 1219240
15 130580476 3637252
16 526020216 10850696
17 2115113712 32369936
18 8493368184 96566408
19 34071660224 288078144
20 136579555064 859398408
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