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THE DEGREE AND THE COPRIME-NESS FOR
MATRIX-VALUED RATIONAL FUNCTIONS

AN-HyuN KiMm AND IN HyouN KM

ABSTRACT. In this note we give a relationship between the degree and
coprime-ness of matrix-valued rational functions.

1. Introduction

The aim of this note is to provide a relationship between the degree and
coprime-ness of matrix-valued rational functions. We first review a few essential
facts for (block) Toeplitz operators and (block) Hankel operators. Let L? =
L?(T) be the set of square-integrable measurable functions on the unit circle
T = 0D in the complex plane and H? = H?(T) be the corresponding Hardy
space. Let L>* = L*°(T) be the set of bounded measurable functions on T
and let H> = H>(T) := L* N H2. For a Hilbert space E, let L% = L%(T)
be the Hilbert space of E-valued norm square-integrable measurable functions
on T and HE = H%(T) be the corresponding Hardy space. We observe that
L2, = L?® C" and H2, = H?> @ C"*. Let M, ., denote the set of n x m
complex matrices and write M, := M, «,. If ® is a matrix-valued function in
L3y = L3; (T) (= L>(T)® M,,), then the block Toeplitz operator Ty and the
block Hankel operator Hg on HZ, are defined by

Tof = P(®f) and Hef = JPH(®f) (f € HE.),

where P and P+ denote the orthogonal projections that map from L(%n onto

Hén and (H«%H)L, respectively and J denotes the unitary operator from L2, to
L%, given by J(g)(z) = zI,g(z) for g € L2, (I, :=the n x n identity matrix).
If n =1, Tp and Hg are called the (scalar) Toeplitz operator and the (scalar)
Hankel operator, respectively. For brevity we write I for the identity matrix
and

Io:=¢I (CeL™).
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For & € Lﬁnxm, write
(1.1) B(2) := *(2).

A matrix function © € Hiy s called inner if ©*(2)0(z) = I, for almost all
z € T. The following facts are clear from the definition:

(1.2) Ty =Tee, Hy=Hy (DeL3);
(13) Teoy —TeTy = H;)*H\p (@7 v e Lj\“}n)

For a matrix-valued function ® € H}; , we say that A € Hy; isa left
inner divisor of ® if A is an inner matrix function such that ® = AA for some
A€ Hy;  (m<n). We also say that two matrix functions ® € Hy,  and

NS H?wnxm are left coprime if the only common left inner divisor of both ®
and W is a unitary constant matrix and that ® ¢ HJQ\/[WT and U € H%, are

right coprime if ® and U are left coprime. Two matrix functions ® and ¥ in
H12\/1n are said to be coprime if they are both left and right coprime. We would
remark that if & € H 12v1n is such that det ® is not identically zero, then any left
inner divisor A of ® is square, i.e., A € HJQMW. Ifoe H?Mn is such that det ®
is not identically zero, then we say that A € H?VI" is a right inner divisor of ®

if A is a left inner divisor of ® (cf. [6]).
Let A € D and write by := 1Z_X/\z’ which is called a Blaschke factor. If M is

a closed subspace of C”, then the matrix function of the form

¢“ By i= € (ByPy + Pyt
(¢ € R, By := I, and Py :=the orthogonal projection of C" onto X) is called
a Blaschke-Potapov factor. Also the function of the form

n
B:=v H By,.m,, (v is a unitary constant matrix)
k=1

is called a finite Blaschke-Potapov product. It is known [10] that © € HRj
is rational and inner if and only if it can be represented as a finite Blaschke-
Potapov product. On the other hand, it is also known [2, Lemma 3.1] that if
F e H}; and M is a non-zero closed subspace of C", then

(1.4) F has By s as a right inner divisor <= M C ker F'(\)

and that if A, B € HIZVI,L and B is a rational function such that det B is not
identically zero, then
(1.5)

A and B are right coprime <= ker A(«) N ker B(a)) = {0} for any oo € D.

For ® € Lf; , write

(1.6) . =P, ®ec HY and &_:= (P ®)" € H} ,
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where P,, denotes the orthogonal projection from L?wn onto H J2Wn' Thus we can
write ® = ®* + &, . Suppose &, = [p;;] € H}, is such that ®* is of bounded
type (in other words, each entry is a quotient of two functions in H*(T)).
Then it was ([1]) known that ¢;; can be written of the form ¢;; = 0;;b;;, where
0,; is an inner function, b;; € H?, and 6;; and b;; are coprime. Thus if 6 is the
least common multiple of 6;;’s, then we can write

(L7) @4 = [py] = [035055] = [0ai;) = ©A" (© =1y, A€ Hj,).

Let ® = ®* + &, € Ly; be such that ® and ®* are of bounded type. Then
in view of (1.7) we can write

(18) q>+ = @114* and ®_ = @23*7

where ©; = Iy, with an inner function 0; (i = 1,2), A,B € H}, . If Q is the
greatest common left inner divisor of A and © in the representation (1.7):

®=0A"=A"0 (O = Iy for an inner function 0),

then © = QQ; and A = QA; for some inner matrix €2; and some A; € HIQ\/[n'
Therefore if * € L3; is of bounded type, then we can write

(1.9) ® = A;"Q), where A; and Q; are left coprime:

in this case, A} is called the left coprime factorization of ® and similarly, we
can write

(1.10) ®=0,A7, where A, and ), are right coprime:

in this case, QA% is called the right coprime factorization of ® (cf. [3], [4]).
On the other hand, it was known [7] that for & € L§7 , the following state-
ments are equivalent:

(i) @ is of bounded type;
(ii) ker Hp = ©HZ, for some square inner matrix function ©;
(iii) ® = AO*, where A € H}7 and A and © are right coprime.
2. Main results
For an inner matrix function © € H}, , we write
H(O) := HE. © OHZ..
We begin with:
Definition 2.1. For ® € Hf; , define the (analytic) degree of ® by
deg (®) := rank Hgp~.
For ® € L; , the analytic degree and co-analytic degree of ® are defined by
deg, (®) :=rank Hp~ and deg_ (®) :=rank Hy.
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Even though the degree of matrix-valued functions is defined for square
matrices, we may define the degree of any rectangular n x m matrix-valued
function by defining the Hankel operators with n x m matrix-valued symbols,
appropriately. However we concentrate on the square matrix cases for our
purpose on the Toeplitz and the Hankel operator theory because frequently
we want to deal with the commutators of two Hankel operators or the self-
commutators of Hankel operators. On the other hand, it is well known that
if ® € Hy; is a matrix-valued rational function, then deg (®) is equal to the
McMillan degree of @ (cf. [9, p. 81]).

Proposition 2.2. Suppose ® € Hyp; is such that ®* is of bounded type, so
that we may write

¢ =0,4"=DB"0, (A, Bec Hy ; the ©; are inner),
where ©1 and A are right coprime and ©4 and B are left coprime. Then
deg (®) = deg (det ©1) = deg (det O3).
Proof. We first observe that if © is a square inner matrix function, then
(2.1) dim H(0) = deg (det ©).
Indeed,
dim H(©) = dimker Tg+ = —indexTg
= —index Tyt o = dimker Tm
= dim H(det ©) = deg (det ©),

where the third equality follows from the Fredholm theory of block Toeplitz
operators (cf. [5]). We thus have

deg (®) = rank Hp- = dim (ker Hj. )"
= dim (ker Hgég)J'
= dim (égH(%n)l (since B and O, are right coprime)
= dim H(O5) = deg (det ©5) (by (2.1)).
If W = [ihi;] € HYY , then W = [¢);;] = [¢055]", 50 that det ¥ = det [1h;;] = det V.
Therefore deg(®) = deg(det©s) = deg(detO2) and similarly, deg(®) =

deg (det ©1). Since deg(®) = rank Hp« = rank Hg. = rank Hz, = deg(®),
the result follows at once.

We here take a chance to compute the degree of a function ® := (

First of all we make a right coprime factorization of ®:

P = z _baz _ baz 0 ba 0 -
—\0o 22 ) VLo =22 -1 1) -
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Indeed by (1.5) we can see that

_[byz O _(ba O . .
0= ( 0 22) and A = (_1 1) are right coprime.

Thus by Proposition 2.2, deg ® = deg (det ©) = deg (b, 23) = 4.

Theorem 2.3. If© € HRj is an inner matriz function, then deg (det ©) < oo
if and only if © is a finite Blaschke-Potapov product.

Proof. If © is a finite Blaschke-Potapov product of the form © =v H;n:l Ba; ;s
then det® = H;-n:l(ba_,)dim Mj  so that deg(det®) = >", dim M, < oo.

j=1
Conversely, if deg (det ©) = dimH(©) < oo, put © := [0;5]7;_,. Since rank H -
< rankH§. = dimH () = dimH () < oo, it follows from the Kronecker’s
lemma [8, p. 183] that 6;;’s are rational functions. Thus © is a rational inner

matrix function and hence a finite Blaschke-Potapov product. (I

Corollary 2.4. Every left (right) inner divisor of By := I, € Hy; is a
Blaschke-Potapov factor of the form €' By y with dim M < n.

Proof. Let Aq be a left inner divisor of By. Then we can write By = A1As for
some inner Ay. Thus by = det (B)) = det (A1)det (Az), and hence det (A) =
e’“b (¢ € R, m < n). Thus by Theorem 2.3, A is a finite Blaschke Potapov
product and therefore A; = € By )y (dim M = m), which gives the result. [

Theorem 2.5. Let ® € Lg; be a matriz-valued rational function, so that we
may write
& =07A (left coprime factorization)
= C0O35 (right coprime factorization).
IfO,=v H;n:l Ba, m; (v is a constant unitary matriz), then ©g = H;nzl Ba, N,
(up to right unitary constant matriz), where dim M; = dim N; for all j =
1,2,...,m. In particular,
det©®; =det©y and det A=detC.

Proof. Observe that ®* = A*©; = A*vB,, m, H;nzz Ba, v, Write ¥ :=
(v*A)* Bayary - Then W B, yo = (AL, = L, (v*A)", so that ¥ =
I, (v A)*B; 0. Thus if ¥ = ACF (A and Cy are right coprime), then
>V
A1 is a left inner divisor of Ibal and
dim H(A;) = deg_ (V*) = deg_ (U*) = deg (det Bz, ar,) = dim M;.

It thus follows from Corollary 2.4 that A; = eiCBahN“ where dim N; =
dim M;. An induction gives that dim /V; = dim M; for j = 1,...,m, so that

det ©; = [ (b, )T M5 = ] (ba,) TN = det .
j=1 j=1
Moreover, det A = det B. This completes the proof. (I
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Corollary 2.6. If ®, ¥ € Hy} , then deg (®V) < deg (®) + deg (V).

Proof. If Mg denotes the multiplication operator with symbol ®, then a
straightforward calculation shows that JMgJ = M(-I’f) and Hp = PJM¢|HEH.
Using theses equalities we can show that Hey = Tc%Hq, + HeTy. We thus have
deg (®V) = rank Hy+«g+ = rank (I’ He + Hy~Ty~) < rank He~ + rank Hy- =
deg (®) + deg (V). O

We need not expect that deg(®) = deg(det ®) for ® € Hyp . To see this,

let
z —byz
oin (5 70).

Then det ® = z, and hence deg (det ) = 1. On the other hand, by a straight-
forward calculation, we can see that ® has the right coprime factorization such

as
baz 0 ba 0 : . . . .
¢ = ( 0 1) <_1 1) (right coprime factorization).

Thus by Proposition 2.2, deg (®) = deg (det (*37 9)) = deg(baz) = 2.

Theorem 2.7. Suppose ©, A € H; with © a finite Blaschke-Potapov product.
Then the following statements are equivalent:
(i) det © and det A are coprime;
(ii) Av and © are right coprime for each unitary constant matriz v;
(iii) 7A and © are left coprime for each unitary constant matrix 7.

Proof. (i)=(ii) and (i)=>(iii): We first claim that if A, B € Hf; , then
(2.2) det A and det B are coprime = A and B are coprime.

For (2.2), we suppose A and B are not right coprime. Then A = A;A and
B = B; A for some inner matrix function A which is not a unitary constant
matrix. Thus det A = det A; det A and det B = det B; det A. But since A
is not a unitary constant matrix it follows that deg (det A) = dim H(A) # 0,
which implies that det A is not constant. Thus det A and det B are not coprime.
We thus have

(2.3) det A and det B are coprime = A and B are right coprime.

It then follows from (2.3) that if det A and det B are coprime, and hence det A
and det B are coprime, then A and B are right coprime, so that A and B are
left coprime. This together with (2.3) proves (2.2). Now since detAv = e‘“det A
and det 7A = e*detA for some (,¢ € R, the implications follow at once from
(2.2).

(ii)=(i): Let

©:=v H B, m; and  mj = dim M;.
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Then det © = ei¢ [172,(ba,)™. If det © and det A are not coprime, then A(a,)
is not invertible for some jg, 1 < jo < m. Thus there exists a non-zero vector
x € ker A(a,). Since det ©(ay,) = 0, it follows that ©(«;,) is not invertible,
so that there exists a non-zero vector y € ker ©(a,). If we choose a unitary
constant matrix vy such that vpy = x, then y € ker (Avy)(ay,) N ker O(cy,),
which by (1.6), implies that Avy and © are not right coprime.

(iii)=(ii): If 7A and © are left coprime for each unitary constant matrix 7,
then A7 and © are right coprime, so that by the equivalence of (i) and (ii),
det A and det © are coprime, and hence det A and det © are coprime, which
implies that Av and © are right coprime. (]

The converse of (2.2) is not true in general. For example, let

1 (1 =1\ (baz O _(bs O
e () men (B )

Then by (1.5), A and B are right coprime because ker A(«) Nker B(a) = {0}
for all & € D. Observe that

~ 1 (baz bz ~  (bg -1
A.—ﬂ<_1 1) and B'_<O 1).

A similar argument shows that A and B are right coprime and hence A and B
are left coprime. Therefore A and B are coprime. But evidently, det A = b,z
and det B = b, are not coprime.

Corollary 2.8. Let ® € Hy; be a matriz-valued rational function, so that we
may write

®=0,A"=B"0;y (A, B € Hy; ; the ©; are finite Blaschke-Potapov product) .
Then we have:

(i) If det ©1 and det A are coprime, then deg (®) = deg (det ©1);

(ii) If det ©2 and det B are coprime, then deg (®) = deg (det O2).
Proof. This follows from Proposition 2.2 and Theorem 2.7. O

The following corollary was well-known. Here we give a direct and simple
proof by using the coprime factorization.

Corollary 2.9. If p € H*® is a rational function of the reduced form ¢ = %,
(p and q are polynomials), then rank Hz = max{deg g, degp}.

Proof. Suppose n = degp > degg = m. Without loss of generality, we may
write p(z) = [[;_,(1 — @z) (a; # 0). Since p = 1 € H>, it follows that
0 < |ay| < 1 for all 5. Write

o(z) = Hn?ﬁw) - (f[ bai)a (e, = 1{%),

i=1
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where a(z) =[]}, i () We want to show that

H bo; and a are coprime.

i=1
Note that [[\_, bs, and a are coprime if and only if (2"g)(a;) # 0 for all
1=1,2,...,n. If ¢(z) is a constant, it is trivial. If instead ¢(z) is not constant,

then we can write ¢(z) = c¢[[/~,(z — ;). Then z"q(z) = 2"~™ - z2™¢(z) =
ez ™[, (1 = Biz) (1 < m < n). Thus if (2")(a;) = 0, then 3; = a%
for some 4, j, which implies that p(z) and ¢(z) have a common zero, a contra-
diction. This proves that []"_; bs, and a are coprime. Therefore rank Hy =
dim H ([T}~ ba,) = n = degp.

If degp < deggq, then we can write ¢ = ph + r, where h is a polynomial
of degree ng := m —mn > 0. Then degr < degq. Thus we have ¢ = h + %
Observe that h(z) = 2"d(z) and pEZ; [T, ba,a, where a; # 0, d(0) # 0,
a(z) =[] 2z and a(oy) # 0 for all i = 1,2,...,n. Hence,

i=1 T—ag2°
( Hb — znoqa(z )

where 2" [T, ba, and d(2) [}, ba, —z"oa(z) are coprime. We thus have that
degp =mng+n=m =deggq. O

p(z) = 2"d(z) + H bo, G = 2"°
i=1

n'::

Corollary 2.10. Given a complex (possibly finite) sequence {a,} having no
limit point and a sequence {n;} of natural numbers satisfying >, n; < r, there
exists a function o € H*™ such that

(i) ¢ has a zero of order n; at each cu,;
(ii) rank Hz =7

Proof. If {a,,} is an infinite sequence, let ¢ be the entire function appeared in
the Weierstrass Product Theorem: i.e., if we arrange 0 < |a1] < |ag| < -+,
then ¢(2) := [[72, (1 — Z)eP» ) with pu(2) = & 4+ 5(Z)* +---+ £ (Z)™
Then rank Hz = deg ¢ = oco. If {a,} is a finite sequence and r = oo, let s be
a singular inner function and f(z) = Hy12[=1(1 — )" Putting ¢ = sf gives
the required function. If instead {«,} is a finite sequence and r < oo, choose
a > max{l,|a,|}. Put p(z) = (z — )" and ¢(z) = ngl(l — =)™ Also

putting ¢ = % gives the required function. ([
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