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ELLIPTIC BOUNDARY VALUE PROBLEM WITH TWO
SINGULARITIES

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We investigate existence and multiplicity of the solu-
tions for elliptic boundary value problem with two singularities. We
obtain one theorem which shows that there exists at least one non-
trivial weak solution under some conditions on which the correspond-
ing functional of the problem satisfies the Palais-Smale condition.
We obtain this result by variational method and critical point the-
ory.

1. Introduction

Let 2 be a bounded domain of R™ with smooth boundary 02, n > 3.
In this paper we investigate existence and multiplicity of the solutions for
the perturbation problem of a singular elliptic equation with Dirichlet
boundary condition

1 1

+

r—1 :
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u=20 on 0f2,

where a, p, ¢ and « are real constants, 2 <r <p <qgand r < %

Our problems are characterized as singular eliptic problems with sin-
gularities at {u = 0} and {u = a}. We recommend the book [5] for the
singular elliptic problems. When p+1 > 0, since the pioneering work on
the subject in [2], these problem have been investigated in many ways.
For a survey on the scalar case we recommend the paper [3] and the
references therein. In the last decades, some works on the matter were
published focusing some other obstacles added to this kind of nonlin-
earities problems having critical growth and the case involving systems.
Ambrosetti-Prodi type problems for the critical growth case were studied
in [4]. For systems, we recommend the papers [1] and [3]. Essentially,
we work with variational techniques: We first prove that the associ-
ated functional of (1.1) satisfies Palais-Smale condition, and then we use
critical point theory.

Let Ay < Ag < --- < A < -+ be eigenvalues of the eigenvalue prob-
lem —Au = Au in €, v = 0 on 02, and ¢, be eigenfunctions belonging
to the eigenvalues Ay, k > 1. The eigenvalue problem (—A — a)u = pu
in 2, v = 0 on Jf2 has infinitely many eigenvalues u), = \; — a and
corresponding eigenfunctions ¢, kK > 1. If a < A1, then

,u,\z.>0 Vi>1

and
. i
lim B _q.
1—00 i
Let ¢y, be eigenvectors corresponding to eigenvalues py, = A\, — a re-

spectively. Let us define the space
E =W,"(Q,R) = {u| Vu € L"(Q, R) with compact support in Q}

with the norm

e = ( [ 1Vulrda)

Let us set

1
T

for all > 1, for all u € W, " ().

Wy, = span{¢i| — A¢p; = \io;},
B, = {cn,0€E|lceR ¢e Wy}
Then
E= @izlEMAi’
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Let us set
U={u(z) € E|u(z) #0, u(z) # « for all z € Q},
OU = {u(x) € U| u(xy) = 0 for some zy and u(z;) = « for some z;}.

In this paper we are trying to find weak solutions of (1.1) in W, (2, R)
with singularity at « = 0 and v = a. The weak solutions of (1.1) in U
satisfy

1 1 r—1
/Q[—Au.v—auv— |u|p+1v_ |u—oz|‘1+1v_ lu|" " v]de =0 Vv e U.
(1.2)

We note that there exists one to one corresponding between weak solu-
tions of (1.1) and critical points of the continuous and F'rechét differen-
tiable functional

Fu) € C(U),
F(u):%(u)—/g[” L]

S Jul)d 1.3
pinp gfu—ap 0

where
1

Wolu) = 3 / Vuf> — aulde,

which will be proved in Section 2.
Our main result is as follows:

THEOREM 1.1. Assume that2 <r <p<gq,r < %, a < A\ and «

is a real constant. Then (1.1) has at least one nontrivial weak solution
u(zx) such that

u(z) #0 u(z) # a.

For the proof of Theorem 1.1 we approach the variational technique.
When 2 <r <p<gq,r< -2 and a < A\, the functional F(u) satisfies

Palais-Smale condition, so 7z)ve2 can use the variational linking method in
the critical point theory. The Outline of the proof of Theorem 1.1 is
as follows: In Section 2, we introduce eigenvalues and eigenfunctions of
the eigenvalue problem (—A — a) = pu in ©, u = 0 on 02, introduce
eigenspaces spanned by the eigenfunctions corresponding to \; —a, inves-
tigate the properties of eigenspaces and prove that when 2 < r < p < ¢,
r < 2% and a < Ay, the functional F(u) satisfies Palais-Smale condi-
tion. In Section 3, we divide the whole space E into two subspaces,

investigate the geometry of the sublevel sets of corresponding functional
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F of (1.1), find some inequalities of F'(u) on two linked sublevel sets,
and prove Theorem 1.1.

2. Variational Properties

LEMMA 2.1. Assumethat2 <r <p<gq,r < %, a < A\ and a be a

real constant. Let u € U and au+ |u|,13+1 + \u—al|q+1 Flu~t e L ()\{0}.
Then all the solutions of

1 1 r—1
—Au = au + |u|ptt + lu — arfat? + |ul

belong to U.

Proof. Equation (1.1) can be rewritten by
1 1
[t T Tu— e
u=>0 on Of.
Then there exist constants D; > 0 such that
1

u=(—A)""(au + +ul"1)  in 9, (2.1)

lulz = [[(=A)" (au + [P+t T u— afit! + ul"HIE
_ 1 1 _
= HV(-A) 1(au+ |u|p+1 + ’U _ a|q+1 + |’LL| 1)”%%9)
1 1 r—112
< D1||au+ |u|p+1 + |U _ Oé|q"'1 + ”U,‘ HLT(Q)
Thus
[ullp < oc.
Thus the lemma is proved. O
LEMMA 2.2. Assume that 2 < r < p < q, r < %, a < A\ and

a be a real constant. Then the functional F'(u) is continuous, Fréchet
differentiable with Fréchet derivative in U,

v v
|u|p+1 |u _ a|q+1

—|u""twlde Vv eEE.
(2.2)

DF(u)wv = /Q[—va—au-v—

Moreover DF € C. That is F € C.
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Proof. Let us set H(z,u) = Sau® — %ﬁ — %W + ul", Hy(z,u) =
au+|u|ﬁ+m+ |u|""!. First we shall prove that F'(u) is continuous.

For u,v € U,
|F(u+v) — F(u)] = \%/Q(—AU—AU)~(u—|—v)d:c—/QH(az,u—irv)dx

_%L(_Au)-udx+AH(x,u)dwl

1
= \5/[(—Au-v—Av~u—Av-v)d:€
0

_ /Q(H(x, wt ) — H(z,u))dz].
We have

\/Q[H(flf,quv)—H(w,u)]d:v! < \/Q[Hu(w,U)-U+O(HUHE)]dwl = O(|[v]|p)-
(2.3)

Thus we have
|F(u+v) = F(u)| = O([v]| )-
|F(u+v) = F(u) = DF(u) - v] = O(|[v[%)-
Next we shall prove that F'(u) is Fréchet differentiable. For u,v € U,
|F(u+v) — F(u) — DF(u) - v|
1
= —/(—Au—Av) : (u+v)dx—/H(m,u+v)da7
2 Q Q
1

~5 a0 et [ He e~ [ (-0 Hy(ew) vl

= |1/[—Au-v—Av-u—Av-v]dI
2 Ja

_ /Q[H(a:,u o) — H(z,u)dz — /[(—Au ~ Hy(w,u) - vlda].

Q

By (2.3),

|1F(u+v) = F(u) = DF(u) - vl| = O(||v]E)-
Thus F € CL. O
(1.1) can be rewritten by
1 1
_ -1 r—1 .

u=(—A—a) (|u|P+1 + = ol + |u|") in (2.4)
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u=20 on Of).

If a < A1, then (—A —a)~! is positive operator. Since |u‘;+1 + |u_;|q+1 +
|u|""! is positive, so if the weak solution of (1.1) exists, the weak solution
of (1.1) is positive. We shall show that if we choose a sequence (u,), € U

such that F(u,) — ¢ > 0 and DF(u,) — 0, then the sequence (uy), is
bounded as follows:

LEMMA 2.3. (A priori estimate)
Assume that 2 <r <p<gq,r < %, a < A1 and « be a real constant.
Let (uy,), be any sequence in U and ¢ € R be any positive real number.
Then there exists a constant C' = C(c) such that if (u,), € U satisfies

that F(u,) — ¢ and DF(u,) — 0, then

lim ||Un||Lr(Q) S C,
n—oo
. 1 ) 1
lim ——dx < C, lim ——dx < C.

Proof. Let ¢ € R be any positive real number. Let (u,), be any
sequence in U such that F'(u,) — ¢ and DF(u,) — 0. By a < Ay, there
exists a constant D > 0 such that

1
3 /Q[—Aun Uy — aul]dr > DHunH%B(Q) > 0.

Thus we have

1 ) 11 1 1 1,
I A L T e e R

1 1 1 1 1
> —/[— ! + L da.
Q p|un|p q |un _O"q r
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By F(u,) — ¢ and DF(u,) — 0, there exists a small number ¢ > 0

such that
1
c+e> lim F(u,)— lim §DF(un) - Up,

1 1 1 1 1 1
= lim - [ [~Aup - uy, — avl]dz — lim | [-= - - + —|up|"|dx
n—o0 2 Q n—oo Jo o P |un|p q |un — Oz’q r
1
— lim = [ [~Auy, - u, — au?]dz
n—oo [¢)
1 1 1 .
1 1 1 1 1 1 1 1
= lim [ [+ )+ (5 - (5 = =) un|)de.
n—oo [0 2 luy|  p’|un|P 2up —af  q |up — al? 2uy| T

By lim,, o, DF(u,) = 0, we have
1

. T (A )1
= Jon (A = O (5 T g, o

+ Jun|") in Q,

u=0 on Of).

Since (—A—a) ™! is a positive operator and \unIIP“ +|un—}1|q+1 +un "t >0,
lim,, 00 upn, > 0, |||Z—:‘||LT(Q) =1land 1 < | o |27 < 1+ d for some

constant d > 0. Thus we have

1
lim F(u,) — lim =DF(u,) - u,
n—o0 n—oo 2

1 1. 1 1 1 1 1 1
= i — 4 ) — ST P — — lu,|"dz.
) Q[(2+p)|un!” 5 +q)|un—04\q gl
Byl<l<1<%,%+§>0,%+%>Oand%—%>0. Since
20 it follows that there exists a constant C' > 0

c+e >

q p T
2<r<p<agq, <5,

such that
111{.10 Hun||2r(9)

<C
n—
. 1 ) 1
lim / dr < C, lim / ——dr < C.
Q o |un — alt

n—o00 |U,n|p n—o00

LEMMA 2.4. If any sequence (uy,), in U satisfies
Uy — ug € OU.

Then
F(u,) = oc.
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Proof. The proof can be checked easily. O
Now, we shall prove that F'(u) satisfies (P.S.). with ¢ > 0 as follows:

LEMMA 2.5. (Palais-Smale condition)
Assume that 2 < r < p < q, r < %, a < A\ and « be a real con-
stant. Let ¢ be any positive real number. Then F(u) satisfies the Palais-
Smale condition: if (uy), € U is any sequence such that F(u,) — ¢ and

DF(u,) — 0, then (u,) has a convergent subsequence (u,,) such that

Uy, — Up € U.

Proof. Let (uy), be any sequence in U such that F(u,) — ¢, ¢ > 0
and DF(u,) — 0. By Lemma 2.3, limy, o ||tn| 1) is finite. Thus
(up), is bounded in L"(€2). Then up to subsequence, (u,), converges
weakly to some uy. From DF(u,) — 0 we have

1 1
lim u, = lim (—A —

-1 r—1 :
n—00 n—00 CL) (|un|P+1 + |un — O«4|q"'1 + |un| ) in 2.

By Lemma 237 (un)n and (‘un|1p+1 + |un_1¥|q+1 + |un|r71)n is bounded in
L"(£2). Since the embedding E into L 1(Q), 2 <r<p<gq,r—1< Z—fg,
is compact and (—A —a)~! is a compact operator, it follows that (u,),
has a convergent subsequence (u,,) converging strongly to some ug such

that
DF(up) = lim DF(u,,) =0.
n—00

We claim that ug # 0 and ug # a. By contradiction, we suppose that
up = 0 and uy # «. Then uy € OU. Then by Lemma 2.4, F(ug) = oo,
which is absurd. Thus

ug # 0, ug # .

3. Proof of Theorem 1.1

Let E = W, (€, R) and let

Wy, = span{@-\ — A¢; = )\i¢i}7
E = {ou,0 € E|lce R ¢ W)}

By
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Then we have E = @;>1E),. Let us set
ET = (@“APOENM)’
ET = (@HM<OEMM)7
E° = (@mi=0Emi)~
Then
E=Et"®E &E°
Because py, >0 Vi > 1,
E°=0 E =90
and
E=FE".
We note that E can be split by two subspaces Y; and Y5 such that
Y1 = span{eigenfunctions corresponding to eigenvalues iy,
with 1 <i<m, m > 1}.

Y, = span{eigenfunctions corresponding to eigenvalues p,,,
with i >m+1, m > 1},

dimY; < oo and

E=Y8Y;.
Let us set

X1=Y1NnU,

Xo=YoNU.
Then

U=X,& Xs.
Let us set

B, = {(ue U ||ulls < p},
0B, = {u e U| ullx = p},
Q=DBrNX1@{pele€dBINE,,  CIBNXy 0<p<R}

Let us define
I'={yeC@QU)|y=idon 0Q}.
2n

LEMMA 3.1. Assume that 2 <r <p < gq, r < =% a < A\ and

n—2’

o be a real constant. Let e € 0B; N E,,, C 0By N X,. Then there
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exist a small number p > 0 and a large number R > 0 such that if
uwedQ =0(BrNX; @ {pe| 0 <p<R}), then

sup F(u) <0
u€IQ

and

sup F'(u) < oo.
ueQ

Proof. Let us choose an element e € 9B; N Xy and u € X; @ {pe| p >
0}. Then we have

Flw) = %/Q[_A“‘“—WQWSU_/Q%!u\rdﬁ/Q[l SR S

plulP " glu—al
1

1 T
5#%”“”%7"(9) + §IO2M)\m+1HU’||%""(Q) - ;HUHLT(Q)

11 1 1
+ [ =0+ = Jd.
oPlufP  glu—als

By Lemma 2.3, fQ L dr < C and fﬂ %m;dx < C for some C. Thus

p [ul? —ald

IN

1 1 1 ; _
F(u) < §Mxm||u||ir(n) + §P2MAm+1 HUH%T(Q) - ;HUHLT(Q) +C.

Since 2 < r, there exists a large number R > 0 such that if u € 0Q), then
F(u) < 0. Thus we have sup,cyq F'(u) < 0. Moreover if u € Q, then

F(u) < g llullieq) + 50° s lullfrg) + C < oo 0

LEMMA 3.2. Assume that2 <r<p<gq,r< %, a < A\ and « be
a real constant. Then there exist a small number p > 0 such that

inf  F(u) >0

uEaBpﬂXQ

and

inf  F(u) > —o0.
ueBmeQ
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Proof. Let u € 0B, N X,. Then we have

1 1 11 1 1
F(u) = —/[—Au-u—auQ]da:—/—|u|de+/[_ + = Jdz
2 Q ol Qp|u|p q|u_a|q

1 1
> —/[—Au-u—auQ]da:—/—|u|’"d:E
2 Q ol

> 2 1 T
2 élu)\erlHuHLT(Q) - ;”uHL’“(Q)'

Since 2 < r, there exists a small number p > 0 such that if u € 08,N Xy,
then F'(u) > 0. Thus inf,cop,nx, F'(v) > 0. Moreover if (u,v) € B,NXs,
then F(u) > —%||u||TLT(Q) > —oo. Thus inf,ecp nx, F'(u) > —oo. So the
lemma is proved. O

Let us define

— inf sup F .
¢ = jnfsup (h(u))

LEMMA 3.3. Assume that2 <r<p<gq,r< %, a < A\ and « be
a real constant. Then

: <o < '
0< ueaanpfmxz F(u) <c }Lrellﬁ ilelgF(h(u)) < 228 F(u) < o0

Proof. By Lemma 3.1, we have

inf sup F'(h(u)) < sup F(u) < co.
hel yeQ ueQ

By Lemma 3.2, we have

inf sup F'(h(uw)) > inf  F(u) > 0.

hel e u€dB,NX2
Thus the lemma is proved. O

PROOF OF THEOREM 1.1
Assume that 2 <r <p<gq,r < %, a < A1 and « be a real constant.
We note that F'(u) is continuous and Fréchet differentiable in U and
DF € C. By Lemma 2.5, F(u) satisfies Palais-Smale condition. We
claim that ¢ > 0 is a critical value of F(u), that is, F(u) has a critical
point ug such that

F(uy) = ¢,
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In fact, by contradiction, we suppose that ¢ > 0 is not a critical value of
F(u). Then by Theorem A.4 in [6], for any € € (0,¢) > 0, there exists a
constant € € (0, €) and a deformation n € C([0, 1] x U,U) such that

(7) n(0,u) = u for all u € U,

(17) n(s,u) =wu for all s € [0,1] if F(u) ¢ [c — € ¢+ €,

(i) F(n(l,u)) <c—eif F(u) <c+e.

We can choose h € I' such that

sup F'(h(u)) < c+e
ueQ

and
F(h(u)) <c—¢€  on 0Q.
This lead to F(h(u)) ¢ [c — € ¢+ €. Thus by (ii),

n(1,h(u)) = h(u)  on 9Q.
Hence n(1, h(u,v)) € I'. By (é¢i7) and the definition of ¢,

c <sup F(n(1,h(u))) =sup F(h(u)) < c—c¢,
ueEQ ueq)

which is a contradiction. Thus ¢ is a critical value of F(u). Thus F(u)
has a critical point uy with a critical value

¢ = F(up)

such that

0< inf F <c< F < 00.
w3, F0) S e < sup Flu) < o0

By Lemma 2.4,
ug # 0 Ug # Q.

Thus (1.1) has at least one nontrivial solution wuy such that ug # 0 and
g # «. Thus Theorem 1.1 is proved.
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