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ROTA-BAXTER OPERATORS OF 3-DIMENSIONAL

HEISENBERG LIE ALGEBRA

Guangzhi Ji† and Xiuying Hua∗

Abstract. In this paper, we consider the question of the Rota-
Baxter operators of 3-dimensional Heisenberg Lie algebra on F, where
F is an algebraic closed field. By using the Lie product of the basis
elements of Heisenberg Lie algebras, all Rota-Baxter operators of 3-
dimensional Heisenberg Lie algebras are calculated and left symmet-
ric algebras of 3-dimensional Heisenberg Lie algebra are determined
by using the Yang-Baxter operators.

1. Introduction

Baxter proposed the concept of Rota-Baxter operator in 1960 (see
[3]), while Rota further promoted the study of Baxter operator (see [8]).
Rota-Baxter operator in various fields of mathematics has been widely
used (see [2,4]). This year, many people have described the Rota-Baxter
operator on low-dimensional algebra, for example, in [1,6] give the Rota-
Baxter operators on low-dimensional pre-Lie algebras, in [7,9] give all
Rota-Baxter operators on finite-dimensional Hamilton algebras and 3-,
4- and 5-dimensional Heisenberg Superalgebras. In [4] gives the Rota-
Baxter operators on exterior algebras of two variables. By using the
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Lie product of the basis elements of Heisenberg Lie algebras, all Rota-
Baxter operators of 3-dimensional Heisenberg Lie algebras are calculated
and left symmetric algebras of 3-dimensional Heisenberg Lie algebra are
determined by using the Yang-Baxter operators.

2. Definition and basic properties

Definition 2.1. Let G be Lie algebra on F where F is a field, we say
that R is a Rota-Baxter operator on G, if the following condition holds
for any x, y in G:

(1) [R(x), R(y)] + λR([x, y]) = R([R(x), y]) +R([(x), R(y)],

∀x, y ∈ G, λ ∈ F.
In particular, we say that R is a Yang-Baxter operator of G it is the
Rota-Baxter operator of the weight λ = 0. In this case the equation (1)
becomes

(2) [R(x), R(y)] = R([R(x), y]) +R([(x), R(y)], ∀x, y ∈ G

which is called the classical Yang-Baxter equation of G and the Rota-
Baxter of weight λ = 0 will be a solution of the classical Yang-Baxter
equation of G.

Obviously, λ−1R is the Rota-Baxter operator of the weight 1 when
λ 6= 0 , hence, We can get all Rota-Baxter operators of non-zero weight
by applying the Rota-Baxter operator of weight 1. Hence, we only need
to calculate Rota-Baxter operators of the weights 0 and 1.

One of the applications of the Yang-Baxter operators is to construct
left symmetric algebras by using these operators and defining a new
operation on G as Lemma 2.2.

Lemma 2.2. Let G be a Lie algebra and R a solution of the classical
Yang-Baxter equation of G. We define a new operation on G as follows:

∗ : G×G −→ F
(x, y) −→ x ∗ y := [R(x), y] ∀x, y ∈ G

then (G, ∗) will be a left symmetric algebra.

Now let us to consider the 3-dimensional Heisenberg Lie algebra G
with base elements {c, e, f} satisfying in the relation



Rota-Baxter Operators of 3-dimensional Heisenberg Lie algebra 55

{
[e, f ] = −[f, e] = c

[x, y] = 0 if x, y /∈ {c, e, f}

Now let R be a linear operator on G such that
R(c) = a11c+ a21e+ a31f

R(e) = a12c+ a22e+ a32f

R(f) = a13c+ a23e+ a33f

where aij ∈ F for i, j ∈ {1, 2, 3}.
In other words we can write

(R(c), R(e), R(f)) = (c, e, f)

 a11 a12 a13
a21 a22 a23
a31 a32 a33



3. Main Results

Theorem 3.1. There is three types of the Rota-Baxter operators of
weight 0 for the 3-dimensional Heisenberg Lie algebra G, which are as
follows:

R1 =

 a11 a12 a13
0 a22 a23
0 a32

a11a22+a23a32
a22−a11

where a22 − a11 6= 0

R2 =

 a11 a12 a13
0 a22 a23

0
−a211
a23

a33

where a22 = a11, a23 6= 0

R3 =

 0 a12 a13
0 0 0
0 a32 a33

where aij ∈ F

Proof. Since R is linear operator, so we only need to consider the
base elements which are satisfying in the equation (2) which come from
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the equation (1) by substituting 0 in stead of λ and also we have the
equations:  a21 = 0

a31 = 0
(a22 − a11)a33 = a11a22 + a23a32

(3)

where

[R(c), R(e)] = R([R(c), e]) +R([c, R(e)]) =⇒ a31 = 0

[R(c), R(f)] = R([R(c), f ]) +R([c, R(f)]) =⇒ a21 = 0

[R(e), R(f)] = R([R(e), f ]) +R([e, R(f)])

=⇒ (a22 − a11)a33 = a11a22 + a23a32

Discuss the situation:
Situation 1: If a22 6= a11, then (3) becomes

a21 = 0
a31 = 0
a33 = a11a22+a23a32

a22−a11

and this will yield us to the Rota-Baxter operator

R1 =

 a11 a12 a13
0 a22 a23
0 a32

a11a22+a23a32
a22−a11

where a22 − a11 6= 0.

Situation 2: If a22 = a11, a23 6= 0, then (3) becomes
a21 = 0
a31 = 0

a32 =
−a211
a23

and this will yield us to the Rota-Baxter operator

R2 =

 a11 a12 a13
0 a22 a23

0
−a211
a23

a33

where a22 = a11, a23 6= 0.

Situation 3: If a11 = a22, a23 = 0, then (3) becomes a21 = 0
a31 = 0
a11 = a22 = a23
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and this will yield us to the Rota-Baxter operator

R3 =

 0 a12 a13
0 0 0
0 a32 a33

where aij ∈ F.

Theorem 3.2. The Rota-Baxter operators of weight 1 of 3-dimensional
Heisenberg Lie algebra G are the following:

R1 =

 a11 a12 a13
0 a22 a23
0 a32

a11a22−a11+a23a32
a22−a11

where a22 − a11 6= 0

R2 =

 a11 a12 a13
0 a22 a23

0
a11−a211

a23
a33

where a22 = a11, a23 6= 0

R3 =

 0 a12 a13
0 0 0
0 a32 a33

where aij ∈ F

R4 =

 1 a12 a13
0 1 0
0 a32 a33

where aij ∈ F

Proof. Since R is linear operator, hence we only need to consider the
base elements which are satisfying in the equation

[R(x), R(y)] +R([x, y]) = R([R(x), y]) +R([(x), R(y)]

which come from the equation (1) by substituting 1 in stead of λ and
also we have the equations: a21 = 0

a31 = 0
(a22 − a11)a33 = a11a22 − a11 + a23a32

(4)

where

[R(c), R(e)] = R([R(c), e]) +R([c, R(e)]) =⇒ a31 = 0

[R(c), R(f)] = R([R(c), f ]) +R([c, R(f)]) =⇒ a21 = 0

[R(e), R(f)] = R([R(e), f ]) +R([e, R(f)])
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=⇒ (a22 − a11)a33 = a11a22 − a11 + a23a32

Discuss the situation:
Situation 1: If a22 6= a11, then (4) becomes

a21 = 0
a31 = 0
a33 = a11a22−a11+a23a32

a22−a11

and this will yield us to the Rota-Baxter operator

R1 =

 a11 a12 a13
0 a22 a23
0 a32

a11a22−a11+a23a32
a22−a11

where a22 − a11 6= 0.

Situation 2: If a22 = a11, a23 6= 0, then (4) becomes
a21 = 0
a31 = 0

a32 =
a11−a211

a23

and this will yield us to the Rota-Baxter operator

R2 =

 a11 a12 a13
0 a22 a23

0
a11−a211

a23
a33

where a22 = a11, a23 6= 0.

Situation 3: If a11 = a22, a23 = 0, then a211 − a11 = 0
(1). If a11 = 0, then (4) becomes a21 = 0

a31 = 0
a11 = a22 = a23 = 0

which will yield us to the Rota-Baxter operator

R3 =

 0 a12 a13
0 0 0
0 a32 a33

where aij ∈ F.

(2). If a11 = 1, then (4) becomes
a21 = 0
a31 = 0
a23 = 0
a11 = a22 = 1
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which will yield us to the Rota-Baxter operator

R4 =

 1 a12 a13
0 1 0
0 a32 a33

where aij ∈ F.

Theorem 3.3. The structure of left symmetric algebra of 3-dimensional
Heisenberg Lie algebra
1) e ∗ e = −a32c, f ∗ f = a23c, e ∗ f = a22c, f ∗ e = a23a32−a11a22

a22−a11 c.

2) e ∗ e =
a211
a23
c, f ∗ f = a23c, e ∗ f = a22c, f ∗ e = −a33c.

3) e ∗ e = −a32c, f ∗ e = −a33c.

Proof. Considering the application of Yang-Baxter operators, we can
calculate directly the structure of left symmetric algebra of Heisenberg
Lie algebra by lemma 2.2 and theorem 3.1.

Corollary 3.4. The homomorphic operator of 3-dimensional Heisen-
berg Lie algebra of weight 0 is

R3 =

 0 a12 a13
0 0 0
0 a32 a33


where aij ∈ F

The homomorphic operator of 3-dimensional Heisenberg Lie algebra
of weight 1 is

R3 =

 0 a12 a13
0 0 0
0 a32 a33


where aij ∈ F.

Corollary 3.5. Neither of the 3-dimensional Heisenberg Lie algebra
of weight 0 and weight 1 have isomorphic operators.
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