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SOME RESULTS ABOUT THE REGULARITIES OF
MULTIFRACTAL MEASURES

BILEL SELMI

ABSTRACT. In this paper, we generelize the Olsen’s density theorem
to any measurable set, allowing us to extend the main results of H.K.
Baek in (Proc. Indian Acad. Sci. (Math. Sci.) Vol. 118, (2008), pp.
273-279.). In particular, we tried through these results to improve
the decomposition theorem of Besicovitch’s type for the regularities
of multifractal Hausdorff measure and packing measure.

1. Introduction

The density theorems are used in geometric measure theory to derive
geometric information from given metric information. Classically, they
deal with the distribution of the s-dimensional Hausdorff measure, H?*
and the t-dimensional packing measure, P'. Many researchers had for-
mulated density theorems with respect to Hausdorff measure or packing
measure in some spaces. See for example [1,4-10, 14,15, 17-21, 23-26].
Regular sets are defined by density with respect to the Hausdorff and
the packing measure [2,10-16,21,22,25,26]. More precisely, Tricot et
al. [21,25] showed that a subset of R™ has an integer Hausdorff and
packing dimension if it is strongly regular. Moreover, the results of [21]
are improved to a generalized ¢-Hausdorff measure in a Polish space
by Mattila and Mauldin in [15]. Later, Baek [3] used the multifractal
density theorems [5,17,18] to prove the decomposition theorem for the
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regularities of multifractal Hausdorff measure and packing measure in
Euclidean space which enables him to split a set into regular and irreg-
ular parts. In addition, he extended the Olsen’s density theorem to any
measurable set.

The first aim of this paper is to establish a new version of Olsen’s
density theorem given in [17] under less restrictive hypotheses, which
will enable us to give more generalized variant of the essential results
of Baek in [3]. In particular, we tried through these results to improve
the decomposition theorem for the regularities of multifractal Hausdorff
measure and packing measure in R".

Let us recall the multifractal formalism introduced by Olsen in [17].
This formalism was motivated by Olsen’s wish to provide a general math-
ematical setting for the ideas present in the physics literature on multi-
fractals.

Fix an integer n > 1 and denote by P(R™) the family of compactly sup-
ported Borel probability measures on R™. Let u € P(R"), for ¢,t € R,
E CR™and 6 > 0, we define the generalized packing pre-measure,

7q’t
P (E)

1nf sup {Z w(B(xi ;)9 (2r;)" (B(:ri, rl)) _is a centered J-packing of E} .
(A

In a similar way we define the generalized Hausdorff pre-measure,

7q7t
Hy (E)

= supinf {Z w(B(xi, r:))9(2r;)" (B(.CC,‘, 7',)) _is a centered J-covering of E} ,
0>0 4

with the conventions 09 = oo for ¢ < 0 and 07 = 0 for ¢ > 0.
The function ﬂi’t is d-subadditive but not increasing and the function
7_7Z’t is increasing but not J-subadditive. That is the reason why Olsen

introduced the modifications of the generalized Hausdorff and packing
measures H%' and Pl

HIHE) = sup Hy (F) and PH(E) = inf PU(E;)

FCE EC; B ; “

The functions Hff and Pg’t are metric outer measures and thus mea-
sures on the Borel family of subsets of R”. An important feature of the

Hausdorff and packing measures is that Pg’t < fi’t, and there exists an
integer § € N, such that HL' < {PL.
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2. Density Theorems

In this section, we consider p,v in P(R™) and ¢,¢ in R. The first
result of this section consists of a density theorem for the multifractal
Hausdorff measure ’H‘Zﬁ and the multifractal packing measure Pg’t in R™.
For x € supp p, we define the upper and lower (g, t)-densities of v with
respect to pu by

- B
dfjt(% v) = limsup V( (x’r)) and d%'(z,v) = liminf

r—0 /L(B(.I,T))q(27’)t s

We consider a Borel set £ of R" and we denote by H*  (resp. Pg’tL 2
the s-dimensional centered Hausdorff measure H{* (resp. t-dimensional
centered packing measure Pg’t) restricted to E. The density theorem was
also proven with respect to multifractal Hausdorff measure and packing
measure (see [18]). Let & be a constant that appears in Besicovitch’s

covering theorem (see [18]).

THEOREM 1. [18] Let E be a Borel subset of supp .
1. Assume that HL'(E) < oo. We have,

1 - _
SHEYE) inf dY (x,v) < v(E) < HEE) sup ., (x,v), (2.1)
g zel zel
and
1< d (o, 1t ) <€, forHE'  aa.x € B (2.2)
2. If PI(E) < oo, then
)t ; )t )t t
Pui(E) nf &i (2, v) < v(E) < PiY(E) iggdz (z,v), (2.3)
and
gl;i’t(:v,Pg’tLE) =1, for P} -aa x€ckE. (2.4)

REMARK 1. Let u,v € P(R") and ¢,t € R. Assume either ¢ < 0, or
0 < g and p is a doubling measure. Then for every set £/ C supp p such
that H%'(E) < oo we have

HENE) inf db' (x,v) < v(E) < HEHE)supd,, (z,v),

zelR ® P )

Wt

and
il R it
d, (x,H}' ) =1, for H}' -aa z€k.
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DEFINITION 1. Let E be a Borel subset of supp p.
1. We say that H%' and P2* are equivalent on E and we write H%'(E) ~
PLYE) if
Y — Ly —
HIN(E) =0« PM(E)=0.
2. We write HL'(E) ~ PP (E) if for any F C E,

1
ngﬁ(F) < PI(F) < HYH(F).

3. If v = HE® ., we put EZ’t(a:,E) = EZ’t(a:,l/) and D% (z, E) =
d?*(z,v). When v = Pt we also define ZZ’t(x, E) = Ei’t(x, v)
and %Z’t(x, E) = c_iZ’t(:x, V).quEZ’t(x, E) = Q}f(w,E) (resp. Zi’t(x,E)
I;O%Mva(ﬂxlif)), we write D%'(z, E) (resp. A%(z, E)) for the com

In the sequel, we prove our density theorems. In particular, we extend
the Olsen’s density theorem for the multifractal Hausdorff measure and
packing measure in R".

PROPOSITION 1. Let E be a Borel subset of supp y such that P (E) <
+00.
9t J— B B J— 5
1. Ifggt(x,E) =1 for Hi'-a.e. x € E, then PP (E) = HL'(E).
2. If AZ’ (z,E) =1 for P¥'-a.e. x € E, then HY'(E) ~ P (E).

w

12

Proof. Follows immediately from Theorem 1.

THEOREM 2. Let E be a Borel subset of supp pu such that PP (E) <
00

1. If HY'(E) ~ P#(E) then 1 < D%(x,E) < D' (¢,E) <& for
Pit-ae x € E.

2. If1 < D¥(x,E) < EZ’t(x,E) < ¢ for Pll-ae r € E, then
HIN(E) ~ PY(E).

Proof. 1. From (2.2), if HL'(E) < oo, we have
-9t it
1< D, (r,E)<¢ for Hl'-ae xek. (2.5)
The hypothesis H?'(E) ~ P! (E) implies that

1
EHEf(F) < PI(F) < HLH(F), forany F C E. (2.6)
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Thanks to (2.5) and (2.6), we have
—q,t 4
1< D, (z,E)<§ for Pllae r€k. (2.7)

Now, we consider the set I’ = {x € F, QZ’t(I, E) < 1}, and for
m € N*

1
E, = {er, Dz, E) <1——}.
m

From (2.3) and (2.6), we have
PL () < Wy (F) < P (1 )
As F

m
This implies that PL*(F,) = 0. = U,, Fin, we obtain

PI(F) =0, ie.
12 )
D (x,E)>1 for Pl'aa zecFE. (2.8)
Finally, (2.7) and (2.8) give the result.

2. Consider the set
— it 7t
F={reB1<Dy (@ B) < D)@, E) <¢}.
From Theorem 1 (assertion 2), we have
PYI(E) =Pri(F) < HE(F) < 1) (E) < {PYY(E)

and then, HZ'(E) ~ PP (E).
[

THEOREM 3. Let E be a Borel subset of supp pu such that PP (E) <
00

: o
1. If HEH(E) ~ PYY(E) then 1 < AM(z,E) < A (x,E) <& for
Pit-ae x € E.
t AL :
2. If 1t < A% (x,tE) <A (2,E) <& for Pit-ae x € E, then
HIN(E) ~ PL(E).
Proof. 1. Thanks to (2.4), if P?*(E) < oo, we have
_ Aut it
1 =AM (z,E) for Pll-ae xc k. (2.9)
Since Hi'(E) ~ P (E), then

1
EH;{;t(F) < PI(F) < HLH(F), forany F C E. (2.10)
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Using (2.9) and (2.10), we obtain

_ A4t it
1 =AY (z,E) for H}'-ae z€FE. (2.11)

Now, we consider the set F' = {x € E,Zi’t(:p,E) > f}, and for
m € N*

_ A 1
F, = {er,AM (x, E) >§+m}.
Using (2.1), (2.10), we get
1\1
J— — q:t < q,t < q,t .
({—l— m) fHM (Fr) < PY(F,) < HY(F,)

This implies that H%'(F,,) = 0. As F = |, Fl», we obtain
HL'(F) = 0 and so, PH(F) =0, ie.

_q7t ,
A (z,E)<¢ for Pllae zek. (2.12)

Finally, (2.11) and (2.12) yields to the result.
2. We consider the set

F= {m € E,1< A% (z,E) <A (2,E) < g}.

Using Theorem 1 (assertion 1) and since, 1 < A% (z, E) < Zi’t(a:, E) <
¢ for Pit-ae. x € E, we get
£HI(E) < PLUE) = PL(F) < EHE(F) < EHI! ().
[
REMARK 2. The results in Theorems 2 and 3 are a generalization
of the Olsen’s density theorem in [17]. It is clear that if £ = 1 and

E C supp p such that PP (E) < oo, then the following assertions are
equivalent

L. HIN(E) = PYYE).
it —1=D" :

2. ta(:z:,E) =1= Bgt(x,E) for Pit-ae re€E.
’ — — ’ ,t

3. A (x, E)=1=A,(z,E) for Pll-ae z€kFE.

Question. If i is not doubling and ¢ > 0, then there exists a subset £
of supp p such that HL*(E) ~ PLY(E) if and only if HY'(E) ~ P (E)?
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3. Regularities of multifractal measures

In this section, we discuss the decomposition theorem for the reg-
ularities of multifractal measures. In [3], Baek proved the following
statement:

THEOREM 4. [3] Let p be a doubling measure and E a Borel subset
of supp . Consider the sets

F={ze B Di',E)=D}'(z, D)},

0

G={vek AL, B) = &' (z.B) }.

u
1. If HEY(E) < oo, then

(a) ﬁi’t(x,}") = D% (x, F), for Hi'-ae. x € F.

(b) Hgt ({w € E\F, Di'(a, E\F) =D (x, E\ F)}) =0.
2. If PY(E) < oo, then

(a) AV (2,G) = A% (2, G), for PY'-ace. « € G.

(b) Pyt ({ € B\G, Al'(2,E\G) =B} (2,E\G)}) =0.

Now, we extend the decomposition theorem of Baek for the regulari-
ties of the multifractal Hausdorff and packing measures in R".

THEOREM 5. Let E be a Borel subset of supp p. Consider the sets
F—

—

v €E, 1< D%, E) < D" (x,E) < g},
G={reB 1<AL (0 B) <A, (0, B) < .

1. If HY(E) < oo, then
(a) 1 <DV (a, F) < D%(w, F) < &, for He'-a.e. x € F.
(b) 1yt ({w € ENF, 1< D e, E\F) < D' (0, B\ F) < ¢}) =
0.
2. If PY(E) < oo, then

(a) 1< ZZ’t(x, G) < A%(z,G) <&, for Pit-ae. x € G.
(b) Pet ({ e B\ G, 1< 882, B\ G) < B (2. B\ G) < ¢}) =
0.
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To prove this theorem, we need the following lemmas

LEMMA 1. Let E be a Borel subset of suppu and A be a H,‘If—
measurable subset of E.

1. Suppose that HL'(E) < oo, then

4t Pt it _ )t t
D, (z,E)=D, (z,A) and D}*(z, E) = D¥*(x, A), for H] -a.e.x € A.

2. Suppose that P?*(E) < oo, then
A (2, B) = AL (2, A) and A% (z, E) = A% (2, A), for HI'-a.e. x € A.

i

Proof. Let 8 € P(R™) and define the measure 0. g by 0L g(B) = 0(EN
B), for all Borel set B. Let v = 0_g. Then, we have

4 (x,v) = d} (v, ve4) and d&'(z,v) = d%'(z, v4), for HI'-a.a. on A(3.1)

In fact, it is clear that
di(z,v) > db (x,v4) and EZ’t(x, v) > EZ’t(x, via).

Let’s set A(B) = v(B \ A), for all Borel set B. Then,

v(B)=v(BN(A°UA)) =v(B\A)+v(BnNA) =AB)+vLa(B).
A simple calculation shows that
d(x,v) < db(x, M_A)—i-ai’t(x, A) and c_li’t(x, v) < EZ’t(LL‘, VLA)—i-c_li’t(x, A).
It becomes enough to prove that Ei’t(m, A) = 0. For any integer k # 0,
let

—q, 1
Ay = {x e A, d (x> E} .
Then Ay C A, for any k£ > 1. So, by (2.1), we have

0< i’7‘-lq’t(Ak) < MNAp) =v(AL\ A) =v(0) =0, for all k> 1,

&k
so, we get HL'(Ay) = 0 for all k > 1 and c_iZ’t(x, A) =0, for H¥'-a.a. on
A, which leads to (3.1). O

Now, in (3.1), taking v = H{' _ (resp. v =P’ ) we obtain assertion
(1) (resp. assertion (2)) of the Lemma.
LEMMA 2. Let E be a Borel subset of supp u, such that Pg’t(E) < 00.

For K = {x e FE, ZZ’t(:c,E) < —i—oo}, we have for a Borel subset L of
K such that HI'(L) = 0, P*(L) = 0.
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Proof. 1t is sufficient to take v = Pg* _in (2.1). O

Proof of Theorem 5.
1. Since HY'(FE) < oo and it is sufficient to take A = F in assertion

1) of Lemma 1, we have Eq’t x, F) = Eq’t x, F) and Dt x, F) =
" " "
D'z, E), for He'-ae. x € F. So, 1 < DIz, F) < EZ’t(:p,F) <
¢, for Hit-ae x € F.

Taking A = E \ F in assertion (1) of Lemma 1, we get Ei’t(x, E\
F) = D!'(2,E) and D%(x, E \ F) = D% (z, E) for H%-a.c. x €

E\ F. Hence,
3 ’ Dt ==
Ho <{:1: € E\F, 1< DM, E\F) <D, (z,E\F) < 5}) =0.
2. Since PE*(E) < oo, from (2.4), we obtain
éfjt(x, G) =1 for Pz’t—a.e. re€Gandl < éﬁ’t(x, G) < ¢ for Pg’t—a.e. reQq.

By Lemma 1, ZZ’t(x,G) = ZZ’t(x,E), for Hi'-a.e. z € G. So,

1< ZZ’t(x,G) <&, for ’HZ’t—a.e. 2 € (. Using Lemma 2, we have
——q,t *

1_§t A (x,G) < ¢ for Phlae. v € Gand 1 < Al (2,G) <

Ai’ (z,G) < &, for Pll-ae. x € G. Due to Lemma 1, we have

——q,t ~qt it _ ,t

A (v, E\G) = A, (m,El a;nd Az, B\ G) = AV(z, E), for

Hit-ae. x € E\G. Since AZ’ (x, F) < & < +o0, Lemma 2 implies
—q,t —q,t

that A (z, B\ G) = A} (2, E) and A% (2, E\ G) = A% (z, E),

for Pit-a.e. v € E'\ G. Hence,

Pt ({x € E\G, 1<Ax,E\G) <A, E\G) < g}) — 0.

Our purpose in the following theorem is to prove the result of Theorem
4 under less restrictive hypotheses.

THEOREM 6. Let E be a Borel subset of supp pu.
1. If HE'(E) < oo, then

(a) ﬁi’t(x,}") = D% (x, F), for Hi'-a.e. on F.

—q,t

(b) Hgt ({w € E\F, Di'(a, B\ F) =D (x, E\ F)}) =0.

2. If PY(E) < oo, then
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(a) Zz’t(% g) = AZ’t(%g), for Pg’t—a.e. on G.
() Pyt ({x e B\G, A'(w, B\ G) =B1' (2, B\ G)}) =0,
Proof. The proof is similar to the one of Theorem 5. n

REMARK 3. We obtain the conclusion of Theorem 4 under less re-
strictive hypotheses on measure p (we need not to assume that p is a
doubling measure).

DEFINITION 2. Let (X, B, ) be a measure space and E, F' in B. We

will say that F is a subset of F' u-almost everywhere and write £ C F
for p-a.e., if u(F\ E) = 0.

We have the following general results.

PROPOSITION 2. Let E be a Borel subset of supp  such that P (E) <

+00.
1LIfB C {:1: € E; D%(z,E) = 1} for H'-a.c., then H1t(B) =
Pot(B).
2. If B C {:c € E; A" (1,E) = 1} for Ptt-a.c., then HI'(B) ~
Po(B).
Proof. Follows immediately from Lemmas 1 and 2. m

THEOREM 7. Let E be a P{'-measurable set with P*(E) < oo and
let B be a measurable subset of E.

1. If HE'(B) ~ P%*(B) then B C G for Pi'-a.e..
2. If B C G for Pi'-a.e., then HY'(B) ~ P (B).

Proof. Let B be a measurable subset of E. Without loss of generality,
we may assume that P2 (B) > 0.
1. We suppose that H%'(B) ~ PL(B). By Theorem 3, we have
t AL :
1 < A%(z,B) S_Atu (x,B) < &, for Pi-ae. x € B and so,
1 < A%z, B) < AZ’ (z,B) < &, for Hi'-ae. x € B . Using the
assertion (2) of Lemma 1, we obtain
it — At ANt _ At p
Az, B) = Al (z,E) and A (z,B) = A (v, E) for H!'-a.e x € B,
and so,

1 <A (z,E) < Zlqjt(:c,E) <¢, for Hi'-ae z€B.
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. =gt .
Since AZ (x, F) < 400, by using Lemma 2, we get
t At R
1< AM(z,B) <A (2, E) <& for Pllae z€B.

Therefore, B C G for Pit-a.e..
2. Now, we suppose that B C G for Pﬁ’t—a.e., which implies that

1 < A%z, E) < ZZ’t(x,E) < ¢, for Pit-ae. 2 € B. Then, we

easily see that 1 < éZ’t(x, E) < ZZ’t(x, E) <¢, for ’Hl‘i’t—a.e. x € B.
By using Lemma 1, we obtain

A%(z, B) = A% (z, E) and Zi’t(x, B) = Zi’t(x, E), for Hl'-ae. x € B.

We have 1 < A%z, B) < ZZ’t(ac,B) < ¢, for Hit-ae. v € B,
Now, from Lemma 2, we get 1 < éﬁ’t(a:, B) < ZZ’t(:C,B) < &, for
Pg’t—a.e. x € B. Finally, by Theorem 2, we have

M (B) ~ P (B).

I

]

THEOREM 8. Let E be a Pl'-measurable set with P*(E) < oo and
let B be a measurable subset of E.

1. IfHEY(B) ~ P(B), then B C F for Pl'-a.e..
2. If B C F for Pi'-a.e., then HY'(B) ~ P (B).

Proof. The proof is similar to the one of Theorem 7. O]

REMARK 4. The results in Theorems 7 and 8 are generalizations of
those of Baek [3]. Notice that assertions (1) and (2) of Theorem 7 (resp.
Theorem 8) are equivalent in the case where £ = 1. In particular, we
obtain the conclusion of Proposition 3.2 and Theorem 3.5 in [3].
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