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A GENERALIZATION OF GAUSS’ TRIANGULAR THEOREM

Jangwon Ju and Byeong-Kweon Oh

Abstract. A quadratic polynomial Φa,b,cpx, y, zq “ xpax` 1q ` ypby `

1q`zpcz`1q is called universal if the diophantine equation Φa,b,cpx, y, zq “
n has an integer solution x, y, z for any nonnegative integer n. In this

article, we show that if pa, b, cq “ p2, 2, 6q, p2, 3, 5q or p2, 3, 7q, then

Φa,b,cpx, y, zq is universal. These were conjectured by Sun in [8].

1. Introduction

A triangular number is a number represented as dots or pebbles arranged in
the shape of an equilateral triangle. More precisely, the n-th triangular number

is defined by Tn “
npn`1q

2 for any nonnegative integer n.
In 1796, Gauss proved that every positive integer can be expressed as a

sum of three triangular numbers, which was first asserted by Fermat in 1638.
This follows from the Gauss-Legendre theorem, which states that every positive
integer which is not of the form 4kp8l ` 7q with nonnegative integers k and l,
is a sum of three squares of integers.

In general, a ternary sum aTx` bTy` cTz pa, b, c ą 0q of triangular numbers
is called universal if for any nonnegative integer n, the diophantine equation

aTx ` bTy ` cTz “ n

has an integer solution x, y, z. In 1862, Liouville generalized Gauss’ triangular
theorem by proving that a ternary sum aTx ` bTy ` cTz of triangular numbers
is universal if and only if pa, b, cq is one of the following triples:

p1, 1, 1q, p1, 1, 2q, p1, 1, 4q, p1, 1, 5q, p1, 2, 2q, p1, 2, 3q, p1, 2, 4q.

Recently, Sun in [8] gave another generalization of the Gauss’ triangular
theorem. He noticed that since tTx : x P NYt0uu “ tTx : x P Zu “ txp2x`1q :
x P Zu, Gauss’ triangular theorem implies that the equation xp2x`1q`yp2y`
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1q` zp2z` 1q “ n has an integer solution x, y, z for any nonnegative integer n.
Inspired by this motivation, he defined in [8] that for positive integers a ď b ď c,
a ternary sum Φa,b,cpx, y, zq “ xpax` 1q ` ypby ` 1q ` zpcz ` 1q is universal if
the equation

xpax` 1q ` ypby ` 1q ` zpcz ` 1q “ n

has an integer solution for any nonnegative integer n. He showed that if
Φa,b,cpx, y, zq is universal, then pa, b, cq is one of the following 17 triples:

p1, 1, 2q, p1, 2, 2q, p1, 2, 3q, p1, 2, 4q, p1, 2, 5q, p2, 2, 2q,
p2, 2, 3q, p2, 2, 4q, p2, 2, 5q, p2, 2, 6q, p2, 3, 3q, p2, 3, 4q,
p2, 3, 5q, p2, 3, 7q, p2, 3, 8q, p2, 3, 9q, p2, 3, 10q

and proved the universalities of some candidates. In fact, the universality of
each ternary sum was proved except the following 6 triples:

(1.1) (2,2,6), (2,3,5), (2,3,7), p2, 3, 8q, p2, 3, 9q, p2, 3, 10q.

He also conjectured that for each of these six triples, Φa,b,cpx, y, zq is universal.
In this article, we prove that if pa, b, cq is one of the triples written in boldface

in the above candidates, then Φa,b,cpx, y, zq is, in fact, universal. To prove the
universality, we use the method developed in [5]. We briefly review this method
in Section 2 for those who are unfamiliar with it.

Let f be a positive definite integral ternary quadratic form. A symmetric
matrix corresponding to f is denoted by Mf . For a diagonal form fpx, y, zq “
a1x

2`a2y
2`a3z

2, we simply write Mf “ xa1, a2, a3y. The genus of f is the set
of equivalence classes of all integral quadratic forms that are locally isometric
to f , which is denoted by genpfq. The number of isometry classes in genpfq is
called the class number of f . For the computations of class numbers of positive
definite ternary quadratic forms, one may use the computer program MAGMA
[3]. The set of all integers that are represented by the genus of f (f itself,
respectively) is denoted by Qpgenpfqq (Qpfq, respectively). For an integer a,
we define

Rpa, fq “ tpx, y, zq P Z3 : fpx, y, zq “ au and rpa, fq “ |Rpa, fq|.

For a set S, we define ˘S “ ts : s P S or ´s P Su. For two v “ pv1, v2, v3q, v
1 “

pv11, v
1
2, v

1
3q P Z3 and a positive integer s, we write v ” v1 pmod sq if vi ” v1i

pmod sq for any i P t1, 2, 3u.
Any unexplained notation and terminology can be found in [2] or [7].

2. General tools

Let a ď b ď c be positive integers. Recall that a ternary sum

Φa,b,cpx, y, zq “ xpax` 1q ` ypby ` 1q ` zpcz ` 1q

is said to be universal if the equation Φa,b,cpx, y, zq “ n has an integer solution
for any nonnegative integer n. It can be directly checked that Φa,b,cpx, y, zq is
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universal if and only if the equation

bcp2ax` 1q2 ` acp2by ` 1q2 ` abp2cz ` 1q2 “ 4abcn` bc` ac` ab “: Ψa,b,cpnq

has an integer solution for any nonnegative integer n. This is equivalent to the
existence of an integer solution X,Y and Z of the diophantine equation

bcX2 ` acY 2 ` abZ2 “ Ψa,b,cpnq

satisfying the following congruence condition

X ” 1 pmod 2aq, Y ” 1 pmod 2bq and Z ” 1 pmod 2cq.

In some particular cases, representations of quadratic forms with some con-
gruence condition correspond to representations of a subform which is suitably
taken (for details, see [1]).

For the representation of an arithmetic progression by a ternary quadratic
form, we use the method developed in [1], [4] and [5]. We briefly introduce this
method for those who are unfamiliar with it.

Let d be a positive integer and let a be a nonnegative integer pa ď dq. We
define

Sd,a “ tdn` a | n P NY t0uu.
For integral ternary quadratic forms f, g, we define

Rpg, d, aq “ tv P pZ{dZq3 | vMgv
t ” a pmod dqu

and

Rpf, g, dq “ tT PM3pZq | T tMfT “ d2Mgu.

A coset (or, a vector in the coset) v P Rpg, d, aq is said to be good with respect
to f, g, d and a if there is a T P Rpf, g, dq such that 1

d ¨ vT
t P Z3. The set

of all good vectors in Rpg, d, aq is denoted by Rf pg, d, aq. Every vector in
Rpg, d, aqzRf pg, d, aq is said to be bad. If there does not exist a bad vector, we
write g ăd,a f . If g ăd,a f , then by Lemma 2.2 of [4], we have

Sd,a XQpgq Ă Qpfq.

Note that the converse is not true in general.
In general, if d is large, then it is not easy to compute the set

Rpg, d, aqzRf pg, d, aq

of bad vectors exactly by hand. A MAPLE based computer program for this
set is available upon request to the authors.

Theorem 2.1. Under the same notation given above, assume that there is a

partition Rpg, d, aqzRf pg, d, aq “ pP1 Y ¨ ¨ ¨ Y Pkq Y p rP1 Y ¨ ¨ ¨ Y rPk1q satisfying
the following properties: for each Pi, there is a Ti PM3pZq such that

(i) Ti has an infinite order;
(ii) T t

iMgTi “ d2Mg;
(iii) for any vector v P Z3 such that v pmod dq P Pi,

1
d ¨ vT

t
i P Z3 and 1

d ¨ vT
t
i

pmod dq P Pi YRf pg, d, aq,
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and for each rPj, there is a rTj PM3pZq such that

(iv) rT t
jMg

rTj “ d2Mg;

(v) for any vector v P Z3 such that v pmod dq P rPj, 1
d ¨v

rT t
j P Z3 and 1

d ¨v
rT t
j

pmod dq P P1 Y ¨ ¨ ¨ Y Pk YRf pg, d, aq.

Then we have

pSd,a XQpgqqz
k
ď

i“1

gpziqS Ă Qpfq,

where the vector zi is a primitive eigenvector of Ti, S is the set of squares of
integers, and gpziqS “ tgpziqn2 | n P Zu.

Proof. See Theorem 2.3 in [1]. �

3. Universality of xpax ` 1q ` ypby ` 1q ` zpcz ` 1q

In this section, we prove that if pa, b, cq “ p2, 2, 6q, p2, 3, 5q or p2, 3, 7q, then
Φa,b,cpx, y, zq is universal. For the list of all candidates, see (1.1) in the intro-
duction.

Lemma 3.1. For any positive integer n, there are integers a, b and c such that
a2 ` 3b2 ` 3c2 “ 24n` 7 and a ” b ” c pmod 4q, whereas

a ı b pmod 8q or a ı c pmod 8q.

Proof. Since the class number of fpx, y, zq “ x2 ` 3px ´ 4yq2 ` 3px ´ 4zq2 is
one and S24,7 Ă Qpgenpfqq (for details, see [6]), there is an integer solution
x2 ` 3y2 ` 3z2 “ 24n` 7 with x ” y ” z pmod 4q for any nonnegative integer
n. If we define gpx, y, zq “ x2` 3px´ 8yq2` 3px´ 8zq2, then it suffices to show
that for any positive integer n,

rp24n` 7, fq ´ rp24n` 7, gq ą 0.

Note that the genus of g consists of

Mg“

¨

˝

7 ´1 3
´1 55 27
3 27 111

˛

‚, M2“

¨

˝

15 6 3
6 28 14
3 14 103

˛

‚ and M3“

¨

˝

28 10 2
10 31 ´13
2 ´13 55

˛

‚.

Furthermore, since f is isometric to g over Zp for any odd prime p, one may
easily show by using the Minkowski-Siegel formula that

rp24n` 7, fq “ rp24n` 7, genpfqq “ 4rp24n` 7, genpgqq,

where

rp24n` 7, genpgqq “
1

4
rp24n` 7, gq `

1

4
rp24n` 7,M2q `

1

2
rp24n` 7,M3q.

Therefore we have

rp24n` 7, fq ´ rp24n` 7, gq “ rp24n` 7,M2q ` 2rp24n` 7,M3q.

Hence it suffices to show that every integer of the form 24n ` 7 that is repre-
sented by g is also represented by M2 or M3.
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Note that

Rpg, 8, 7q “ tpa, b, cq P pZ{8Zq3 | a ” 1 pmod 2qu.

In fact, one may use the computer program MAPLE to show that the set
RpM3, g, 8q consists of 208 matrices and in particular, it contains the following
6 matrices:

¨

˝

4 20 8
0 ´16 16
0 ´8 0

˛

‚,

¨

˝

4 8 20
0 16 ´16
0 0 ´8

˛

‚,

¨

˝

4 10 20
0 8 ´16
0 12 ´8

˛

‚,

¨

˝

4 20 10
0 ´16 8
0 ´8 12

˛

‚,

¨

˝

4 13 10
0 4 8
0 ´10 12

˛

‚,

¨

˝

4 10 13
0 8 4
0 12 ´10

˛

‚.

One may easily show that for any pa, b, cq P Rpg, 8, 7q, if pa, b, cq ‰ ˘p1, 0, 0q,
˘p3, 0, 0q, then there is a matrix, say T , among the above six matrices such
that

1

8
¨ pa, b, cqT t P Z3.

As a sample, for p1, 1, 0q P Rpg, 8, 7q, one may easily show that

1

8
¨ p1, 1, 0q ¨

¨

˝

4 20 8
0 ´16 16
0 ´8 0

˛

‚

t

“ p3,´2,´1q.

Note that if pa1, b1, c1q “ ˘p1, 0, 0q or ˘ p3, 0, 0q, then 1
8 ¨ pa

1, b1, c1qSt is not an
integer vector for any S P RpM3, g, 8q. Therefore we have

Rpg, 8, 7qzRM3
pg, 8, 7q “ t˘p1, 0, 0q,˘p3, 0, 0qu.

Let P1 “ Rpg, 8, 7qzRM3pg, 8, 7q and T1 “

´

8 ´4 0
0 ´2 ´12
0 6 4

¯

. Since P1 and T1 sat-

isfy all conditions in Theorem 2.1, and the eigenvector of T1 is p1, 0, 0q and
gp1, 0, 0q “ 7,

pS24,7 XQpgqqz7S Ă QpM3q.

Assume that 24n ` 7 “ 7t2 for some positive integer t. Then t has a prime
divisor p greater than 3. Since M2,M3 P spnpMgq, and Mg represents 7,
following Lemma 2.4 of [1], 7t2 is represented by M2 or by M3. Therefore we
have rp24n ` 7,M2q ` 2rp24n ` 7,M3q ą 0 for any positive integer n, which
completes the proof. �

Theorem 3.2. The ternary sum xp2x`1q`yp2y`1q` zp6z`1q is universal.

Proof. As explained at the beginning of Section 2, it suffices to show that for
any positive integer n,

3p4x` 1q2 ` 3p4y ` 1q2 ` p12z ` 1q2 “ 24n` 7
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has an integer solution x, y, z. By Lemma 3.1, there are integers a, b, c such
that

a2 ` 3b2 ` 3c2 “ 24n` 7, a ” b ” c pmod 4q and a ı b pmod 8q

for any positive integer n. By changing signs suitably, we may assume that
a ” b ” c ” 1 pmod 4q. If a ” 1 pmod 3q, then everything is trivial. Assume
that a ” 2 pmod 3q. In this case, note that

ˆ

a´ 3b

2

˙2

` 3

ˆ

a` b

2

˙2

` 3c2 “ a2 ` 3b2 ` 3c2 “ 24n` 7

and
a´ 3b

2
” 1 pmod 3q and

a´ 3b

2
” 1 pmod 4q.

The theorem follows directly from this. �

Theorem 3.3. The ternary sum xp2x`1q`yp3y`1q` zp5z`1q is universal.

Proof. As explained at the beginning of Section 2, it suffices to show that the
diophantine equation

(3.1) 15p4x` 1q2 ` 10p6y ` 1q2 ` 6p10z ` 1q2 “ 120n` 31

has an integer solution x, y, z for any nonnegative integer n. Firstly, assume
that

fpx, y, zq “ 6x2 ` 10p2y ` zq2 ` 15z2 “ 120n` 31

has an integer solution px, y, zq “ pa, b, cq for any nonnegative integer n. Since
c ” 1 pmod 2q, we have 10p2b ` cq2 ` 15c2 ” 1 pmod 8q. Hence a should be
odd. Furthermore, since 6a2 ” 1 pmod 5q, a ” ˘1 pmod 5q. Therefore either
a or ´a is congruent to 1 modulo 10. By using a similar argument used above,
we can also prove that either 2b` c or ´2b´ c is congruent to 1 modulo 6, and
either c or ´c is congruent to 1 modulo 4. Therefore if fpx, y, zq “ 120n` 31
has an integer solution, so is Equation (3.1).

Note that the genus of f consists of

Mf “ x6y K

ˆ

25 5
5 25

˙

, M2 “ x1, 30, 120y and M3 “ x10, 15, 24y.

Note also that S120,31 Ă Qpgenpfqq (for details, see [6]). Since every integer that
is locally represented by f is represented by a quadratic form in the genus of f ,
it suffices to show that every integer of the form 40n ` 31 that is represented
by either M2 or M3 is represented by f .

By a direct computation, one may easily show that M3 ă40,31 M2. Hence it
suffices to show that every integer of the form 40n` 31 that is represented by
M2 is also represented by f .
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Note that RpM2, 40, 31qzRf pM2, 40, 31q consists of the followings:

˘p1,˘7, 10q, ˘p1,˘7, 30q, ˘p1,˘13, 0q, ˘p1,˘13, 20q,
˘p9,˘3, 0q, ˘p9,˘3, 20q, ˘p9,˘17, 10q, ˘p9,˘17, 30q,
˘p11,˘3, 10q, ˘p11,˘3, 30q, ˘p11,˘17, 0q, ˘p11,˘17, 20q,
˘p19,˘7, 0q, ˘p19,˘7, 20q, ˘p19,˘13, 10q, ˘p19,˘13, 30q.

Now, we define a partition of RpM2, 40, 31qzRf pM2, 40, 31q as follows:

P1 “ tpm1,m2,m3q | 2m1 `m2 ´m3 ” 0 pmod 5qu,
rP1 “ tpm1,m2,m3q | 3m1 `m2 ´m3 ” 0 pmod 5qu,

and we also define

T1 “

¨

˝

´20 ´180 120
´6 22 12
´1 ´3 ´38

˛

‚, rT1 “

¨

˝

´20 180 ´120
´6 ´22 ´12
´1 3 38

˛

‚.

Then one may easily show that it satisfies all conditions in Theorem 2.1. Note
that the eigenvector of T1 is p´3, 1, 0q and 120n` 31 is not of the form 39t2 for
any positive integer t. Therefore for any nonnegative integer n, the equation
fpx, y, zq “ 120n` 31 has an integer solution. This completes the proof. �

Theorem 3.4. The ternary sum xp2x`1q`yp3y`1q` zp7z`1q is universal.

Proof. As explained at the beginning of Section 2, it suffices to show that the
diophantine equation

(3.2) 21p4x` 1q2 ` 14p6y ` 1q2 ` 6p14z ` 1q2 “ 168n` 41

has an integer solution x, y, z for any nonnegative integer n. Assume that

fpx, y, zq “ 6x2 ` 14y2 ` 21z2 “ 168n` 41

has an integer solution px, y, zq “ pa, b, cq for any nonnegative integer n. Then
one may easily show that a ” b ” c ” 1 pmod 2q, b ı 0 pmod 3q and a ” ˘1
pmod 7q. Therefore if fpx, y, zq “ 168n ` 41 has an integer solution, so is
Equation (3.2).

Note that the genus of f consists of

Mf “ x6, 14, 21y, M2 “

¨

˝

5 1 2
1 17 ´8
2 ´8 26

˛

‚, and M3 “ x3, 14, 42y.

Note also that S168,41 Ă Qpgenpfqq (for details, see [6]). One may easily show
by a direct computation that M3 ă21,20 M2. Hence it suffices to show that
every integer of the form 21n`20 that is represented by M2 is also represented
by f .

One may show by a direct computation that the set

RpM2, 21, 20qzRf pM2, 21, 20q
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consists of 52 vectors, which is the union of the following sets:

P1 “ ˘tp0, 0, 2q, p0, 0, 5qu, P2 “ ˘tp0, 4, 0q, p0, 10, 0qu,
P3 “ ˘tp3, 2, 0q, p3, 16, 0qu, P4 “ ˘tp2, 0, 0q, p5, 0, 0qu,

rP1 “ ˘tp6, 9, 10q, p6, 9, 17qu, rP2 “ ˘tp2, 19, 19q, p5, 16, 16qu,
rP3 “ ˘tp2, 13, 4q, p5, 1, 10qu, rP4 “ ˘tp2, 1, 10q, p5, 13, 4qu,
rP5 “ ˘tp3, 7, 12q, p3, 14, 12qu, rP6 “ ˘tp6, 5, 12q, p6, 19, 12qu,
rP7 “ ˘tp3, 0, 5q, p3, 0, 19qu, rP8 “ ˘tp1, 2, 2q, p8, 16, 16qu,
rP9 “ ˘tp9, 9, 10q, p9, 9, 17qu.

We also define

T1 “

¨

˝

´13 ´24 ´21
´6 ´3 21
4 ´12 21

˛

‚, T2 “

¨

˝

´3 ´40 16
6 3 24
´6 4 11

˛

‚, T3 “

¨

˝

´9 30 ´39
12 9 3
6 ´6 ´9

˛

‚,

T4 “

¨

˝

´1 36 0
´12 ´9 0
´2 ´12 21

˛

‚, T5 “

¨

˝

´9 0 ´45
4 ´21 13
10 0 1

˛

‚, T6 “

¨

˝

´1 ´30 ´15
6 ´9 27
10 6 3

˛

‚,

T7 “

¨

˝

´9 24 12
4 15 ´24
10 6 3

˛

‚, T8 “

¨

˝

´3 36 ´3
6 ´9 27
´6 ´12 15

˛

‚, T9 “

¨

˝

´21 0 ´21
0 7 21
0 ´14 21

˛

‚.

Note that for any i “ 1, 2, . . . , 9,

T t
iM2Ti “ 212M2 and p212 ¨ T´1

i qtM2p212 ¨ T´1
i q “ 212 ¨M2.

Let G “ Rf pM2, 21, 20q, which is the set of good vectors. For any i, let Qi be

the set Pk or rPs for some k or s. Let U (and V ) be an integral matrix Tk1 or
212T´1

s1 for some k1 or s1. For any vector v P Z3 such that v pmod 21q P Q1, if

1

21
¨ vU t P Z3 and

1

21
¨ vU t pmod 21q P GYQj1 Y ¨ ¨ ¨ YQjk ,

then we write

Q1
U
ÝÑ GYQj1 Y ¨ ¨ ¨ YQjk .

We also use the notation

Q1
U
ÝÑ GYQ2 YB

V
ÝÑ GYQj1 Y ¨ ¨ ¨ YQjk ,

if for any vector v P Z3 such that v pmod 21q P Q1, 1
21 ¨ vU

t P Z3 and either
1
21 ¨ vU

t pmod 21q P GYQ2 or

1

21

ˆ

1

21
¨ vU t

˙

V t P Z3 and
1

21

ˆ

1

21
¨ vU t

˙

V t P GYQj1 Y ¨ ¨ ¨ YQjk .

Here B stands for the set of vectors of the form 1
21 ¨ vU

t pmod 21q that are not
contained in GYQ2.
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Now, one may show by direct computations that

P1
T1
ÝÑ GYB

T2
ÝÑ GY rP2, rP2

T3
ÝÑ GYB

T4
ÝÑ GY P1,

P2
T5
ÝÑ GY P2 YB

T6
ÝÑ G, P4

T9
ÝÑ GY P4,

rP1
T1
ÝÑ GYB

T2
ÝÑ G, rP3

212T´1
1

ÝÝÝÝÝÑ GY P1 Y rP1,

rP4
212T´1

2
ÝÝÝÝÝÑ GY rP2 Y rP3, rP5

T5
ÝÑ GY P2 YB

T6
ÝÑ G,

P3
T7
ÝÑ GY rP3 YB

T8
ÝÑ GY P3 Y rP5, rP6

212T´1
5

ÝÝÝÝÝÑ GY P2 Y rP5,

rP7
212T´1

8
ÝÝÝÝÝÑ GY P3 Y rP6, rP8

212T´1
9

ÝÝÝÝÝÑ GY rP7,

rP9
212T´1

8
ÝÝÝÝÝÑ GY P3 Y rP6.

As a sample of the above computations, assume that v “ p21x, 21y, 21z ` 2q
for some integers x, y, z. Note that v pmod 21q P P1 and

w “
1

21
¨ vT t

1 “ p´13x´ 24y´ 21z´ 2,´6x´ 3y` 21z` 2, 4x´ 12y` 21z` 2q.

For any integers x, y, z, the vector w pmod 21q is contained in G or

w pmod 21q “ p16, 20, 11q or w pmod 21q “ p19, 2, 2q.

If w pmod 21q “ p16, 20, 11q, then there are some integers a, b such that px, y, zq
“ p18 ` 3a, a, bq. Hence w “ p´236 ´ 63a ´ 21b,´106 ´ 21a ` 21b, 74 ` 21bq.
Now, one may show by a direct computation that

1

21
¨ wT t

2 pmod 21q P G or
1

21
¨ wT t

2 pmod 21q “ p19, 2, 2q P rP2.

If w pmod 21q “ p19, 2, 2q, then there are some integers c, d such that px, y, zq “
p3c, c, dq. Hence w “ p´63c´ 21d´ 2,´21c` 21d` 2, 21d` 2q. Now, one may
show by a direct computation that

1

21
¨ wT t

2 pmod 21q P G or
1

21
¨ wT t

2 pmod 21q “ p19, 2, 2q P rP2.

Now, from the above, one may easily show that

(i) every vector in RpM2, 21, 20qzRf pM2, 21, 20q is transformed to a vector
in either P1, P2, P3, P4 or G;

(ii) every vector in P1 is transformed to a good vector or eventually is
transformed to a vector in P1 via T4T3T2T1. For example, if x P P1,
then xT1

t
P G Y B. If xT1

t is not a good vector, then xT1
tT2

t is a
good vector or xT1

tT2
t
P P̃2. If xT1

tT2
tT3

t is not a good vector, then
xT1

tT2
tT3

tT4
t is a good vector or xT1

tT2
tT3

tT4
t
P P1;

(iii) every vector in P2 is transformed to a good vector or eventually is
transformed to a vector in P2 via T5;

(iv) every vector in P3 is transformed to a good vector or eventually is
transformed to a vector in P3 via T8T7;

(v) every vector in P4 is transformed to a good vector or eventually is
transformed to a vector in P4 via T9.
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Note that the order of each T4T3T2T1, T5, T8T7 and T9 is infinite. Therefore,
though the situation is slightly different from Theorem 2.1, we may still apply
it to this case. The primitive integral eigenvectors of these four matrices are
p0, 0, 1q, p0, 1, 0q, p3, 2, 0q and p1, 0, 0q, respectively. Therefore if 168n`41 is not
of the form 17t2 for some positive integer t, then 168n`41 is represented by f .
Assume that 168n` 41 “ 17t2 for some positive integer t. Then t has a prime
divisor relatively prime to 2 ¨3 ¨7. Since M2,M3 P spnpfq, and both M2 and M3

represent 17, f represents 17t2 by Lemma 2.4 of [1]. Therefore the equation
fpx, y, zq “ 168n ` 41 has an integer solution for any nonnegative integer n.
This completes the proof. �

Remark 3.5. The ternary sum Φ2,3,8px, y, zq is universal if and only if for any
positive integer n, 12x2 ` 8y2 ` 3z2 “ 96n ` 23 has an integer solution such
that x ” 1 pmod 4q, y ” 1 pmod 6q and z ” 1 pmod 16q. Since the class
number of x3, 8, 12y is one, one may easily show that the above equation has
always an integer solution px, y, zq “ pa, b, cq. Since a (c, respectively) is odd,
either a (c, respectively) or ´a (´c, respectively) is congruent to 1 modulo 4.
Now, by changing the sign of both a and c, if necessary, we may assume that
a ” c ” 1 pmod 4q. Note that b is not divisible by 3. If b is odd, then one
may easily show that c is congruent to 1 modulo 16 by comparing both sides
modulo 32. Hence if b is odd, then the ternary sum Φ2,3,8px, y, zq is universal.
Therefore, to prove the universality of Φ2,3,8px, y, zq, it suffices to show that
either 12x2 ` 8pz ´ 2yq2 ` 3z2 or 12x2 ` 8px ´ 2yq2 ` 3z2 represents every
integer of the form 96n ` 23. Similarly, one may also show that Φ2,3,9px, y, zq
is universal if and only if for any positive integer n, 9x2` 6y2` 2z2 “ 72n` 17
has an integer solution such that y ” z ” 1 pmod 2q, which is equivalent to
the condition that either 2x2 ` 15y2 ` 6yz ` 15z2 or 6x2 ` 8y2 ` 8yz ` 11z2

represents every integer of the form 72n` 17.
For both cases, there are many bad vectors which cannot be transformed

to the set of good vectors by an (rational) isometry with infinite order in any
possible parameters of Theorem 2.1. So, it seems to be quite difficult to apply
the theorem in each situation.

Finally, the ternary sum Φ2,3,10px, y, zq is universal if and only if for any
positive integer n, 15x2 ` 10y2 ` 3z2 “ 120n` 28 has an integer solution such
that x ” 1 pmod 4q, y ” 1 pmod 6q and z ” 1 pmod 20q. In this case, one
may easily show that there is an integer solution px, y, zq “ pa, b, cq such that
a ” b ” c ” 1 pmod 2q. Hence c ” 1, 9, 11 or 19 pmod 20q. To prove the
universality, we have to show that there is an integer solution such that c ” ˘1
pmod 20q, which seems to be difficult.
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