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ABSTRACT. The first Zagreb eccentricity index F1(G) of a graph G is defined as the
sum of squares of the eccentricities of the vertices. In this paper some bounds for the first
Zagreb eccentricity index and first Zagreb degree eccentricity index are computed. —

1. Introduction

A systematic study of topological indices is one of the most striking aspects in
many branches of mathematics with its applications and various other fields of sci-
ence and technology. A topological index is a numeric quantity from the structural
graph of a molecule. According to the IUPAC definition,[15] a topological index
(or molecular structure descriptor) is a numerical value associated with chemical
constitution for correlation of chemical structure with various physical properties,
chemical reactivity or biological activity.

All the graphs G = (V, E) considered in this paper are simple, undirected and
connected graphs. The number of vertices of G is denoted by n and the number
of edges is denoted by m, thus |V(G)| = n and |E(G)| = m. For any vertices
u,v € V(G), the distance d(u,v) is defined as the length of any shortest path
connecting v and v in G. For any vertex v; in G, the degree (d; or d(v;)) of v; is
the number of edges incident with v; in G. Especially, A = A(G) and § = §(G)
are called the maximum and minimum degree of G, respectively. The eccentricity
(e; or e(v;)) of v; is the largest distance between v; and any other vertex of G.
The radius r = r(G) is the minimum eccentricity among the vertices of G. The
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diameter d = d(G) is the maximum eccentricity among the vertices of G. Also the
second maximum eccentricity is written as da. A graph G is equi-eccentric if the
eccentricity of every vertex is same [9].

The Zagreb indices were introduced by Gutman and Trinajstié in 1972 [8]. The
main properties of M;(G) and M>(G) were summarized in [12]. The first Zagreb

index M;(G) of G is defined as M;(G) = Y. d?. The second Zagreb index
v, EV(G)
M>(G) of G is defined as M>(G) = > did;.
v;v; €EE(G)

The invariants based on vertex eccentricities attracted some attention in Chem-
istry. In an analogy with the first and the second Zagreb indices, M. Ghorbani et
al. and D. Vukicevié et al. introduced the Zagreb eccentricity indices [7, 14]. The
first Zagreb eccentricity index (E7) of a graph G is defined as F1(G) = > €.

i
v, €V (G)

The Zagreb degree eccentricity indices are introduced in [13]. First Zagreb

degree eccentricity index (DE;) of a graph G is defined as DE; = 5. (e; +d;)?.
Vi GV(G)
The total eccentricity index of G is defined as ((G) = > e;. Fathalikhani
’L),;GV(G)

et al. [6] have studied total eccentricity of some graph operations. Nilanjan De et
al. [4] have studied total eccentricity index of the Generalized Hierarchical Product
of Graphs.

In this paper we obtain some bounds for the first Zagreb eccentricity index and
first Zagreb degree eccentricity index.

2. Main Results

Theorem 2.1.([1]) Suppose a; and b; 1 < i <n are positive real numbers, then

(2.1) nY aibi—Y a; Y bi| < a(n)(A—Db)(B—b)
i=1 i=1 i=1

where a,b, A and B are real constants, that for each i, 1 <i<n, a<a; <A and
b < b; < B. Further, a(n) = n[2](1—2[27), where [z] largest integer greater than
or equal to x.

We can see the appearance of Theorem 2.1, in [10].

Theorem 2.2. Let G be a nontrivial graph of order n, then

a(n)(d—r)* + [((G)]*

E|(G) < -

Further, equality holds if and only if G is a equi-eccentric graph.

Proof. Let ay,as,...,a, and by,bs,...,b, be real numbers for which there exist
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real constants a,b, A and B, so that for each 7, i = 1,2,...,n, a < a; < A and
b < b; < B. Then by Theorem 2.1, the following inequality is valid

(2.2) nZaibi - Zai Zbi <a(n)(A->b)(B-1)

i=1 =1 =1
where a(n) = n[2](1 — £[2]). Equality holds if and only if a1 = az = -+ = a,
andblibgi"':bn

We choose a; = ¢; =b;, A=d = B and a = r = b, inequality (2.2) becomes

n 2
nZe? - (Z ei> <a(n)(d-r)d-r1)

nEL(G) < a(n)(d - )2 + [C(G)]?
a(n)(d = )? + [

S

Ei(G) <
1(G) < p
Since equality in (2.2) holds if and only if a1 = a3 = --- = a, and by = by = - -+ = by,
it follows that for each vertex of a graph G has same eccentricity, equality of the
theorem holds if and only if equi-eccentric graph. a
n?(d —r)? + 4[¢(G))?
Corollary 2.3. E;(G) < ( ) (@) .
an
2
n
Proof. Since a(n) < e the proof follows by above theorem. O

Theorem 2.4. Let G be a nontrivial graph of order n, then
Ei(G) < (r+d)¢(G) — rdn.

Equality holds if and only if G is equi-eccentric graph.

Proof. Let aq,as,...,a, and b1,bs,...,b, be real numbers for which there exist
real constants ¢ and T, such that, ta; < b; < Ta; for each 7, 1 < i < n. Then the
following inequality is valid (see [5])

(2.3) ib? +tT§n:a§ < (t+T)iaibi
1=1 =1 =1

Equality of (2.3) holds if and only if ta; = b; = Ta; for at least one i, 1 <i<mn
We choose b; = ¢;, a; =1, t =r and T = d in inequality (2.3) then

zn:e?—l—rdzn:lg (r—i—d)Zei
i=1 i=1

i=1
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If ta; = b; = Ta; for some i, then b; = t = T. Therefore equality holds if and only
if r = d, that is G is a equi-eccentric graph. a

Theorem 2.5. Let G be a nontrivial graph of order n and size m, then

a(n)(d+ A —r—06)* + [((G) + 2m]*

DE\(G) <
n
Proof. Let ay,as,...,a, and by,bs,...,b, be real numbers for which there exist
real constants a,b, A and B, so that for each 7, i = 1,2,...,n, a < a; < A and

b < b; < B. Then by Theorem 2.1, the following inequality is valid

n n n
n E aibi— E a; E bz
i=1 i=1 i=1

Equality holds if and only if a1 =as =+ =a, and by =by =--- = b,.
We choose a; = ¢; +d; =b;, A=d+ A =B and a = r + 0 = b, inequality (2.4)
becomes

(2.4) < a(n)(A—-">b)(B-Db)

2

n n

ny (ei+di)®— | > (ei+di)| <am)(d+A—r—08)(d+A—r—0)
i=1 i=1
n n 2
nDE|(G) <a(m)(d+A—r -0+ | ) e+ Zdil
i=1 i=1
nDE(G) < a(n)(d+ A —r —8§)* + [((G) +2m]?
_r_38)2 2
DEL(G) < am)(d+A—r 2) + [¢(G) + 2m] .
Since equality in 2.4 holds if and only if a; = as =--- =a, and by = by = -+ = by,
the equality of the theorem holds if and only if e; 4+ d; is same for all the vertices of
G. O
2d+ A —r—6)2+4[¢(G) + 2m)?
Corollary 2.6. DE;(G) < (d+A—r in+ [C(G) + 2m]”
Proof. Since a(n) < ”72, the proof follows by above theorem. O

Theorem 2.7. Let G be a nontrivial graph of order n and size m, then

DE(G) < (d+ A+ 7+ 8)[C(G) +2m] — (r+6)(d + A)n.

Proof. Let ay,as,...,a, and by,bs,...,b, be real numbers for which there exist
real constants ¢ and T, so that for each i, i =1,2,...,n, ta; < b; < Ta;. Then the
following inequality is valid (see [5])

(2.5) ibf +tTiaf < (t+T)ia¢bi
=1 =1 1

1=
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Equality of (2.5) holds if and only if, ta; = b; = Ta; for at least one i, 1 <i<mn
We choose b; =¢; +d;, a;, =1, t =r+ 9 and T = d + A in inequality (2.5), then

n

Sleitd)?+(r+0)(d+A)Y 1< (r+5+d+A)Y (ei+ds)
i=1 i=1 =1

DE(G)+ (r+8)(d+An < (r+6+d+A)C

.

G) + 2m)]
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(
DE(G) < (r+6+d+ A)[¢(G) +2m] — (r +6)(d + A)n.

If ta; = b; = Ta; for some i, then t = b; = T. Therefore equality holds if and only
ifr+d6 =e¢ +d; =d+ A for some i. i.e., r = e; =d and § = d; = A for some
i. Therefore equality of the theorem holds if and only if e; 4+ d; is same for all the

vertices of G. m]
Lemma 2.8.([2]) For positive real numbers ay,as,...,ay
A% > BT,
where
2
A= m(alaz +araz + -+ ara, +agaz + - + ag_1ax),
1

B = E(alaa CeeQp—1+ Q103 - - Ap—20)k + -+ G203 - - Ap_10k).
Equality holds if and only if a1 = as = -+ = ay.
The Lagrange identity is as follows.

Lemma 2.9.([11]) Let (a) = (a1,az,...,ax), (b) = (b1,bs,...,bx) be two real
k—tuples. Then

k 2
Zabef (Zaz Z) = Z (aibj—ajbi)Q.

1<i<j<k

Theorem 2.10. Let G be a nontrivial graph of order n and size m, then

(2.6)

(i) E1(G) > d2+[C(G) - d]2+2(n -2)

(n—1) (n—1)2

with equality if and only if G is a star,

(dy—r)?

(2.7)

(i) E1(G) < 2d°4+¢*(G)—2d¢(G)—(n—1)(n—2) ﬁ H‘fj [( j) _ Cll]
j=1 i=1
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with equality if and only if G is a star.

Proof. (i) lf weset k=n—1,a; =e€;41,b; =1,1=1,2,...,k in Lemma 2.9 then
we get

e0Y - (Ta) - T e
i=2 i=2 2<i<j<n

If e; > €5, 7 < j then e; = d and hence

(28) (”—UWNQ—dﬂ=KKﬁ—ﬂ”+K§;(@—qy

Now, -
2<§< le; —ej] = (n—2)ep — zn;ei + 3<‘<z; l[e,» —ej] + 7261' ~ (n—3)en
o :W—m@—;ﬂ+<§éfrmﬂ _

(2.9) > (n—2)(dy — 7). e

By power-mean inequality [3], we have

1
(ei —e;)*) 2 [ei — ;]
2<i<j<n 2<i<j<n
h-D)n-2 | = (n-Dn-2)
2 2
with equality if and only if
(ei —ej) = (e1 —€em)
for any 2 <14,j,l,m <n, thatises =e3=---=¢€,_1 = €,.
From the above, we get
2
2
(2.10) Yoolei—e)? > ———— | > lei—ey]
2<i<ji<n (n—=1)(n—2) 2<i<j<n
with equality if and only if eg = e3=---=¢,_1 = e,.

Using (2.9), from the above, we get

5. 2(n—2) 2
Z (ei —€;) Zm(dZ—T)
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Using the above result in (2.8), we get (2.6). First part of proof is done.
Now, suppose that the equality holds in (2.6). Then the equality holds in (2.9) and

(2.10). From the equality in (2.9), we get e3 = -+ = e,_1. From the equality in
(2.10), we get eg = e3 =+ =e,_1 = e,. Hence G is a star graph.
Conversely, suppose e = e3 =--- =e,_1 = e, = r. Then we have

CG)=d+ (n—1)r

that is,
(@) —d
(n—1)
Using the above result we get
Ey(G)=d*+ (n—1)r?
o @ —ap
(n—1)
L@ —dP | 2(n-2) 2 _
= -1 + (n—1)2 (de—1)° as da=r
(ii) f weset k=n—1, a; = e;41, t = 1,2,...,k in Lemma 2.8, then we get
n-Dn-2)| 1 & &1
Z eej = 9 nflnejzej
2<i<j<n L j=2 =2
(n—1)(n—2) R d ]
2.11 = . ~ -z
(2.11) 2 <n_1>dj[lfﬂ ;e d
But,
Z (ei 63)2
2<i<j<n
= (1172)2612 -2 Z eie;
=2 2<i<j<n

< (n=2)[B1(G) = d’] = (n—1)(n—2) dILaKEj)—ﬂ

zll

using the above result in (2.8), we get the upper bound in (2.7). First part of the
proof is done.

The equality holds in (2.7) if and only if the equality holds in (2.11), that is,
€a =e3="-+-=ep_1 = ey, by Lemma 2.8. Hence, the equality holds in (2.7) if and
only if G is a star graph. ]
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Conclusion

In this paper we have established some bounds of the first Zagreb eccentricity
index and first Zagreb degree eccentricity index in terms of some graph parameters
such as order, size, maximum and minimum degree, radius, diameter and total
eccentricity index. It may be useful to give the bounds for F;(G), Ex(G), DE;(G)
and DFE5(G) indices in terms of other graph invariants.

Acknowledgements. The first author is thankful to the University Grants Com-
mission, Government of India, for the financial support under the Basic Science
Research Fellowship. UGC vide No.F.25 — 1/2014 — 15(BSR)/7 — 349/2012(BSR),
January 2015.

References
[1] M. Biernacki, H. Pidek and C. Ryll-Nardzewsk, Sur une inégalité entre des intégrales
définies, Ann. Univ. Mariae Curie-Skodowska. Sect. A, 4(1950), 1-4.

[2] P. Biler and A. Witkowski, Problems in Mathematical Analysis, Marcel Dekker, Inc.,
New York, 1990.

[3] P.S.Bullen, D. S. Mitrinovié and P. M. Vasié, Means and their inequalities, Dordrecht:
Reidel, 1988.

[4] N. De, S. M. A. Nayeem and A. Pal, Total eccentricity index of the generalized hier-
archical product of graphs, Int. J. Appl. Comput. Math., 1(2015), 503-511.

[5] J. B. Diaz and F. T. Metcalf, Stronger forms of a class of inequalities of G. Pélya-G.
Szego and L. V. Kantorovich, Bull. Amer. Math. Soc., 69(1963), 415-418.

[6] K. Fathalikhani, H. Faramarzi and H. Yousefi-Azari, Total eccentricity of some graph
operations, Electron. Notes Discrete Math., 45(2014), 125-131.

[7] M. Ghorbani and M. A. Hosseinzadeh, A new version of Zagreb indices, Filomat,
26(2012), 93-100.

[8] I. Gutman and N. Trinajstié, Graph theory and molecular orbitals. Total 7 - electron
energy of alternant hydrocarbons, Chem. Phys. Lett., 17(1972). 535-538.

[9] F. Harary, Graph theory, Addison-Wesley, Reading Mass., 1969.

[10] I. Z. Milovanové, E. 1. Milovanové and A. Zakié, A short note on graph energy,
MATCH Commun. Math. Comput. Chem. 72(2014), 179-182.

[11] D. S. Mitrinovié, Analytic inequalities, Springer-Verlag, Berlin-Heidelberg-New York,
1970.

[12] S. Nikoli¢, G. Kovacevié, A. Milidevié and N. Trinajstié, The Zagreb indices 30 years
after, Croat Chem. Acta, 76(2003), 113-124.

[13] Padmapriya P. and V. Mathad, Zagreb degree eccentricity indices of graphs, Novi Sad
J. Math., accepted.



First Zagreb Eccentricity Index and First Zagreb Degree Eccentricity Index 229

[14] D. Vukicevic and A. Graovac, Note on the comparison of the first and second nor-
malized Zagreb eccentricity indices, Acta Chim. Slov., 57(2010), 524-528.

[15] H. Van de Waterbeemd, R. E. Carter, G. Grassy, H. Kubiny, Y. C. Martin, M. S.
Tutte and P. Willet, Glossary of terms used in computational drug design, Pure Appl.
Chem., 69(1997), 1137-1152.



