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ABSTRACT. We introduce several k—uniformly subclasses of p—valent functions defined
by the generalized fractional differintegral operator and investigate various inclusion re-
lationships for these subclasses. Some interesting applications involving certain classes of
integral operators are also considered.

1. Introduction

Let A, denote the class of functions of the form:

(11) f(Z) :Zp+za"+]3’zn+p (pe N:{lazagv})a
n=1

which are analytic and p—valent in the open unit disk U = {z € C: |z| < 1}. If
f and ¢ are analytic in U, we say that f is subordinate to g, written f < g or
f(z) < g(z), if there exists a Schwarz function w, analytic in U with w(0) = 0
and |w(2)] < 1 (2 € U), such that f(z) = g(w(z)) (¢ € U). In particular, if the
function ¢ is univalent in U, the above subordination is equivalent to f(0) = g(0)
and f(U) C g(U) (see [8] and [9]).

For 0 <v,n <p,k > 0and z € U, we define US}; (k;),UC,, (k;v), UK, (k;7,m)
and UK (k;7,n) the k—uniformly subclasses of A, consisting of all analytic func-
tions which are, respectively, p—valent starlike of order ~, p—valent convex of order
v, p—valent close-to-convex of order =y, and type n and p—valent quasi-convex of
order -, and type 7 as follows:
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(1.2) US: (ki) = {feA,,:é]‘E(ZJ{/((ZZ)) 7> >k

09 wote={ren x5 ) i 5 o]

(1.4)

UKy (k;v,m) = {feflprﬂgeUS; (hn)ﬁ(iég) —7) >k Zf((j) —p‘}7

(1.5) / |

UK, (kiv,n) =< f€A,:3g€UC, (kin), R (Zf,,(z)) v >k M_p
’ e )

These subclasses were introduced and studied by Al-Kharsani [1]. We note that

(i) E]Sf’; (k;y) = US* (k;) and UCY (k;v) = UC (k;7) (0 <y <1) (see [6] and
20]);

) US, (0;7) = S5 (v) (0 <5 <p) (see [12] and [15]);
(iti) UCy (037) = Cp (7) (0 < v < p) (see [12]);
(iv) UKy (0;7,m) = Ky (v,1) (0 < 7,1 < p) (see [2]);

) ) =K, (v,m) (0 <v,m < p) (see [10]).

Corresponding to a conic domain €2, ;. 4 defined by

(1.6) Qp oy = {u+iv:u>k\/(u—p)2+vz+'y},

we define the function g,k (2) which maps U onto the conic domain €, 1 -
such that 1 € Q,, x , as the following (see [1]):

(1.7)
AR A (k=0).
£ Cos{?r(cos_1 k)ilogité}— kff;;’ 0< k<1,
Ipky (2) =
pt 2O (10g 1Y (k=1).
T u(z) 2
B { s 0 St e ).
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where u (z) = 12:\/‘/;;,:5 € (0,1) and ¢ (k) is such that k = cosh 7;%((;)). By virtue of

the properties of the conic domain £, ;. -, we have

kp +~
k+1°

(1.8) Ri{gpk (2)} >

Making use of the principal of subordination between analytic functions and
the definition of g,k - (2), we may rewrite the subclasses US} (k;7), UG, (k;7),
UK, (k;v, ) and UK, (k;~, 8) as the following:

(1.9) Us, (k;vy) = {f cA,: fo((zé) = Qp kY (z)} ,
(1.10) UC, (k) = {f €A1+ m < ok <z>},

(1.11) UK, (k;v,n) = {f EAp:dgelUS, (k;n),zgf(g) = dp,ky (Z)},

’

2f ()
(112) UK, (k;v,m) = f€A,:3g€UC,(k;n), (g'(z)) = p .k (2)

Srivastava et al. [23] introduced the following generalized fractional integral
and generalized fractional derivative operators as follows(see also [16] and [19]):

Definition 1.1.([23]) For real numbers A > 0, 1 and 7, the Saigo hypergeometric
fractional integral operator Ig"’“ " Ap — A, is defined by

z

—A—p z
(113) I&’;’Tlf (Z) = ZF (A) /O (Z - t)/\il 2F1 <>\ + My _77;)‘; 1- i) f (t) dt»

where the function f(z) is analytic in a simply-connected region of the complex
z—plane containing the origin, with the order

f()=0(z) (2= 0;e >max{0,u— A} —1),

and the multiplying of (z — t)/\_l is removed by requiring log (z — t) to be real when
(z—1t)>0.
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Definition 1.2.([23]) Under the hypotheses of Definition 1.1, Saigo hypergeometric
fractional derivative operator JO A, — Ay is defined by

(1.14)
_ z -
F(1£A) £ {Z/\ “ o (2=t
Tl (2) =1 LR (L=MN1—m1l=XN1-4)f(t) dt} (0<A<1),

dz“JOAzHMnf() (n<A<n+1l;neN),

where the multiplying of (z — t)f)‘ is removed as in Definition 1.1.

‘We note that
oM f(2) =D () (A>0) and Jo2Mf(2) =D f(z) (0<A<1),

where D, denotes fractional integral operator and D? denotes fractional derivative
operator studied by Owa [11].

Recently, Goyal and Prajapat [7] (see also [17] and [18]) introduced the gener-
alized fractional differintegral operator SSV’Z“’" A, 2 AplpeNneR u<p+1)
by

F(A+p—p) T(A+p+n—A) Mﬂz
L(14p)L(1+p+n—p) 2 O=A<ntp+1),

(1.15) ot f () =

C(1+p—p) T(1+p+n—2A) “Apem
L(14+p)T(1+p+n—p) 2 . (—o0o <A <0).

It is easily seen from a function f of the form (1.1), we have

Syt (z) = P aFa(L14+pl4p+n—ml+p—pl+p+n—Xz)«f(2)
— (1+p),A+p+n—p)
= p n n+p
z +Z Q+p—p), A+p+n—2N), ntp?
(1.16) (z6[U,peN,,u,nGR,,u<p—|—1;—oo<)\<77-HD—1-1)7

where ¢F (¢ < s+ 1;¢,5 € Ng = NU{0}) is well known generalized hypergeometric

function (see, for details, [13, 22]) and (v),, is the Pochhammer symbol defined, in

terms of Gamma function, by

(v), = Lt n) ! (n=0)

v n = =
I'() viv+1)..(v+n-—1) (neN).

We note that
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and

F'(p+1-2A)
WZ/\DQ\JC(Z)

(o< A<p+1LipeN;zel),

SyMf(z) = QM (2) =

where the extended fractional differintegral operator QQ”’ ) was introduced and
studied by Patel and Mishra [14]. The fractional differential operator QM) with
0 < X < 1 was investigated by Srivastava and Aouf [21]. The operator oM = O
was introduced by Owa and Srivastava [13];

Upon setting

o0

(1+p), A+p+n—p)
GA _ zp+ n Zn+p
b Z (I+p—p), I+p+n—2A),
(1.17) (z€U,p€N,u,nER,u<p+1;—oo<)\<77+p+1),

we define a new function [G) , ()] - by means of the Hadamard product (or
convolution):

2P

(1.18) G (2) % [G;n”()]71:ET:2;ﬁ;(§>—1xZGED.

Tang et al. [24] introduced the linear operator Hp7 , : A, — A, as follows:

(1.19) Y f(2) = [Gh,, ()] % F(2).

For f € A, given by (1.1), then from (1.19), we have

(6+p),T+p—p), 1+p+n—2N)
1.20) HO 2P + " sy 2P
(120) Hypp Z n!'(1+p), A+p+n—p), P

by using (1.20), we get

(121) 2 (HMISF(2)) = (p+n— AV HM ()= (n—A) HMLIF(2)
and
(1.22) 2 (HYE L f(2) = 0+ p) HYTHF (2) = 6HE L (2).

Next, using the operator H;‘g > we introduce the following k—uniformly sub-

classes of p—valent functions forn e Ry p<p+1,—co < A<n+p+1,6 > —p,p€
N,k>0and 0 < y,p<p:

(1.23) USMS (ki) = {f € Ay, - H)S  f(2) € USE (ki) ;2 € U,

p,n, 1 p,n, 1

247
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(1.24) UGS (kiy) ={f € Ap: H)O f(2) €UC, (k;v);2 € U},

YZUR YU

(1.25) UK, (kiv,p) ={f €Ay Hyp  f(2) € UK, (k;7,p);2 € U},

p,n,p 2N
(1.26) UQys, (kiv,p) ={f €A, H)) f(2) € UK} (ki,p);2 € U}.

We also note that

/

zf
(1.27) feusy), (kv) & € uey , (ksv),
and
zf/
(1.28) FEUK)) , (kiv,p) & - €U 2 (ki)
In this paper, we investigate several inclusion properties of the classes U S;‘;g’ L (k;7),
UC’;‘,;‘;’# (k; ), UK;‘,’S,# (k;v,p) and U ;‘;g)# (k;~, p) associated with the operator

H;‘g .- Some applications involving integral operators are also considered.

2. Inclusion Properties Involving the Operator Hpj\);‘f) u

In order to prove the main results, we shall need The following lemmas.

Lemma 2.1.([5]) Let h(z) be conver univalent in U with R{ah(z)+ S} > 0
(o, 8 € C). If p(2) is analytic in U with p(0) = h(0), then

zp (2)

implies
(2.2) p(z) < h(z).

Lemma 2.2.([8]) Let h (z) be convex univalent in U and let w be analytic in U with
R{w (2)} > 0. If p(z) is analytic in U and p (0) = h(0), then

(2.3) p(2)+w(z)2p (2) < h(2)
implies

(2.4) p(z) < h(z).
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Theorem 2.3. Let § (k+1)+kp+~v>0and (n—A) (k+1)+kp+~>0. Then,

(2.5) USpItY (ki) CUSYY , (k) C USHTL? (ki) .
Proof. We first prove that US?;,‘;,‘;l (k;v) C US;‘;,?M (k;v). Let f € US;};S";l (k;7)
and set
z (HM z l
(2.6) p(z) = w (z €eU),
Hpnuf (2)

where the function p(z) is analytic in U with p (0) = p. Using (1.22), (2.5) and
(2.6), we have

’

z (H)\,5+1f (Z)) Zp/ (Z)
2.7 \ o JAT)) L) |
0 Haf ) @+ o+ ko )
Since ¢ (k+ 1) + kp+ v > 0, we see that
(2.8) R{gpr~ (2) +0} >0 (2€0).

Applying Lemma 2.1 to (2.7), it follows that p(z) < g¢pr~ (%), that is, f €

US;))‘,’g,# (k;7y). To prove the right part, let f € US;,";‘;’# (k;y) and consider

2 (H)F (2)
h(z) = M

P, 1

(Z€U>7

where the function h(z) is analytic in U with A (0) = p. Then, by using the
arguments similar to those detailed above, together with (1.21), it follows that
p(2) < @y~ (2), which implies that f € US)+L° (k;v). Therefore, we complete

P,

the proof of Theorem 2.3. a

Theorem 2.4. Let 6 (k+1)+kp+~v>0and (n—N) (k+1)+kp+~v>0. Then,
A0+1 (.. A0 . A+1,0 (1.

(2.9) UCy . (kiy) cUC) , (kiy) CUCT - (ksv) .

Proof. Applying (1.27) and Theorem 2.3, we observe that

A0 . zf A0 :
feucyitt(ky) < ) e USyptt (k)
zf A0 .
— - € USpy . (ki) ((by Theorem 2.3 ),
= feUuc)? (k)

P
and
feucyy, (kv) < % cUSYS (k)
zf A+1,8 )
= e US) 12 (k;y)  ( by Theorem 2.3 ),

= feUC)TL (ki)
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which evidently proves Theorem 2.4. O

Next, by using Lemma 2.2, we obtain the following inclusion relation for the
class UK (k;v,p) .

m
Theorem 2.5. Let § (k+1)+kp+p>0and (n—A)(k+1)+kp+p>0. Then,

AG+1 (g Ao (1., AL (g,
(2.10) UKy (kiy,p) CUK ) (kiy,p) CUKy, 0 (ks p) -

. . A0+ (7. S (T
Proof. We begin by proving that UK, t" (k;v,p) C UKy, (k;v,p). Let f €
UK;‘;,‘;)‘}‘} (k;7,p). Then, from the definition of UK;‘;,;{# (k;~,p), there exists a
function r (z) € US, (k;~) such that

2 (N (z)),

2.11 — Bl - .
( ) r (Z) Ap,k,y (Z)

Choose the function g such that H{,\;gj;lg (2) =7 (). Then, g € US];\;,‘?:Zl (k;~y) and

’

P (H)\,6+1f (Z))

2.12 DL <q 2).
(2.12) My () .k (2)
Now let
2 (HM f (2)
.13 p(o) = e O) oy
Hpnng (2

where p(2) is analytic in U with p(0) = p. Since g € USM*1 (k;~), by Theorem

P
2.3, we know that g € US’;‘;,‘?,H (k;7y). Let

z (Hz/f\ﬁ/tg (2))

(2.14) t(z) = (z€l),
Hpinng (2)
. .. . kp+p
where ¢ (2) is analytic in U with R {¢ (2)} > PR Also, from (2.13), we note that
(2.15) H)Y 2f () = H)S g (2) p(2).

Differentiating both sides of (2.15) with respect to z, we obtain

’

2 (2,21 () (B (=) ,
QUG S I IC)
Hpnug (2) Hpnug (2)

(2.16) t(2)p(2)+2p (2).
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Now using the identity (1.22) and (2.14), we obtain

S(HMF () HAS () (Hz?,ffu f (z)) + NS 2 (2)
it () Honile () (ag(2)) + 0B ()
(Il ) a5 ()
_ Hpiug () Hpiug ()
%’M + )

Hzi\,n ug (2)

_ t(z)p(z)+zp (z) +0p(2)
t(z)+9
_ 2p (2)
kp+p

Since 6 (k+1)+kp+p>0and R{t(2)} > we see that

E+1’
R{t(z)+6}>0 (z€l).

Hence, applying Lemma 2.2, we can show that p(z) < ¢pi~ (2) so that f €

U z;\gu (k; v, p). For the second part, by using the arguments similar to those de-

tailed above with (1:15), we obtain

UK, (k;v,p) CUK)TLY (s, p) .-

P P
Therefore, we complete the proof of Theorem 2.5. O
Theorem 2.6. Let 6 (k+ 1)+ kp+p>0and (n— ) (k+ 1)+ kp+ p > 0Then,

UQI);:;SI:;I (k;v.p) C UQP nH (k;7,p) C UQ;’—;}I’E (k;7,0).

Proof. Just as we derived Theorem 2.4 as consequence of Theorem 2.3 by using

the equivalence (1.27), we can also prove Theorem 2.6 by using Theorem 2.5 and
the equivalence (1.28). a

3. Inclusion Properties Involving the Integral Operator F,,

In this section, we present several integral-preserving properties of the p-valent
function classes introduced here. We consider the generalized Libera integral oper-
ator Fi, (f) (see [4] and [3]) defined by

c+p

(3.1) Fop(f) () = S22 / 171 f () db (¢ > —p).

ZC
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Theorem 3.1. Let c(k+1)+kp+~ > 0. If f € USN (k;vy), then F., (f) €

N FXNT
USy . (k7).
Proof. Let f € US;"’,;;’# (k;~y) and set
2 ()8 uFep (1) (2))
(32 p() = pinaFer N @) oy
HpnuFep (f)(2)

where p (z) is analytic in U with p (0) = p.

From (3.1), we have
(3-3) 2 (Hpy wFep () (2)) = (c+p) Hpy f (2) = cHpp ey () (2)-

Then, by using (3.2) and (3.3), we obtain

H)S z

(3.4 (c+p) —pnad ) _ oy,

Hpm uF. (f) (2)

Taking the logarithmic differentiation on both sides of (3.4) and multiplying by
z, we have

2 (g, (2)) ) (2)
(3.5) ol =p(2)+ <qr~(2) (2€0).
Hyuf (2) piz)+e
Hence, by virtue of Lemma 2.1, we conclude that p(z) < gi~ (2) in U, which

implies that F,, (f) € USp2 , (k;). =

Next, we derive an inclusion property involving F. ), (f), which is given by the
following.

Theorem 3.2. Letc(k+1)+kp+~v>0.If f € UC’;‘;};H (k;v) , then F. ), (f) €
uc)? (k).

psn,p
Proof. By applying Theorem 2.5, it follows that

’

FeUCN (ki) <« % cUSNS  (k;y)

P, P,

YRR

= I, (iﬁ) cUS)M (k;y) ( by Theorem 3.1 )
2 (Fep ()

= + eUSy? , (ki)

= Fep (/) €UCY) , (k;7),

P,

which proves Theorem 3.2. O
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Theorem 3.3. Let c(k+1)+kp+p>0. If f e UK} (k;v,p), then F., (f) €

s P
UKy . (kiv,p).
Proof. Let f € UK;‘:;;L (k;v,p). Then, in view of the definition of the class

UK;‘;;H (k; v, p), there exists a function g € US;‘T‘;# (k; ) such that

’

z (H;\gu (=)

(3.6) = gk~ (%)
Hpug (2) !
Thus, we set
2 (HM F. z l
) p(o) = pnefer NE) oy
HpnuFep(9) (2)
where p(z) is analytic in U with p (0) = p. Since g € US;‘,‘;#( ;77), we see from
Theorem 3.1 that F., (9) € US,: 5# (k;v). Let
BN F.,(9)(2)
(3.8) t(z) = 2 (Hyipulen (9) (2)) (z € U),

A0
Hp'nukep (9) (2)

k
where ¢ (z) is analytic in U with R {¢ (z)} > kp—:— iy Also, from (3.7), we note that
(3.9) Hyp 2Py () (2) = Hyp Fep (9) (2) - p(2).
Differentiating both sides of (3.9) with respect to z, we obtain
H‘SF 0 HpinuFep (9) (2)

(3.10) = t(2)p(2)+2p (2).
Now using the identity (3.3) and (3.10), we obtain

SN (2) 2 (HYS2FL, (F) () +cHAS 2FL, (f) (2)
A0 -
Hying (2) 2 (B 0Fe (0) (2)) + ey (9) (2)
(0,7 Fly (1)) | 2 (), Fep (1) ()
_ HynuFep (9) (2) HpnuFep (9) (2)
(i Fep(0) ()
H22 uFe (9) (2)
_ tEpE A+ () ez
t(z)+c
(3.11) = o)+ 22

t(z)+c

253
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k
Since c(k+1)+kp+p >0 and R{t(2)} > lf—:—ln’ we see that
(3.12) R{t(z)+c} >0 (2€U).
Hence, applying Lemma 2.2 to (3.11), we can show that p(2) < gpk, (2) so that
Fop(f) €UK)S , (k7. p). O

Theorem 3.4. Letc(k+1)+kp+n>0.If f € UQ;‘;;‘W (k;v,p), then F,, (f) €
UQpin . (kv p).
Proof. Just as we derived Theorem 3.2 as consequence of Theorem 3.1, we easily

deduce the integral-preserving property asserted by Theorem 3.4 by using Theorem
3.3. O

Acknowledgements. The author is grateful to the referees for their valuable sug-
gestions.
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