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ABSTRACT. The well-known theory of differential subordination developed by Miller and
Mocanu is applied to obtain several inclusions between Carathéodory functions and starlike
functions. These inclusions provide sufficient conditions for normalized analytic functions
to belong to certain class of Ma-Minda starlike functions.

1. Introduction

Let A be the class of analytic functions f with f(0) = 0 and f/(0) = 1, de-
fined in the open unit disk D := {z € C : |z| < 1} and let 8§ be the subset
of A containing one-to-one functions. Let f and g be analytic in D. The func-
tion f is subordinate to g, written as f < g, if there is a Schwarz function w
analytic in D with w(0) = 0 and |w(2)| < 1 such that f(z) = g(w(z)) for all
z € D. In particular, if the function ¢ is univalent in D then f < g if and only
if f(0) = g(0) and f(D) C g(D). Let P be the class of Carathéodory functions
p: D — C of the form p(z) = 1+ c12 + 222 + -+ for all 2z in D such that
Re(p(z)) > 0. These functions are analytic in D. A Carathéodory function f maps
D into the right-half plane. The function p(z) = (1 + z)/(1 — z) is a prominent
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example of Carathéodory function which maps D conformally onto the right-half

plane. The first two important results involving first-order differential implications

were given in 1935 by Goluzin and in 1947 by Robinson. Goluzin [7] proved that if
z

zp'(z) is subordinate to a convex function h then p(z) < / h(t)t~'dt. After this

basic result, many authors investigated several aspects of first order differential sub-
ordination. This first order differential subordination has many applications in the
theory of univalent functions. Miller and Mocanu [15] discussed the general theory
of differential subordination.

Several classes of starlike and convex functions are characterized by the quan-
tities zf'(2)/f(z) or 1 + zf"(2)/f'(2) and unified classes of starlike and convex
functions using concept of Hadamard product and subordination. Further, Shan-
mugam [22] studied the class 8} (w) of all f € A satisfying 2(f x g)'/(f * 9) < w,
where w is a convex function, ¢ is a fixed function in A. For ¢g(z) = z/(1 — 2)* the
class was investigated by Padmanabhan and Parvatham [19]. When g is z/(1 — 2)
and z/(1 —z)?, the subclass 8% (w) reduces to 8*(w) and K(w) respectively. In 1992,
Ma and Minda [13] considered the class € consisting of analytic univalent functions
w with the positive real part mapping D onto domains symmetric with respect to
real axis and starlike with respect to w(0) = 1 and w’(0) > 0. For such an w € Q, Ma
and Minda [13] proved distortion, growth, and covering theorems. The class 8*(w)
generalizes many subclasses of A, for example, 8*[A, B] := 8*((1 + Az)/(1 + Bz))
(1< B<A<I1)[10], 87 :=8*(V1+2) [25], 8} := 8"(e*) [14], 8% := 8*(¢s(2))
[4], 8% == 8"(pc(2)) [23], % = 8"(¢x(2)) [11], and 8 = 8"(p¢ (2)) [20] where
oc(2) =1+ 324 22%, pg(z) =1 +sinz, pp(2) =1+ %EZJZ; (k=+2+1) and
@q (2) := z + V1 + 22 respectively.

In 1989, Nunokawa et al. [17] showed that zp'(z) < z implies p(z) — 1 < z
and further authors [18] have shown some sufficient condition for Carathéodory
functions. Further, Ali et al. [2] obtained the estimates on g for which 1 +
Bzp'(2)/p/(2) < (14 Dz)/(1 + Ez) (j = 0,1,2) implies p(z) < (1 + Az)/(1 + Bz),
where A, B,D,E € [-1,1]. In 2013, Sivaprasad Kumar et al. [24] determined
the bound on 8 with —1 < E < 1 and |D| < 1 such that 1+ Bzp/(2)/p’(2) <
(14 Dz)/(1+ Ez) (j = 0,1,2) implies p(z) < v/1+ 2. Recently, Kumar and
Ravichandran [12] determined certain sufficient conditions for first order differen-
tial subordinations to imply the corresponding analytic solution is subordinate to
a function with positive real part. For related results, see [1, 3, 5, 6, 8, 9, 21, 26].

Motivated by these earlier works, in the next section, we obtain the sharp bound
on [ so that the Carathéodory function p is subordinate to a starlike function with
positive real part like v/1 + z, €*, (1 + Az)/(1 + Bz), whenever 1 + B2p'(2)/p’ ()
(( =0,1,2) is subordinate to certain well known starlike functions. Our estimates
on [ are sharp. Several sufficient conditions for functions to belong to the above
defined classes can be obtained as an application of the subordination results for
Carathéodory functions.
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2. Main Results

The first result of this section gives the sharp bound on § such that each of the
first order differential subordination 1+32p'(2) < ¢ (2), 14+B2p'(2)/p(2) < ¢ (2),
1+ B2p/(2)/p*(2) < ¢ (2) implies p is subordinated to some well known starlike
functions.

Theorem 2.1. Let p be analytic function defined in D with p(0) = 1 satisfying the
subordination 1 + Bzp'(2)/p’(z) < ¢¢ ((5 =0,1,2). Then

(a) p(z) < e* holds for B> B; (j =0,1,2), where

2 — /2 —1og2 +log (1 + V2
By = & V2~ log ’;Og( +‘[))~1.22447,
-

Br = V2 +log(2) — log(1 + v/2) ~ 1.22599

and

3+ log 2 — log(1 + V2
g = V2 Oge_ fg( +V2) 193048,

(b) p(2) < ¢ (2) holds for 3> B; (j =0,1,2), where

22— log2+log (1 +V?2)

= ~ 1.32132,
Bo 23
2 +1log2—log (1 + 2
512\[—1— o8 08 ( 4_\f)%1.391
log(1 +v/2)
and
242+ (14v2)log2 — (14 v/2)log(1 4+ /2
gy = 2T V2+ (14 V2)log2 — (14 v2)1og(1+v2)) _, 10g9

V2
(c) p(z) < ws(z) holds for B> B; (j =0,1,2), where

Bo = (V2 +log2 —log (1 + V2)) csc(1) = 1.45696,

B V2 4 log2 — log(1 + v/2)
N log (1 + sin(1))

B1 ~ 2.00796

and

B2 = (V2 +1og2 —log(1 +v2))(1 + csc(1)) ~ 2.68294.
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(d) p(z) < ¢r(z) holds for B > B; (j =0,1,2) where

Bo=2+4V2—(3+2v2)(log2 — log(1 + v/2)) ~ 4.51128,
V2 —2+1og2—log(1l + V?2)
©log(2 4+ v/2) — log(3 + 2v/2)

~ 4.11214,

and
By =2(vV2 — (1 +v2)(log2 — log(1 + V/2)) ~ 3.73726.
(e) p(z) < pc(z) holds for B> B; (j =0,1,2) where

3
Bo = 5(2 — V2 —log2 +log(1 4+ v2)) ~ 1.16102,

~ V2+41log2 —log(1+v/2)

& log 3

~ 1.11594,

and
3
By = §(\/§+ log 2 — log(1 + V'2)) = 1.83898.

The bounds on B are best possible.
The following lemma will be used in our investigation.

Lemma 2.2.([16, Theorem 3.4h, p. 132]) Let q be analytic in D and let ¢ and v
be analytic in a domain U containing q(D) with ¥(w) # 0 when w € ¢(D). Set
Q(2) = 2¢'(2)¥(q(z)) and h(z) := v(q(z)) + Q(z). Suppose that (i) either h is
convex, or Q is starlike univalent in D and (i) Re (zh/(2)/Q(2)) > 0 for z € D.
If p is analytic in D, with p(0) = q(0), p(D) C U and v(p(z)) + 2p'(2)¢(p(z)) <
v(q(2)) + 2q' (2)(q(2)), then p(z) < q(z), and q is best dominant.

Proof of Theorem 2.1 (a) Case (i)(j = 0) The function gg : D — C defined by

1
qﬁ(z):1+5(z+ 1+22flog(1+\/1+22)71+10g2)

is analytic in D and satisfies the differential equation 1 + 8zq5(z) = ¢ (z) for
z € D. Consider the functions v(w) = 1 and ¢(w) = 5. The function @ : D — C
defined by Q(2) = 2q3(2)¥(gs(2)) = Bzqz(2) = ¢ (2) — 1 is starlike in D. If
the function h : D — C defined by h(z) := v(gs(2)) + Q(z) = 1+ Q(z), then
zh (2)/Q(z) = 2Q'(2)/Q(z) is a function with positive real part. By making use of
Lemma 2.2, we see that the subordination

14 Bzp'(2) < 1+ Bzqs(z) implies p(z) < qp(z).
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The desired subordination p(z) < e* holds if the subordination gg(z) < e* holds.
Since ¢g is an increasing function on (—1,1), gz(z) < €* holds if

e < gs(~1) < gs(1) <e.

This gives a necessary condition for p(z) < e* to hold. Surprisingly, this necessary
condition is also sufficient. This can be seen by looking at the graph of the expo-
nential function. The inequalities gz(—1) > e~ ! and gg(1) < e reduces to 3 > Sy
and 8 > f3;, where

2e — /2e — elog (2) + elog (1 4+ v/2)
e—1

V2 +log(2) — log(1 + v/2)

Bo = py

and fj =

respectively. Thus, the subordination gg(z) < e® holds if 8 > max{8y, 5§} = Bo.
Case (ii)(j = 1) The analytic function

qﬂz)zexp(é( 1422— 10g(1—|—\/1—|—22)—1+10g ))

satisfies 1+ 82q5(2)/qs(2) = ¢ (). Consider the functions v(w) = 1 and Y (w) =
B/w. The function @ : D — C defined by Q(z) = 2q5(2)¥(gs (z ) = pc(z) =1
is starlike in . The function h(z) := v(q(z)) + Q(z) = 1 + Q(z) satisfies

Re(zh/(2)/Q(2)) > 0 in D. By Lemma 2.2, the subordination

' (2) zq};(z) implies p(z z
) B () plies p(z) < qs(2).

Thus as in the proof of case(i), the subordination p(z) < e* holds if 8 > v/2+log2—
log(1 4+ V2).

Case (iii)(j = 2). The analytic function

qp(z) = (1;<Z+ 1+2210g(1+\/1+22>1+10g2>>

satisfies the differential equation 1 + 82qj(2)/q3(2) = ¢ (2). Consider the func-
tions v(w) = 1 and ¥(w) = B/w? The function Q : D — C defined by
Q(2) = 2¢'(2)v(q(2)) = 2¢'(2)/¢*(2) = ¢ (z) — 1 is starlike in D. The function
h(z) == v(ga(z)) + Q(z) = 1 + Q(z) satisfies Re(zh/(2)/Q(z)) > 0 in D. Therefore,
by use of Lemma 2.2, it follows that the subordination

' (2 zq’ (Z> . .
LB <A s L) <o)

1+ 8

As in proof of case(i), the subordination p(z) < e* holds if

e(v/2 4 log2 — log(1 + v/2))
e 1) '

g =
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The proofs of part (b)-(e) of this theorem are similar to the proof of part (a). O

By applying Theorem 2.1(a) to the function p(z) = zf'(2)/ f(z) we see that any
one of the following is a sufficient condition for f to be in 8}.

Let BO _ e(2—v2— 10g2+log(1+f)) ~ 1. 22447 61 \/§+10g(2) —10g(1 + \/5) ~

1.22599, and (s = P(f+logi llog(l'“f)) ~ 1.93948. If f € A satisfying the following
subordinations

@\ (2R 2R o
b ( f(z) ) (1 f(2) + 7 (2) ) < g (2) for B> Bit1, (i=-1,0,1),
then f € 8.

Theorem 2.3. Let —1 < B < A < 1 and p be analytic in D with p(0) = 1. Anyone
of the following subordination conditions is sufficient for p(z) < (1 + Az)/(1 + Bz):

(8) 1+ B2p'(2) < ¢ (2) for B > max{B1, Ba}, where

(1+ B)(vV2 +1og2 — log(1 + v/2))
A-B

pr =
and

(1 - B)(2— 2 —log?2 +log(1 + V2))

62: A_B 3

(b) 1+ BLE <o (2) for B> max{Bs, fs}, where

V2 =2 +1log2 —log(1+/2)

b= e —a) - log(1 — B)

and

V2 +log2 — log(1 + \/5)
log(14 A) —log(1+ B) ’

Ba =

(c) 1+ ,BZ’;((ZZ)) < ¢ (2) for B> max{Ps, B}, where

(1+ A)(V2+1log2 —log(1 + v/2))

Bs = 1B

and

(1—A) 2~ Vv2—log2 +log(l + v2))

Be = 1B
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Proof. (a) We take the functions gg(z), v, ¥, Q(z), and h(z) as in the proof of
case (i) of the Theorem 2.1(a). By an application of Lemma 2.2, the subordination
1+ B2p'(2) < 1+ Bzqs(z) implies p(z) < gp(2). Similar reasoning as in the proof
of Theorem 2.1(a), the necessary subordination p(z) < (1 + Az)/(1 + Bz) holds if
B > max{pi, B2}

Let Cp =1 —+/2 —1log2/(1++/2). A simple calculation gives that if B > Cy,
then 5 > 51 or B < Cy, then 8 > fs.

(b) By defining the functions ¢g(z), v, ¥, Q(z), and h(z) as in case (ii)
of the Theorem 2.1(a), Lemma 2.2 is applied. Therefore, the subordination
1+ Bzp'(2)/p(2) < 1+ Bz¢'(2)//qs(z) implies p(z) < g¢g(z). By the simi-
lar reasoning as in the proof of Theorem 2.1(b), the necessary subordination
p(z) < (1+ Az)/(1 4 Bz) holds if § > max{fs, f4}.

(¢) Consider the functions gg(z), v, ¥, Q(2), and h(z) as in case (iii) of the Theo-
rem 2.1(a). By the application of Lemma 2.2, the subordination 1+ 3zp'(2)/p?(2) <
1+ B2q'(2)//q3(2) implies p(z) < qp(z). Similar reasoning as in the proof of
Theorem 2.1(c), the necessary subordination p(z) < (1 + Az)/(1 + Bz) holds if
B > max{fs, B}

By taking C; = (1 + log(1 + v/2))/((1 + v/2) + log2), it can be seen that if
B > (Cq, then 8 > 85 or B < (1, then 8 > . O

For a function f € A, by applying Theorem 2.3 to p(z) = zf'(z)/f(z) to , we
see that any one of the following is a sufficient condition for f € 8*[A, BJ:

s () 0 ) <o st

_2fe) | ) z) for max
15 (1= 28 ) <o ) tor 2 max(a, o)
1+ 8 (Z}N(Z) 1-—

2f'(z) Zf”(z))
+ =< z) for B > max{fs, B¢}
) (-F5+ ) < {0 o)
Next result provides the bound on 8 such that the subordination p(z) < ¢¢ (2)
holds whenever 1+ B2p'(2), 1+ Bzp'(2)/p(z), or 1+ Bzp'(2)/p?(z) is subordinate

to some well known starlike functions.

Theorem 2.4. Let p be analytic in D with p(0) = 1. Anyone of following subordi-
nation conditions is sufficient for p(z) < p¢ (2):

(a) 1—|—6p](z) <e* for B> (j =0,1,2) where

& 1
~ 1.35988, — = 1.49528

nl

and

~ 2.24979;

263
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(b) 1 +6;€,((:)) < s(z) for B> pB; (j =0,1,2), where
)"

1N (=
Po = 2_ﬁ;(2n+1)!(2n+1)

~ 1.61506,

_ 1 S (=1)" B

n=0

and

V21 (=n" -~ .
Pz = V2 7; n+1)2n+1) 1.61506;

(c) 1 —l—ﬁ;’;,i((zz)) < r(z) for B> B; ( =0,1,2), where

(=1 — (2v/2 + 2) log -2

V2+1
_ ~ 0.327693,
Ao 2(v2+1)
(=1 = (2V2 + 2) log 2
B = V241 0.743597
(V2+1)log(v2 + 1)
and s
(=1 — (2v/2 + 2) log —¥2
By = V241 1.11881;
V2
(d) 1+ BZE < po(2) for B> B; (7 =0,1,2) where
Bo= — A 1T07IL, B = D A 1.89099
"T o2 T P T Blog (V2+ 1)
and 3
5(vV2+1)
> V2T ) 284518,
B2 > Vi

Proof. (a) Case (i) (j = 0) The function

1 o0 Zn
4 (%) * B —_ nln

is analytic and satisfies the differential equation 1+ S2q5(2) = e* for z € D. Con-
sider the functions v, 1 as in Theorem 2.1(a). The function Q(z) = Bz¢'(z) =
e — 1 is starlike and the function h(z) = v(gg(z)) + Q(z) satisfies an inequal-
ity Re(zh/(2)/Q(2))) > 0 in D. By making use of Lemma 2.2, the subordination
1+ Bzp'(2) < 1+ Bzqj(z) implies p(2) < gs(2). As in the proof of Theorem 2.1(a),
the necessary subordination p(z) < ¢¢ (2) holds if 8 > So.
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Case (ii) (j = 1) Define the function ¢z as:

R
qg(Z) = exp <B ; n|n> ’
which is analytic in D. The function gg(z) satisfies the differential equation 1 +
Bzq5(2)/qp(z) = €*. Consider the functions v and ¢ as in Theorem 2.1(a). Note
that the function Q(z) = Bzq;(2)/qs(2) = €* — 1 is starlike and the function
h(z) = v(ga(z)) + Q(z) satisfies an inequality Re(zh'(z)/Q(%))) > 0 in D. From the
view of Lemma 2.2, the subordination 1+ 82p'(2)/p(2) < 1+ B2q5(2)/qs(2) implies
p(2) < qp(z). As in the proof of Theorem 2.1(a), the necessary subordination
p(2) < ¢ (2) holds if 8 > .
Case (iii) (j = 2) Define the function gg as:

- (iE5)

which is analytic in D and satisfies the differential equation 1+ Szq(2)/ qg () =¢€7
for z € D. We take the functions v and 1 as in Theorem 2.1(a). The function
Qz) = ﬁzq%(z)/qg(z) = e* — 1 is starlike and the function h(z) = 14 Q(z) satisfies
Re(zh/(2)/Q(z))) > 0in D. From Lemma 2.2, the subordination 1+ 32p'(z)/p?(z) <
1 4 Bzq(2)/q3(2) implies p(z) < gp(z). The desired subordination p(z) < ¢¢ (2)
holds if 8 > B9 as in the proof of Theorem 2.1(a).

(b) The analytic functions

& n2n+1 0 n2n+1
%p(2 Z 2n—|—1 Gnr1) sl = ;)Qnﬂ N(2n+1)

and

1 St n 2n+1 -
Go(z Bz:: 2n+ )20+ 1)
satisfies the differential equations 1 + ,Bz'q’(z)/qf.ﬁ(z) = pg(z) for z € D where
i, = 0,1,2. The required subordination p(z) < ¢¢ (z) holds for all three cases if

B > Bo, 51, and Po as in Theorem 2.4(a) respectively.
(¢) The functions

0, (z) = 1—ﬁ(z+2klog(1—%)), qQﬂ(z)exp<61k(z+2klog<1Z)))

and .
q3,(2) = (1 + % (2 + 2k log (1 — Z)))

265
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satisfies the differential equations 1 + ﬂzq'(z)/qfﬁ (2) = pi(z) for z € D, where 4, j =
0,1,2. For all three cases, the required subordination p(z) < ¢¢ (2) holds if 8 >
Bo, 51, and Bo as in Theorem 2.4(a) respectively.

(d) The analytic functions

m@ =143 (32 +32) w@=ew (5 (34 52))

o= (333

satisfy the differential equations 1 + ﬁzq'(z)/qfﬂ (2) = pc(z) for z € D, where i, 5 =
0,1,2. Proceeding as in part (a) of this theorem, we get the subordination p(z) <
e (2) if B > By, P1, and Bs respectively. O

Theorem 2.5. Let —1 < B< A< 1, B#0 and p(z) be the analytic function with
p(0) = 1. Then each of the following subordination is sufficient for p(z) < ps(z):

(a) 1+ B2p'(2) < }Igj for B > max{B1, B2} where

and

_ (A-B)log(1-B)™* _ (A—B)log(1+ B)
pr= Bsin (1) and fz = Bsin (1) '

(b) 1 +ﬁzg(i§) =< %igi for B > max{fs, B4} where

(A—B)log(l1 - B)~!
Blog(1 —sin(1))~!

(A — B)log(1+ B)

and fy = Blog(1+sin(1))

By =

(¢) 1 +ﬁj}2((j)) =< %igi for B > max{fs, B¢} where

5y = (A — B)(1 —sin(1))log(1 — B)~!
5 Bsin (1)

and

~ (A—=B)(1 +sin(1))log(1 + B)
Po = Bsin (1) ’

The estimates on B are sharp.

Proof. (a) Define the analytic function

g(x) =1+ (A—B)l;g(l—i—Bz).
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Consider the functions v and 1 as in previous theorem. The function @ : D — C
defined by Q(z) = 2q5(2)¥(gs(2)) = (A — B)z/(1 + Bz). Since 1 + Bzqp(z) =
(1+ A2)/(1+ Bz) and (1+ Az)/(1 + Bz) — 1 is starlike in D, then @ is starlike in
D. The function h : D — C defined by h(z) := v(ga(2)) + Q(2) = 1 + Q(=) satisfies
Re(zh/'(2)/Q(z)) > 0 in D. Therefore, by making use of Lemma 2.2, it is easy to
see that the subordination 1 + B2p'(2) < 1+ Bzq;(2) implies p(z) < gs(2). As in
Theorem 2.1(a), the subordination p(z) < ¢g(z) holds if 8 > max{f1, B2}
(b) Let the function gg(z) be defined by

15(2) = exp ((A — B)log(1 + Bz) >

Bp

Consider the functions v, 1 as in Theorem 2.1. The function @ : D — C defined by
Q(2) = 2q5(2)(qp(2)) = Bzqj(2)/qs(2) = (A — B)z/(1 + Bz) is starlike in D and
the function h(z) :=v(q(2)) + Q(2) = 1 + Q(z) satisfies Re(zh/(2)/Q(z)) > 0 in D.
Hence, from Lemma 2.2, the subordination p(z) < gg(z) holds, if 1+ 82zp'(2)/p(2) <
1+ B2q5(2)/qs(2) holds. As in Theorem 2.1(a), the required subordination p(z) <
p5(2) holds if § > max{fs, f}.

(c) Let the function gg(z) be defined by

15(2) = (1_ (A—B)E;(l—i—Bz))_ .

Consider the functions v, 1 as in Theorem 2.1. The function @ : D — C defined
by Q(2) = 2q5(2)1(as(2)) = Bzqy(2)/q5(2) = (A — B)z/(1 + Bz) is starlike in
D and the function h(z) = v(gs(z)) + Q(z) = 1 + Q(z) satisfies an inequality
Re(zh/(2)/Q(z)) > 0 in D. Hence, from Lemma 2.2, the subordination p(z) < ¢g(z)
holds, if subordination 1+ 8zp/(2)/p?(2) < 1+ Bzqj (z)/q% (2) holds. As in Theorem
2.1(a), the required subordination p(z) < ¢g(z) holds if 8 > max{3s, B}

Let C; = log(1 — B?)~! +5sin(1)log((1 — B)(1 + B)~!). A simple calculation
gives that if B > 0, then 8 > 81 or B < 0, then 8 > B5. Further, if B > C, then
B > Bs or B <Ch, then 3> . |

Next, Theorem 2.6-2.9 provides the sharp estimates on /3 so that the subordina-

! 1+ A
;Ij ((ZZ)) <7 iBz implies the subordination p(z) < @c(2), ¢¢ (2) and }igz,

e?. Proofs of these theorems are omitted as it is similar to Theorem 2.5.

tion1l+ 3

Theorem 2.6. Let —1 < B< A< 1, B#0 and p(z) be an analytic function with
p(0) = 1. Then each of the following subordination is sufficient for p(z) < pc(2):

(a) 14+ B2p'(2) < %igz for B > max{f, B2}, where

_ 3(A—B)log(1—B)™!

(A — B)log(1+ B)
B = 5B

and By = 5B .
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(b) 1 +6Z£(,g) =< }Igz for B > max{fs, B4}, where

_ (A-B)log(1-B)™* _ (A—B)log(1+ B)
fs = Blog3 and fy = Blog3 '

(¢) 1 —|—ﬁ§f;,((zz)) =< %ig'z for > max{fs, Bs}, where

(A= B)log(1-B)™! _ 3(A-B)log(1+ B)
Bs = 2B and B = 2B '

The estimates on B are sharp.

Theorem 2.7. Let —1 < B< A< 1, B#0 and p(z) be an analytic function with
p(0) = 1. Then each of the following subordination is sufficient for p(z) < p¢ (2):

(a) 14 B2p'(2) < ng for B > max{f, B2}, where

g A=Blogi—B)t (A= B)log(1 + B)
b B(2—V2) and 2= V2B

(b) 1+ 5Z£(S) =< ng for B > max{fs, B4}, where

g — (A—B)log(1— B)~! und 5, — A= B)log(1+ B)
*T Blog(v2a-1)7! T Blg(Vat+1l)

(¢) 1 +6Zp,(z) =< ng for B > max{fs, B}, where

p2(2)
B — (A— B)log(l1—B)~! and G — (V2 +1)(A - B)log(1 + B)
5 = \/§B 6 = ﬁB

The estimates on B are sharp.

Theorem 2.8. Let -1 < B< A< 1, -1 <C < D<1, B=#0 and p(z) be
an analytic function with p(0) = 1. Then each of the following subordinations is

sufficient for p(z) < (1+ Cz)/(1+ Dz):
(a) 1+ B2p'(2) < %igi for B > max{f1, B2}, where

B = (A— B)(1—D)log(1— B)~! d By = (A—B)(1+ D)log(1+ B)
L= B(C - D) ane pz= B(C — D) '

(b) 1+ 5Z£(S) =< ng for B > max{fs, B4} where

B — (A— B)log(l — B)™! and fy = (A— B)log(1+ B)
® 7 B(log(1 — D) —log(1 — C)) * 7 B(log(1+ C) —log(1 + D))"
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(c) 1+ ﬂjg((zz)) =< ng for B > max{fs, B¢} where
(A—B)(C — D)log(1 — B)~!

(A-B)(1+C)log(1+ B)
B(1-20C) '

B(C - D)

Bs = and g =

The estimates on 3 are sharp.
Theorem 2.9. Let —1 < B< A< 1, B #0. If the subordination

2p'(2) 1+ Az (A— B)log(1 — B)!

LB < s for B2 =

holds,

then p(z) < e*.
The subordination result in Theorem 2.9 was also investigated by the authors

in [14, Theorem 2.16, p. 1019}, which was not sharp.

Acknowledgements. The authors are thankful to the referee for his useful com-
ments.
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