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ABSTRACT. In this paper, we define new quaternionic associated curves called quaternionic
principal-direction curves and quaternionic principal-donor curves. We give some
properties and relationships between Frenet vectors and curvatures of these curves.
For spatial quaternionic curves, we give characterizations for quaternionic helices and
quaternionic slant helices by means of their associated curves.

1. Introduction

Curves with a mathematical relationship between them are called associated
curves. The study of associated curves is an interesting and important research
area of the fundamental theory of curves. Some properties, such as Frenet vectors
and curvatures of original curves, can be characterized by using their associated
curves. Within this area of interest, various associated curves have been defined,
such as Bertrand curve mates, Mannheim partner curves and involute-evolute curve
couples, and they have been studied in different spaces, such as Euclidean spaces,
Minkowski spaces, and dual spaces [1, 3, 7, 12, 14, 17].

Recently, Choi and Kim [4] introduced a new associated curve for a given curve
as the integral curve of the vector field generated by the Frenet frame along it. This
associated curve has been called the direction curve. Using these associated curves
provides a canonical method to construct general helices and slant helices, which
are widely used in various research areas in science and nature. These curves have
attracted many authors to begin to study them. While non-null direction curves
have been studied by Choi et al. [5], null curves have been studied by Qian and
Kim [15] in three-dimensional Minkowski space E3. Kérpmar et al. [11] used the
Bishop frame to study these curves. Macit and Diildiil [13] defined a W-direction
curve by using a unit Darboux vector field W for a given curve and introduced a
V-direction curve associated with a curve lying on the surface. They also studied
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direction curves in four-dimensional Euclidean space.

In this paper, we give the definition of quaternionic direction curves as the
quaternionic integral curve of a quaternion-valued function generated by Frenet
vectors for a given quaternionic curve. Then, by taking this quaternion-valued
function as the principal normal vector field of the curve, we define principal-
direction and principal-donor curves for spatial quaternionic and quaternionic
curves. We provide relationships between Frenet vectors and curvatures of a given
quaternionic curve and its quaternionic principal-direction curve, and then obtain
some properties of these curves. Moreover, for spatial quaternionic curves, we
provide characterizations for quaternionic helices and quaternionic slant helices with
the aid of their associated curves.

2. Preliminaries

In this section, we give a brief summary of basic concepts concerning quater-
nionic curves and some definitions and theorems about these curves in Euclidean
3-space E? and in Euclidean 4-space E*.

A real quaternion, ¢, is defined as ¢ = ageg + a1e1 + ases + azes where a;
(i = 0,1,2,3) are real numbers, and the basis {eg,e1,e2,e3} has the following
properties:

eo=1,¢e xe;=—1, (i=1,2,3)and e; X e; = —e; X e; = e, (1 <4,5,k <3)

where (ijk) is an even permutation of (123). The algebra for quaternions is denoted
by Q.

A real quaternion can also be given the form ¢ = s; + v, where s; = ag and
Vg = @1€1 + agez + ases are the scalar part and vector part of ¢, respectively [6]. If
q = Sq+v4 and p = s, + v, are two quaternions in (). Then the quaternion product
of ¢ and p is given by [6]

g XD =8¢Sp — (VUg,Vp) + SqUp + SpUq + Vg A Vp

where (,) and A denote the inner product and vector product of E3, respectively.

The conjugate of ¢ = s4 + v, is defined by ¢ = s, — v,. The term g is called
a spatial quaternion whenever ¢ + ¢ = 0 [2]. The quaternion inner product can be
defined as follows:

1 _ _
h:QxQ—=R, higp)=5laxp+pxq)
The norm of a quaternion ¢ = aje; + ages + ages + asey is defined as [6]
lgll> = h(g,q) = qx §=qx q=a?+ a3+ a3+ a3

If ||g|| = 1, then g is called unit quaternion.
Following the basic concepts above, we can give some definitions and theorems
concerning quaternionic curves.
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Definition 2.1.([2]) The three-dimensional Euclidean space E® is identified by

the space of the spatial quaternions {¢ € @: ¢+g=0} Let I = [0,1] be an

interval in R, s € I be a parameter and @) a set of quaternions. A curve defined as
3

a:ICR—=Q, as) = Zai(s)ei is called a spatial quaternionic curve.

i=1
Definition 2.2.([16]) Let o : I C R — @ be a spatial quaternionic curve and s € I
be the arc-length parameter of a. The Frenet vectors and curvatures of the spatial
quaternionic curve «(s) can be given, respectively, as follows:

a// (S)

Hs) = o/(s), m(s) = oy

b(s) = t(s) x n(s)

and

h(a'(s) x a”(s),a” (s))
la’(s) x a”(s)]

where the prime denotes the derivative with respect to s, k(s) and r(s), which are

called the curvature and torsion of the spatial quaternionic curve a(s), respectively.
Moreover, the following relationship between the Frenet vectors holds [8]:

k(s) = lla’(s) x & (s)[|, r(s) =

)

t(s) x t(s) = n(s) x n(s) =b(s) x b(s) = —1,
t(s) x n(s) = b(s) = —n(s) x t(s),
n(s) x b(s) = t(s) = —=b(s) x n(s),
b(s) x t(s) =n(s) = —t(s) x b(s).

Theorem 2.3.([2]) Let « : I C R — Q, « Zal s)e; be an arc-lengthed

=1
spatial quaternionic curve with Frenet frame {t, n, b} and curvatures {k,r}. Then

the Frenet formulae of the quaternionic curve a(s) can be given in matriz form as
follows:

t 0 k0 t
n|=|-k 0 r n
b 0 —-r O b

Definition 2.4.([2]) The four-dimensional Euclidean space E* is identified by the
space of the quaternions. Let I = [0,1] be an interval in R, s € I be a parameter

and @ a set of quaternions. A curve defined by 5: I CR — Q, 8 ZBZ
is called a quaternionic curve.
3
Definition 2.5.([16]) Let : I CR — Q, S(s Zﬂ’ s)e; be a quaternionic curve
=0

and s € I be the arc-length parameter of 5. The Frenet vectors and curvatures of
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B(s) can be given respectively as follows:

and
K(s) = 8"(s)]
1T X N(s) x B7(5)]
5(s) BB ’

_ B(A)(s), By(s))
17(s) x N(s) x 67 ()]

r(s) — K(s)

where the prime denotes the derivative with respect to s, K(s), k(s) and r(s)—K(s),
which are called the principal curvature, torsion and bitorsion of 3, respectively,
and By (s) x T(s) x N(s) is the ternary product of the vectors.

3
Theorem 2.6.(]2]) Let f: I CR — Q, B(s) = Zﬂi(s)ei be a quaternionic curve

=0
in E* with Frenet frame {T, N, By, B2} and curvatures {K, k, r — K}. Then the
Frenet formulae for the quaternionic curve B(s) can be given in matriz form as
follows:

T 0 K 0 0 T
N | | =K 0 k 0 N
B, |~ | 0o -k 0 (r— K) B
B, 0 0 —(r—K) 0 Bs

Definition 2.7.([9]) A spatial quaternionic curve « is called a spatial quaternionic
heliz if its unit tangent vector ¢ makes a constant angle with a fixed unit quaternion
U.

Theorem 2.8.([9]) Let « be a spatial quaternionic curve with nonzero curvatures.
Then « is a spatial quaternionic helix if and only if the following applies:

! tant
— = consitant.
k

Definition 2.9.([10]) A spatial quaternionic curve « is called the spatial quater-
nionic slant heliz if its unit normal vector n makes a constant angle with a fixed
unit quaternion U.
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Theorem 2.10.([10]) Let @ be a spatial quaternionic curve with nonzero curvatures.
Then o is a spatial quaternionic slant heliz if and only if the following applies:

]{52

r ’
W (E) = constant.

3. Spatial Quaternionic Direction Curves

In this section, we define spatial quaternionic principal-direction and principal-
donor curves in Fuclidean 3-space and obtain some relationships between these
curves.

For a spatial quaternionic curve a : I — E3 with Frenet frame {t,n, b}, consider
a quaternion valued function X given by

(3.1) X(s) = a(s) (s) + y(s) n(s) + =(s) b(s),

where z, y and z are differentiable functions of s which is the arc-length parameter
for a.. It is assumed that X is unit, i.e, the following equality holds:

(3.2) 22(s) + 32 (s) + 2%(s) = 1.
By differentiating equation (3.2), we have the following:

(3.3) xx' +yy + 22/ =0.

da
The spatial quaternionic curve a(s) defined by d—(f = X(s) is called the spatial
5

quaternionic integral curve of X (s). Since X is unit, it is clear that the arclength
parameter s of & is equal to s + ¢, where c¢ is a constant. Without loss of generality,
we can assume that § = s. The spatial quaternionic curve & is unique up to
translation.

Now, we can give the definitions for the spatial quaternionic X-direction curve,
spatial quaternionic X-donor curve, spatial quaternionic principal-direction curve
and the spatial quaternionic principal-donor curve in E3 in the following sections.

Definition 3.1. Let « be a spatial quaternionic curve in E3 and X be a quaternion-
valued function satisfying equations (3.1) and (3.2). The spatial quaternionic
integral curve @ : I — E3 of X is called the spatial quaternionic X -direction curve
of a. The curve o whose spatial quaternionic X-direction curve is & is called the
spatial quaternionic X -donor curve of a.

Definition 3.2. Let a be a spatial quaternionic curve in E3. The spatial
quaternionic integral curve @ of n(s) in (3.1) is called the spatial quaternionic
principal-direction curve. In other words, a spatial quaternionic principal-direction
curve is a spatial quaternionic integral curve of X (s) with z(s) = z(s) =0, y(s) =1
in (3.1). Moreover, « is called the spatial quaternionic principal-donor curve of .
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With the aid of Definition 3.2, we can produce the following theorem:

Theorem 3.3. Let a be a spatial quaternionic curve in E> with Frenet frame
{t,n,b} and curvatures {k, r}, and let & be the spatial quaternionic principal-
direction curve of a with Frenet frame {f, n, l_)} and curvatures {l_c, F}, The principal
curvature k and the torsion T of the spatial quaternionic principal-direction curve
@ of a can be given, respectively, as follows:

- k2 ry
k=+vVk?+72 and F:7(7> .
k2 +1r2 \k
Proof. Since @ is the spatial quaternionic principal-direction curve of «, the
parameter s can be used as the arc-length parameter for both the spatial
— fe}
quaternionic curves a and &@. From Definition 3.2, we know that t = — = n

_ S
By taking the derivative, we have t = n’iz —kt +rb, where the prime indicates the
derivative with respect to s. Since t' = kn, we get k = v/k2 + r2. The second and
third derivates of & are found respectively as follows:

&' =n'"=—kt+rb

and
a" = -kt —k>n+r'b—r’n
.. i k2 ry\’ B
From Definition 2.2, we get ¥ = ——— (7> . Note that 7 can also be found by
k242 \k
using the equality 7 = —h(d’',n). Moreover, the principal normal and binormal
vector fields of & can also be obtained as
i k r
n=—

4 b,
‘/k2+7'2 ‘/k2+7~2

and
S S S
_\/k2+7“2 \/k2+7"2 ’

respectively. O

On the other hand, the curvatures of spatial quaternionic principal-donor curve
a can be given in terms of the curvatures of & as given in following theorem.

Theorem 3.4. Let o be the spatial quaternionic curve in E3 with Frenet frame
{t,n,b} and curvatures {k,r} and let & be the spatial quaternionic principal-
direction curve of o with Frenet frame {f, n, B} and curvatures {k, 7}. The principal
curvature k and the torsion r of spatial quaternionic principal-donor curve a of &
can be given, respectively, as follows:

k(s) = k(s) cos ( / r(s)ds) and r(s) = k(s) sin ( / r(s)ds) .
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r(s)

Proof. Let the ratio m = f(s). Then the torsion of the spatial quaternionic
s
principal-direction curve can be rewritten as:
f'(s)

TGy

This means that /f(s)ds = arctan(f(s)). So we get the following:

£(s) = tan ( / r(s)ds) .
r(s)

By putting m instead of f(s), using trigonometric relationships, and taking into
S
account that k& = vk2 + r2, we have:

and

From Theorem 3.3, we have the following corollary.

Corollary 3.5. Let o be a spatial quaternionic curve in E3 with curvatures {k, r}
and let & be a spatial quaternionic principal-direction curve of o with curvatures
{k, 7}. The following relationship is satisfied:

T 3

-
()

Thus, we can produce the following theorem that can be used to construct a
spatial quaternionic slant helix from a spatial quaternionic helix by using the spatial
quaternionic direction curves.

Theorem 3.6. Let o be a spatial quaternionic curve with nonzero curvatures and
let & be the spatial quaternionic principal-direction curve of a. The curve a is a
spatial quaternionic helix if and only if & is a spatial quaternionic slant helix.

Proof. The proof is clear from Corollary 3.5, Theorem 2.10, and Theorem 2.12. O
Now, we can discuss the condition where the spatial quaternionic principal-

direction curve of & is equal to «, while & is a spatial quaternionic integral curve of
(3.1).
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Proposition 3.7. Let a be a spatial quaternionic curve and & be a spatial
quaternionic integral curve of (3.1). The spatial quaternionic principal-direction
curve of & is equal to a if and only if the functions x(s), y(s), z(s) in (3.1) are as
follows:

Proof. By differentiating (3.1) with respect to s using the Frenet formulae for the
spatial quaternionic curves o and @&, and the fact that X = ¢, we have the following:

kn = (2’ —yk)t + (v +zk — zr)n + (2' + yr)b.

On the other hand, since « is the spatial quaternionic principal-direction curve of
a, i.e., o/ =t =n, we have the following system of differential equations

o —yk=k
(3.4) y +xzk—2r=0
Z+yr=0

Multiplying the first, second and third equations in (3.4) by x, y and z, respectively,
and adding the results, we have:

(3.5) xx' +yy' + 22 = k.

From equations (3.3) and (3.5), we have x = 0. By substituting the variable z in
system (3.4), the following solution is obtained:

2(s) =0, y(s)=sin (/T(S)dS), 2(s) = cos (/T(s)ds). 0

4. Quaternionic Direction Curves

In this section, we give definitions of the quaternionic V —direction and
quaternionic principal-direction curves and study the relationship between a given
quaternionic curve and its quaternionic principal-direction curve.

3

Let p: I CR— @, B(s) = Zﬂi(s)ei be a quaternionic curve in £* with Frenet

i=0
frame {T, N, By, B2} and curvatures {K, k, r — K}, where ¢;, (i = 0,1,2,3) are
quaternionic units as mentioned in the Preliminaries. Consider a quaternion valued
function V in E* given by

(4.1) V(s) = u1(s)T(s) + uz(s)N(s) + uz(s)B1(s) + ua(s)Ba(s),

where w; (i = 1,2,3,4) are differentiable functions of s which is the arc-length
parameter of 3. If we take the quaternion valued function V' as unit, the following
equality holds

(4.2) W (s) + () + ud(s) + ud(s) = L.
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By differentiating equation (4.2), we have

(4.3) ugu + usub + uguly + uguly = 0.

The quaternionic curve 3(3) defined by d—? = V(s) is called the quaternionic integral
3

curve of V(s). Since V(s) is unit, it is clear that the arc-length parameter of /3 is
equal to s+c¢, where ¢ is a constant. Without loss of generality, we can assume that
5 = 5. The quaternionic curve 3 is unique up to translation in E*.
Now, we can give definitions for the quaternionic V-direction, quaternionic V-
donor, quaternionic principal-direction, and quaternionic principal-donor curves.
3
Definition 4.1. Let 8 : I C R — Q, B(s) = Zﬁi(s)ei be a quaternionic curve
i=0
and V (s) a quaternion-valued function in E* satisfying equations (4.1) and (4.2).
The quaternionic integral curve 8 : I C R — @ of V(s) is called the quaternionic
V-direction curve of . The quaternionic curve 3 whose quaternionic V-direction
curve is /3 is called the quaternionic V-donor curve of 8 in E*.
3
Definition 4.2. Let 5 : I C R — Q, B(s) = Zﬂi(s)ei be a quaternionic curve
i=0
in E*. A quaternionic curve 3 of N(s) in (4.1) is called the quaternionic principal-
direction curve of B, and (3 is called the quaternionic principal-donor curve of 3.

By using Definition 4.2, we can produce the following theorem:

Theorem 4.3. Let 3 be a quaternionic curve in E* with Frenet frame {T, N, By, Ba}
and curvatures {K, k, r— K} and 3 be the quaternionic principal-direction curve of
B with Frenet frame {T, N, By, Bg} and curvatures {K, k, 7 — K}. The principal
curvature K, the torsion k, and the bitorsion T — K of the quaternionic principal-
direction curve 3 can be given respectively as:

K =VK?+k2,
VE(r — K)?2 + K2k2(r — K)2 + (- Kk + kK')?
K? + k2 ’

VEZ B2 {k[(r — K)(~K"k + k'K — Kk(r — K)? + 2K'K) + (r — K)'(—2KK + kK')] — 2Kk?(r — K)}
(- K2+ Kk2(r — K)? + (KK + kK')?

k=

F—K=

Proof. Since B is the quaternionic principal-direction curve of 3, the parameter
s can be used for the arc-length parameter of both quaternionic curves 3 and f.
Since f3 is the quaternionic principal-direction curve of 3, we have ' =T = N. By
differentiating this equality and using Frenet formulas, we get 7/ = KN = N’ =
—KT + kBj. So the principal curvature of 3 is obtained as K = v K2 + k2. The
principal normal vector field of § is also found to be:

K k

N=-— T+
VEZ+k  VEZ+k?

B;.
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By taking the third order derivative of 5 and using Frenet formulas, we get the
following: -

f" = -K'T — (K*+ k)N + k'B; + k(r — K)Bs.

By using Definition 2.5, the torsion and bitorsion of the quaternionic principal-
direction curve 8 can be respectively found as follows:

VE(r — K2+ K2k2(r — K)? + (KK + kK')2
K2 4 k2

];/’:

and

VEZ LR {k[(r — K)(~K"k + K'K — Kk(r — K)* + 2K'K) + (r — K)'(-2KK + kK")] — 2Kk?(r — K)}

rok= W (r— K)2 + K22(r — K)2 + (KK + kK')?

Moreover, the first and second binormal vector fields of the quaternionic principal-
direction curve 3 can be obtained respectively as follows:

b 1 {k(/m' “KE) o KK —KE) o B = K) + KR = K) ]
L - K+ KR(r— K + (KR + kK2 | VEZ TR VEZ R VEZ+ 2 oA
and
B 1 [k‘z(r K,  Kk(r—K) —KK + kK’ } 0
TR KR+ KR (r - K2+ (KR +RE)E [VEE+ 2 VER+RE L VRt R

Now, we can discuss the condition where the quaternionic principal-direction
curve of § is equal to 8, while 8 is a quaternionic integral curve of (4.1).

Proposition 4.4. Let 8 be a quaternionic curve and 3 be a quaternionic integral
curve of (4.1). The quaternionic principal-direction curve of B is equal to 8 if and
only if uy = 0 and the following system of differential equations is satisfied:

uhy = kug
uy = —kug + (r — K)uy
uy = —(r — K)us

where u;, (i = 1,2,3,4) in (4.1).
Proof. By differentiating (4.1) with respect to s and using Theorem 2.6, we have

V' = (u)—ua K)T+(us K +uhy—usk) N+ (ugk+uy—uy (r—K)) By +(ug(r— K)+u}) Bs.

Since (3 is a quaternionic integral curve of (4.1), " =T’ = I_{Z\_f = V’'. On the
other hand, since the quaternionic principal-direction curve of g is equal to 3, we

get B/ =T = N. Thus, we have the following system of differential equations:
= KUQ + K 7é 0
uh = —Kuy + kus
uh = —kug + (r — K)uy

uy = —(r — K)us

g
&
|

(4.4)
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Multiplying the first, second, third and fourth equations in (4.4) by wuy, ug, us, w4,
respectively, and adding the results, we obtain the following:

(4.5) uru) + uguh + uguly + uguly = Kuy.

From equations (4.3) and (4.5), we obtain u; = 0. Thus, system (4.4) can be
rewritten as follows:

K
uz =~ #0
(4.6) uy = kug
uh = —kug + (r — K)uy
uy = —(r — K)ug

K
Specifically, if the ratio Ve is known, a solution of system (4.6) can be found as

follows. By changing the variable u(s) = [; (r(s) — K(s))ds, system (4.6) can be
rewritten:

duz _ K
du _r—KU3
du k
(4.7) T;:*T_KUQ‘FLM
dug _
du ~ °

By differentiating the second equation and using the third equation of system (4.7),
we get

dZU3 d
(4.8) T2 +us = @(A(u)),
kK ) . . .
where A(u) = C-RK By solving differential equation (4.8), we find the
r—
following:

Uz = cosu/A(u) cos udu + sinu/A(u) sin udu.

By using the third equation of system (4.7), we get
Uug = — sinu/A(u) cos udu + cosu/A(u) sin udu.

Thus, we have a solution of system (4.4):

uy = 0,

K

K7

ug = cosu [ A(u) cosudu + sinu [ A(u) sin udu,

Ug = —

ug = —sinu [ A(u) cosudu + cosu [ A(u) sin udu,

387
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where u(s) = /OS(T‘(S) — K(s))ds. O
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