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ABSTRACT. In this paper we obtain the condition for the existence of Ricci solitons in non-
flat quaternion space form by using Eisenhart problem. Also it is proved that if (g, V, \)
is Ricci soliton then V' is solenoidal if and only if it is shrinking, steady and expanding
depending upon the sign of scalar curvature. Further it is shown that Ricci soliton in
semi-symmetric quaternion space form depends on quaternion sectional curvature c if V'
is solenoidal.

1. Introduction

During 1982, Hamilton [7] made the fundamental observation that Ricci flow
is an excellent tool for simplifying the structure of the manifold. It is defined for
Riemannain manifolds of any dimension. It is a process which deforms the metric
of a Riemannian manifold analogous to the diffusion of heat there by smoothing
out the regularity in the metric. It is given by

dg(t)

ot = —2Ric(g(t)).

where ¢ is Riemannian metric dependent on time ¢ and Ric(g) is Ricci tensor.
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Let th : M — M, t € R be a family of diffeomorphisms and (¢~>t :t€R)isa
one parameter family of abelian groups called flow. It generates a vector field X,
given by 3

7}
pr: f(dtt(p»’ fECOO(M)

If Y is a vector field then LxY = lim;_g d’:Y;Y is known as Lie derivative of

Y with respect to X. Ricci solitons are stationary points of the Ricci flow under

qgt : M — M in space of metrics, that is if go is a metric on the codomain then
g(t) = ¢Fgo the pullback of g, is a metric on the domain.

A Ricci soliton is a generalization of an Einstein metric and is defined on a
Riemannian manifold (M, g). It is a triple (g, V, \) with g a Riemannian metric, V

a vector field generated by ¢; and A a real scalar such that

(1.1) Lyg+2S+2\g=0.

where S is a Ricci tensor of M, Ly denotes the Lie derivative operator along the
vector field V. The Ricci soliton is said to be shrinking, steady and expanding when
A is negative, zero and positive respectively.

In 1923, Eisenhart [6] proved that if a positive definite Riemannian manifold
(M, g) admits a second order parallel symmetric covariant tensor other than a con-
stant multiple of the metric tensor then it is reducible. In 1925, Levy [10] obtained
the necessary and sufficient conditions for the existence of such tensors. Since then,
many authors both national and international have investigated the Eisenhart prob-
lem of finding symmetric and skew-symmetric parallel tensors on various spaces and
obtained fruitful results. For instance, by giving a global approach based on the
Ricci identity, R. Sharma [11] investigated Eisenhart problem on non-flat real and
complex space forms, in 1989. Using L.P. Eisenhart problem C. Calin and M.
Crasmareanu [3], C. S. Bagewadi and G. Ingalahalli [2, 8] and S. Debnath and
A. Bhattacharyya [4] have studied the existence of Ricci solitons in f-Kenmotsu
manifolds, a-Sasakian, Lorentzian a-Sasakian and Trans-Sasakian manifolds.

Motivated by these ideas, in this paper, we study Ricci solitons of quaternion
space form which is a generalization of complex space form using L.P. Eisenhart
problem. The paper is organized as follows: The section two consists of definitions,
notions and basic results of quaternion space form. The third section deals with
parallel symmetric second order covariant tensor and Ricci soliton in a non-flat
quaternion space form. In section 4 we give semi-symmetry on quaternion space
forms.

2. Preliminaries

Let M be an n(n = 4m, m > 1)-dimensional Riemannian manifold with the
Riemannian metric g, then M is called a quaternion Kaehlerian manifold if there
exists a 3-dimensional vector bundle 1 consisting of tensors of type (1, 1) with local
basis of almost Hermitian structures J, K and L such that [1, 9, 13]
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(2.1) JP=K?*=1%=-1I,
(2.2) JK=-KJ=L, KL=-LK=J, LJ=—-JL=K,
(23) 9(JX,JY) = g(KX,KY) = g(LX,LY) = g(X,Y),

where I denoting the identity tensor of type (1,1) on M.

(b) If (b is a cross-section of the bundle p, then VXQS is also a cross-section of the
bundle i, X being an arbitrary vector field on M and V the Riemannian connection
on M.

Further the condition (b) is equivalent to the following condition;

(c) There exist the local 1-forms p, ¢ and r such that

VxJ=r(X)K —q(X)L,

VxK =—r(X)J+p(X)L,

VxL=q(X)J]-pX)K.
Let X be a unit vector tangent to the quaternion Kaehlerian manifold M , then
X;JX; KX and LX form an orthonormal frame. We denote by Q(X) the 4-plane
spanned by them and call it the quaternion 4-plane determined by X. Every plane
in a quaternion 4-plane is called a quaternion plane. The sectional curvature formed
by the quaternion plane is called quaternion sectional curvature.

A quaternion Kaehlerian manifold is called a quaternion-space-form if its quater-
nion sectional curvatures are equal to a constant c. It is known that a quaternion
Kaehlerian manifold is a quaternion-space-form if and only if its curvature tensor
R is of the following form:

R(X,Y)Z = E[g(Y, )X — (X, 2)Y +g(JY,Z)JX — g(JX, Z)JY

(2.4) +29(X,JY)JZ + g(KY, Z)KX — (KX, Z)KY +29(X,KY)KZ
+g(LY, Z)LX — g(LX, Z)LY + 2¢(X,LY)LZ).

The formulae [13]

(2.5) R(X,Y)=R(JX,JY)=R(KX,KY)=R(LX,LY),

(2.6) S(X,Y)=S(JX,JY)=S(KX,KY) = S(LX,LY),

(2.7) S(X,JY)+S(JX,Y)=0,5(X,KY)+ S(KX,Y) =0 and
S(X,LY)+ S(LX,Y) =0,

are well known for a quaternion Kaehler manifold where S is a Ricci tensor. If
{e1,es....en } is an orthonormal basis for the tangent space to M then the scalar
function r is given by r = 3.1 | S(e;, €;).
Symmetry of the manifold is one of the most important property among all its
geometrical properties. Symmetry of the manifold basically depends on curvature
tensor and the Ricci tensor of the manifold.
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Definition 2.1.([5, 12]) An n-dimensional generalized complex space form is said
to be Semi-symmetric if it satisfies

(R(X,)Y)-R)(UV,W)=0, foral X,Y € x(M),

Definition 2.2. We shall give the concepts of symmetrization and anti-symmetri
zation as below:

If ¢ is real valued p-linear function on the tangent space to M then ¢ is a covariant
tensor of order p. Denote the set of all covariant tensor of order p by ®¢ T,.M.
We know that ®¢ T, M is a vector space. Define two linear transformations .S,
and A, on the vector space ®¢ T,M by S, = ZJE% o¢p and A, = Zoe% eod
respectively, where 7, is a permutation group on {l.....p} and ¢ is the signature
of the permutation o. These are called as symmetrization and anti-symmetrization
operators.

3. Parallel Symmetric Second Order Covariant Tensor and Ricci Soliton
in a Non-flat Quaternion Space Forms

Let h be a (0,2)-tensor which is parallel with respect to V that is Vh = 0.
Applying the Ricci identity [11]

(3.1) VAWX,Y;Z, W) - V2h(X,Y; W, Z) =0,
we obtain the relation[11]:
(3.2) h(R(X,Y)Z,W)+ h(Z, R(X,Y)W) = 0.

Plugging the value of R from (2.4) in (3.2) and putting X =W =¢;, 1 <i<mn
and after simplification, we get

g(Y, Z)(tr.H) — h(Y,Z) — (n+ 8)(Z,Y) + g(JY, Z)tr.(HJ) + h(JY, J Z)
+2h(JZ,JY) + g(KY, Z)tr.(HK) + h(KY, KZ) + 2h(K Z, KY)
(3.3) +g(LY, Z)tr.(HL) + h(LY, LZ) + 2h(LZ,LY) = 0

where H is a (1,1) tensor metrically equivalent to h. Symmetrization and anti-
symmetrization of (3.3) yield:

(3.4) g(Y, Z)(tr.H) = (n+9)hs(Y, Z) — 3hs(JY, JZ)
— 3hy(KY,KZ) — 3hs(LY, LZ),
(3.5) g(JY, Z)tr.(HJ) + g(KY, Z)tr (HK) + g(LY, Z)tr.(HL)

= (n+Nha(Z,Y) = ha(JZ,JY)
— ha(KZ,KY) — ho(LZ,LY),

where hg and h, denote the symmetric and anti-symmetric parts of h.



From the Eisenhart Problem to Ricci Solitons in Quaternion Space Forms

Replacing Y and Z by JY and JZ, KY and KZ, LY and LZ respectively in

4
6) g(Y, Z)(tr.H) = (n+ 6)hy(Y, Z) — 3ho(KY, KZ) — 3hs(LY, LZ),
7 g(Y,Z)(tr.-H) = (n+6)hs(Y,Z) — 3hs(JY,JZ) — 3hs(LY,LZ),
8) g(Y, Z)(tr.H) = (n+ 6)hy(Y, Z) — 3hy(JY, JZ) — 3hy(KY, K Z).
Again changing Y, Z by KY, KZ in (3.6) and adding the resultant equation to (3.6),
we obtain:
(3.9) (n+9)g(Y, Z)(tr.H) = ((n+6)> — 9)hs(Y, Z)
—3(n+6)hs(LY,LZ) — 9h(JY, I Z).
Multiply the equation (3.7) by —3 and adding it with (3.9) we obtain the expression:
(n?+9n+9) (3n+9))
(n+6) (n+6)

Substituting Y, Z by LY, LZ in (3.10) and adding the resultant equation to (3.10),
we get the relation;

(3.10) g(Y, Z)(tr.H) = ho(Y, Z) — ho(LY, LZ).

(tr.H)

n

(3.11) hs(Y, Z) = 9(Y, Z).

Likewise; changing Y and Z by JY and JZ, KY and KZ, LY and LZ respec-
tively in (3.5) and adding the resultant equations to (3.5), we obtain:
(3.12) gV, JZ)tr.(HJ) + g(Y,KZ)tr.(HK) + g(Y, LZ)tr.(HL)
— (n+6)ha(Y. Z) — ho(KY, KZ) — ha(LY, LZ),

(3.13) gV, JZ)tr.(HJ) + g(Y,KZ)tr.(HK) + g(Y,LZ)tr.(HL)
= (n + G)ha(}/a Z) - ha(JK JZ) - ha(LY> LZ)7

(3.14) g, JZ)tr.(HJ) + g(Y,KZ)tr.(HK) + g(Y,LZ)tr.(HL)
= (n+6)ha(Y, Z) — ha(KY,KZ) — ho(JY, JZ).
Again replacing Y, Z by KY,KZ in (3.12) and adding the resultant equation to
(3.12), we obtain
(3.15)  (n+N[g(Y,J2)tr.(HJ)+ g(Y,KZ)tr.(HK) + g(Y,LZ)tr.(HL))
=[(n+6)?—1h(Y,Z) — (n+6)ho(LY,LZ) — ho(JY, JZ).

Substituting (3.13) in (3.15), we obtain the expression:
(3.16) gV, JZ)tr.(HJ) + g(Y,KZ)tr.(HK) + g(Y,LZ)tr.(HL)

n? + 11n — 29 (n+5)

- wh“(y’ 2) - (n+6)

ho(LY,LZ).
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Substituting Y, Z by LY, LZ in (3.16) and adding the resultant equation to (3.16),
we get

(n+6)
(n? + 10n — 34)
+g(Y, K2)tr(HEK) + g(Y, LZ)tr.(HL)]

(3.17) ha(Y,Z) = g(Y, JZ)tr.(H.J)

By summing (3.11) and (3.17) we obtain the expression

(3.18) h= %(tr.H)g—i—a[g(Y, JZ)tr.(HJ)
+ g(Y, KZ)tr.(HK) + g(Y, LZ)tr.(HL)),

_ (n+6)
where oo = T4 T0n—31) -

The above equation implies

1
(3.19) h= ﬁ(tr.H)g +altr.(H))Q + tr.(HK)Qq + tr.(HL)Q3] |,
where Q1 = g(Y,JZ),Qs = g(Y, KZ) and Q3 = g(Y, LZ) are quaternion Kaehlerian
2-forms.

Now as H is parallel with respect to V, therefore tr.H,tr.(HJ),tr.(HK) and
tr.(HL) are constants. Thus from equation (3.19) we can state the following

Theorem 3.1. A second order parallel tensor in a non-flat quaternion space form
is a linear combination(with constant coefficients) of the underlying quaternion
Kaehlerian metric and quaternion Kaehlerian 2-forms.

Corollary 3.1. The only symmetric(anti-symmetric) parallel tensor of type (0,2)
in a non-flat quaternion space form is the quaternion Kaehlerian metric (quaternion
Kaehlerian 2-forms) up to a constant multiple.

Corollary 3.2. A locally Ricci symmetric (V.S = 0) non-flat quaternion space form
is an Einstein manifold.

Proof. It h =S in (3.19) then tr.H =r, tr.HJ =0, tr.HK = 0 and ¢tr.HL = 0 by
virtue of (2.7). Equation (3.19) can be written as
(3.20)

S(Y, Z) = %g(Y, 2). O

Remark 3.1. The following statements for non-flat quaternion space form are
equivalent:

(1) Einstein.
(2) locally Ricci symmetric.

(3) Ricci semi-symmetric that is R-.S = 0.
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Proof. The statements (1) — (2) — (3) are trivial. Now, we prove the statement
(3) = (1). Here R- S = 0 means

(3:21) (R(X,Y)-S(U,W)) =0,
where X, Y, U, W are tangent vectors. This implies
(3.22) S(R(X,Y)U W)+ S(U,R(X,Y)W) =0.

Using equation (2.4) in (3.22) and putting Y = U = e;, where {e;} is an orthonormal
basis of the tangent space at each point of the manifold and taking summation over
i (1 <4< n)we get after simplification

(3.23) g{nS(X, W) — rg(X, W)} = 0.
If ¢ # 0 then the above equation implies
(3.24) S(X, W) = %g(X, w). O

Therefore we conclude the following.

Lemma 3.1. A Ricci semi-symmetric non-flat quaternion space form is an Einstein
manifold provided ¢ # 0.

Corollary 3.3. Suppose that on a non-flat quaternion space form, the tensor field
Lyg + 28 of type (0,2) is parallel where V is a given vector field. Then (g,V)
yields a Ricci soliton if JV, KV and LV are solenoidal. In particular, if the given
non-flat quaternion space form is Ricci semi-symmetric with Ly g parallel, we have
same conclusion.

T

Proof. From Theorem 3.1 and Corollary 3.2, we have A = - as seen below:

(3.25) (Lvg+2S)(Y,2) = [%tr(ng +29)9(Y, Z) + aftr.(Lvg + 25)J)u (Y, Z)
+tr.((Lvg+2S)K)Q(Y, Z) + tr.(Lvg + 25)L)Qs (Y, Z)]].
Simplifying the above we have

(Lvg +25)(Y, Z) = [%2(dwv +1)g(Y, Z) + a[2(divIV)Qu(Y, Z)

(3.26) +2(tr.ST) (Y, Z) + 2(divKV)Q2(Y, Z) + 2(tr.SK)Q2(Y, Z)
+ 2(divLV)Qs(Y, Z) + 2(tr.SL)Qs(Y, Z))).

By virtue of (2.7) the above equation becomes

3.27)  (Lyg+25)(Y,2) = [%[(dwv +1)g(Y, Z) + 20[(divIV)Qu (Y, Z)
+ (divKV)Qu(Y, Z) + (divLV)Qs(Y, 2)]).
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Suppose divJV =0, divKV =0 and divLV = 01i.e., JV, KV and LV are solenoidal
and because JV = KV = LV =iV, divV = 0. Hence by (3.27)

(3.28) (g +25)(V,2) = 2g(v,2) = 2g(Y. 7).

Therefore A = ~. Thus (g, V, A) is Ricci soliton with A = . O

n

Lemma 3.2. Let (g,V,\) be a Ricci soliton in a non-flat quaternion space form.
Then V' is solenoidal if and only if it is shrinking, steady and expanding depending
upon the sign of scalar curvature.

Proof. Using equation (3.24) in (1.1) we get
(3.20) (Lyg)(Y. Z) +2-g(Y. 2) + 22g(Y. Z) = 0,

Putting Y = Z = e; where {e;} is an orthonormal basis of the tangent space at
each point of the manifold and taking summation over ¢ (1 < i < n), we get

(3.30) (Lyg)(eise) +25g(es ei) +2Agles ei) = 0.
The above equation implies
(3.31) divV +1r+ An=0.
If V is solenoidal then divV = 0. Therefore the equation (3.31) gives
A= —.
n
Thus V is solenoidal if and only if A < 0, A =0 and A > 0. O
4. Semi-symmetric Quaternion Space Forms
Using Definition 2.1 we have
(4.1) (R(X,Y) -R)(U,Z,W)=0.
This implies
(4.2)
R(X,Y)RWU,Z)W—-R(R(X,Y)U, Z)W—-R(U,R(X,Y)Z)W—-R(U, Z)R(X,Y)W = 0.
Taking inner product with tangent vector 1" we have

g(R(X, Y)R(Ua Z)VV?T) - g(R(R(X,Y)U, Z)Vva) - g(R(Uv R(X7 Y)Z)VVvT)
(4.3) — g(R(U,Z)R(X,Y)W,T) = 0.
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Use equation (2.4) in (4.3) and simplify it by putting X = Z = e;. Again putting
Y =T = ¢; and taking summation over i (1 <1i < n) we get

(4.4) S(U,W) =c (—12n2 —5ln — 121) g(U,W).
This implies,

(4.5) S(U,W) = Bg(U,W).

where

(4.6) B=c (—12n2 — 51ln — 131) :

That is quaternion space form is an Einstein manifold.
Hence we can state following result;

Theorem 4.1. If a quaternion space form satisfies R- R = 0 then it is an FEinstein
manifold.

Using equation (4.5) in (1.1), we get
(4.7) (Lyg)(U,W) +28g(U,W) + 2Xg(U, W) = 0.
Putting U = W = ¢; and simplifying we get
(4.8) divV + B8+ X = 0.
If V is solenoidal then divV = 0. Therefore the equation (4.8) gives
(4.9) A=—-0.

Thus we can state the following from (4.6) and (4.9)

Lemma 4.1. If (g,V,\) is a Ricci soliton in a quaternion space form satisfying
semi symmetric condition then Ricci solitons depend on quaternion sectional cur-
vature ¢ provided V is solenoidal.
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