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WEAK AND STRONG CONVERGENCE THEOREMS FOR
THE MODIFIED ISHIKAWA ITERATION FOR TWO HYBRID
MULTIVALUED MAPPINGS IN HILBERT SPACES

WATCHARAPORN CHOLAMJIAK, NATCHAPHAN CHUTIBUTR,
AND SIWANAT WEERAKHAM

ABSTRACT. In this paper, we introduce new iterative schemes by using
the modified Ishikawa iteration for two hybrid multivalued mappings in a
Hilbert space. We then obtain weak convergence theorem under suitable
conditions. We use CQ and shrinking projection methods with Ishikawa
iteration for obtaining strong convergence theorems. Furthermore, we
give examples and numerical results for supporting our main results.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||,
respectively. Let C be a nonempty closed and convex subset of H. A subset
C C H is said to be proziminal if for each x € H, there exists y € C' such that

o -yl = d(w,C) = inf{lz — 2| : 2 € C}.

Let CB(C), K(C) and P(C) denote the families of nonempty closed bounded
subsets, nonempty compact subsets and nonempty proximinal bounded subset
of C, respectively. The Hausdorff metric on CB(C') is defined by

H(A, B) = max { sup d(x, B), sup d(y, A)}
T€EA yeB
for all A, B € CB(C) where d(x, B) = infyep ||z — b||. A singlevalued mapping
T :C — C is said to be nonexpansive if

[Tz =Tyl < |l -yl

for all z,y € C. A multivalued mapping T' : C — CB(C) is said to be
nonexpansive if
H(Tz,Ty) < [lz —y|

Received February 28, 2017; Accepted November 2, 2017.

2010 Mathematics Subject Classification. 47H10, 54H25.

Key words and phrases. weak convergence, strong convergence, common fixed point, hy-
brid multivalued mapping, Ishikawa iteration.

(©2018 Korean Mathematical Society

767



768 W. CHOLAMJIAK, N. CHUTIBUTR, AND S. WEERAKHAM

for all z,y € C. An element p € C is called a fized point of a mapping
T :C — C (resp., a multivalued mapping T : C — CB(C)) if p = Tp (resp.,
p € Tp). The fixed point set of T is denoted by F(T). If F(T) # () and

H(Tz,Tp) < |lz —p||
for all z € C and p € F(T), then T is said to be quasi-nonexpansive.

Since 1965, fixed point theorems and the existence of fixed points of singl-
evalued nonexpansive mappings have been intensively studied and considered
by many authors (see, for example, [1,3,6-8,11,18-20,22,25]).

In 1953, Mann [14] introduced the following iterative procedure for approx-
imating a fixed point of a nonexpansive mapping 7" in a Hilbert space H:

(1.1) Tpt1 = QT + (1 —ap)Tx,, VneN,

where the initial point z; is taken in C arbitrarily and {a,} is a sequence in
[0,1]. We know that Mann’s iteration has the only weak convergence theorem
(see, for example, [2,21]).

In 1974, Ishikawa [10] introduced the following iterative scheme which is a
generalization of the Mann’s iterative algorithm (1.1):

xg € C chosen arbitrarily,
Tp4+1 = QpTp + (1 - an)TZna n >0,
Zn = ﬂnxn + (1 - 5n)Txn;

where {a,,} and {3,} are appropriate control sequences in [0, 1]. However,
Ishikawa iteration processes also has only weak convergence even in a Hilbert
space.

For obtaining strong convergence theorem, Nakajo and Takahashi [17] pro-
posed the following modification of the Mann’s iteration method (1.1) for a
single nonexpansive mapping 7' in a Hilbert space H:

xg € C chosen arbitrarily,

Yn = Qpn + (1 - an>T$n7
Co={2€C:lyn — 2| < llzn — 2|},
Qn={z€C:{xg—xpn,xs — 2)},
Tnt+1 = PCWDQWZ'O-

They proved that if the sequence {a, } is bounded above by 1, then the sequence
{xn} converges strongly to Prjz(1)%o-

Recently, Takahashi et al. [27] introduced the following modification of the
Mann’s iteration method (1.1) which just involved one closed convex set for a
family of nonexpansive mappings {7, }:

ug € H chosen arbitrarily,

Cl = C, Uy = Pclx(),

Yn = Qpln + (1 - an)Tnuna
Co={2€C:lyn— 2| < |lun — 2|},
Unt1 = P, To-
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They proved that if a,, < a for all n > 1 and for some 0 < a < 1, then the
sequence {u,} converges strongly to Pp(,)o.

In 2008, Kohsaka and Takahashi [12,13] presented a new mapping which
is called a nonspreading mapping and obtained fixed point theorems for a
single nonspreading mapping and also a common fixed point theorems for a
commutative family of nonspreading mapping in Banach spaces. Let H be a
Hilbert space and let C' be a nonempty closed convex subset of H. A mapping

T :C — C is said to be nonspreading if
2Tz —Ty|? < |lz = Ty|? + |ly — T||?
for all z,y € C. Recently, Iemoto and Takahashi [9] showed that T : C — C'is
nonspreading if and only if
1Tz — Ty|* < ||z — y||* + 2(z — Ty,y — Ty) Yo,y € C.
Further, Takahashi [26] defined a class of nonlinear mappings which is called
hybrid as follows:
1Tz = Tyl|* < |l = y|* + (& — Ta,y — Ty)
for all z, y € C. It was shown that a mapping T : C' — H is hybrid if and only
if
3Tz — Tyl* < llz — yl* + lly — T||* + |z — Ty
forall z, y € C.

Inspired by Kohsaka and Takahashi [12,13], Iemoto and Takahashi [9], Taka-
hashi [26], Cholamjiak and Cholamjiak [5] introduced a new concept of multi-
valued mappings in Hilbert spaces by using Hausdorff metric. A multivalued
mapping T : C — CB(C) is said to be hybrid if

3H(Tw,Ty)” < |lx — y||* + d(y, Tx)* + d(x, Ty)?
for all x, y € C. They showed that if T is hybrid and F(T) # 0, then T is

quasi-nonexpansive. Moreover, they gave an example of a hybrid multivalued
mapping which is not nonexpansive.

Example 1.1 ([5]). Let H = R Consider C = [0,3] with the usual norm.
Define a multivalued mapping 7' : C — CB(C) by

_ {0}7 xr < [072]§
Tr = { 0,2%7], =€ (2,3].

We now give other examples of hybrid multivalued mappings which are not
nonexpansive.

Example 1.2. Let H = R. Consider C' = [2, 5] with the usual norm. Define
two hybrid multivalued mappings T : C' — K(C) by

o] B B x € [3,5);
' [(@ +5)(22—CP=59)) 4 2. 5], @ ¢ [3,5].
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To see that T3 is hybrid, we observe the following cases.
Case 1. If z,y € [3,5], then H(Tyz,Ty,y) = 0.
Case 2. If z € [3,5] and y ¢ [3,5], then Thz = {5} and Tiy = [(y +

5)(LenU9=65)) |y 5] This implies that
tan—1(19y — 65)

2

< |lz = yl* + d(z, Tiy)? + d(y, Tyz)?.

3H(Tyx, Tyy)® = 3((y + 5)( )+y—5)° <3

Case 3. If 2,y ¢ [3,5], then Thz = [(z + 5)(m_1(1+765)) +2,5] and Thy =
[(y+ 5)(tan_1(1+765)) +y,5]. This implies that
3H(Tyx, Tyy)?
tan=1 (192 — 65)
2

an~! — 2
= 3((x + 5)( o ()P0, )
<3

< lle =yl + d(a, Tig)? + d(y. Tia)"

But T3 is not nonexpansive since for x = 2.94 and y = 3.42, we have Tz =
[4.45,5] and Thy = {5}. This implies that

H(Tyz, Tyy) = |5 — 4.45| = 0.55 > 0.48 = ||z — y||.

Example 1.3. Let H = R. Consider C = [2, 5] with the usual norm. Define
two hybrid multivalued mappings 75 : C' — K(C') by

o[ ~ z € [3,5];
2 [({E . 5)( _COS(O;ZS). —0.98)) +z, 5]7 x ¢ [3, 5]

To see that T5 is hybrid, we observe the following cases.
Case 1. If 2,y € [3,5], then H(Thx,Ts,y) = 0.
Case 2. If z € [3,5] and y ¢ [3,5], then Tox = {5} and Toy = [(y +

5)(—cos(0:ly 22098 ) |y 5] This implies that

1.29
—cos(0.1y%® — 0.98
3H(Tya, Tay)? = 3((y + 5)(— % |

< ||z —y||* + d(z, Toy)* + d(y, Tox)>.

)+y—5)° <3

— COS . fEQVS— .
Case 3. If z,y ¢ [3,5]2,5then Tox = [(x + 5)(%) + z,5] and
Toy = [(y + 5)(—=0y "2098)y 1 4, 5], This implies that
3H (Tyx, Toy)?
— cos(0.122°—0.98)
1.29

— cos(U. 2:5_ .
— 3((x + 5)( e ((y+ o) SO0 )y
<3

<z =yl +d(z, Toy)* + dly, Trx)*.
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But T is not nonexpansive since for x = 2.97 and y = 3.55, we have Thx =
[4.28,5] and Toy = {5}. This implies that

H(Tyz, Toy) = |5 — 4.28] = 0.72 > 0.58 = ||z — y||.

Motivated and inspired by the above works, we introduce the iterative
scheme for finding a common fixed point of two hybrid multivalued mappings
by using the Ishikawa iteration. We also obtain weak convergence theorems.
Moreover, we use CQ and shrinking projection methods with Ishikawa iteration
for obtaining strong convergence theorems. As application, we give examples
and numerical results for supporting our main results.

2. Preliminaries and lemmas

We now provide some basic results for the proof. In a Hilbert space H, let
C' be a nonempty closed and convex subset of H. Let {z,} be a sequence in
H, we denote the weak convergence of {z,} to a point z € H by z, — z and
the strong convergence of {x,} to a point x € H by x,, — x. For every point
x € H, there exists a unique nearest point of C, denoted by Pgx, such that
|z — Poz|| < ||z —y|| for all y € C. Such a P is called the metric projection
from H on to C.

Lemma 2.1 ([7,15]). Let H be a real Hilbert space. Then for each z,y € H
and each t € [0, 1]

@) =9l = [l = 20 ) + P, 2
(b) [[tw + (1 =ylI* = tllz]* + (1 = Ollyl* = t(1 =)z —yl*.
(¢) If {z,} is a sequence in H weakly convergent to z, then

limsup [z, — y|* = limsup [z, — 2[|* + |2 — y||.
n—oo n—oo

Lemma 2.2 ([16]). Let C be a nonempty closed and convexr subset of a real

Hilbert space H. For each z, y € H and a € R, the set
D={veC:lly—vl®<llz —v|*+ (z,v) +a}

is closed and convex.

Lemma 2.3 ([17]). Let C be a nonempty closed and convex subset of a real

Hilbert space H and Po : H — C' be the metric projection from H onto C.
Then ||y — Poz||* + ||x — Pez||? < ||z — y||? for allz € H and y € C.

Lemma 2.4 ([23]). Let X be a Banach space satisfying Opial’s condition and
let {xz,,} be a sequence in X. Let u, v € X be such that
lim, oo ||2n — u|| and lim, o ||z, — v]|| ewxist.

If {xn,} and {xm,} are subsequences of {x,} which converge weakly to u and
v, respectively, then u = v.
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Lemma 2.5 ([5]). Let C be a closed and convex subset of a real Hilbert space
H. LetT : C — K(C) be a hybrid multivalued mapping. Let {x,} be a sequence
in C such that ,, = p and lim,,_, ||z, — yn|| = 0 for some y, € Tx,. Then
p e Tp.

Lemma 2.6 ([5]). Let C be a closed and convex subset of a real Hilbert space
H. Let T : C — K(C) be a hybrid multivalued mapping with F(T) # 0, then
F(T) is closed.

Condition (A). Let H be a Hilbert space and C be a subset of H. A
multivalued mapping T' : C — CB(C) is said to satisfy Condition (A) if
|z —p|| = d(z,Tp) for all x € H and p € F(T).

Lemma 2.7 ([5]). Let C be a closed and convex subset of a real Hilbert space

H. Let T : C — K(C) be a hybrid multivalued mapping with F(T) # 0. If T
satisfies Condition (A), then F(T') is convet.

Remark 2.8. We see that T satisfies Condition (A) if and only if Tp = {p} for
all p € F(T). It is known that the best approximation operator Pr, which is
defined by Pra = {y € Tz : ||y — z|| = d(z,Tx)}, also satisfies Condition (A)
(see [4,5,24]).

3. Main results

In this section, we prove a weak convergence theorem for a modification
of Ishikawa iteration for two hybrid multivalued mappings. Further, we use
CQ and shrinking projection methods with Ishikawa iteration to obtain strong
convergence theorems.

Theorem 3.1. Let C be a closed and convex subset of a real Hilbert space H
and T, To : C — K(C) be hybrid multivalued mappings with F(T1)NF(Tz) # 0.
Let {x,} be a sequence generated by

x1 € C chosen arbitrarily,
(31) Zn € ﬁnxn + (1 - Bn)TIxna

Tpt1 € Xy + (1 — an)Tazy,

for alln > 1, where {a,}, {Bn} C (0,1).
Assume that the following hold:
(i) 0 < liminf, . ap < limsup,, . o, < 1;
(i1) 0 < liminf, o Bn < limsup,,_,. Bn < 1.
If Ty and Ty satisfy Condition (A), then the sequence {x,} converges weakly to
a common fized point of {T1,T>}.
Proof. Let p € F(Ty) N F(Tz). By using Lemma 2.1(b) and T3, T% satisfy
Condition (A), for v,, € Tsz, and w, € Tix,, we get
[Zn+1 —pH2 = [lan(zn —p) + (1 — an)|lvn — p)H2
< anllzg = pl? + (1 — ag)|v. — pl®



WEAK AND STRONG CONVERGENCE THEOREMS 773

= O‘onn - p”2 + (1 - an)d(vn - T2p)2
< ap |z, — p||2 +(1— an)H(TQZmTQP)z

(3.2) < agllzn = pl” + (1 = an)|[2n = p]?
and
1z = pII? = 1B (2n = p) + (1 = Bu(wn —p)|?

:6n”$n*p”2 + (1 = Bn)llw *p||2* n(lfﬂn)Hxn*wnW
= ﬁn”mn —P||2 ( ﬂn)d(wanlp) ﬂn(l - 5n)Hxn - wnH2
< 6n”$n 7p||2 ( Bn)H(Tlxanlp)z - ﬂn(l - ﬂn)Hxn - wn||2
(3.3) <|lzn _pH2 Bn(1 = Bn)llwn — wn”2
It follows from (3.2) and (3.3) that
[2ns1 = plI* < anllzn —plI* + (1 = an)[llzn = plI* = Ba(1 = Ba) 20 — wn|?]
< |lzn — p”2 = Bn(1 = an)(1 = Bp)l|wn — wnH2
< |l — pl*.
This implies that
(3.4) [Znt+1 —pll < 20 — pl|-
Therefore, lim,,_, ||z, — p|| exists. From (3.3), we have
Bn(l - an)(l - /Bn)”‘]jn - wn||2 S Hxn - p”2 - Hxn—i-l - p”2

Since limsup,,_,. an < 1, 0 < liminf, o B, < limsup, ,. B, < 1 and
lim;, o0 [|2r — p|| exists, we have

(3.5) nl;r{:o |xn —wy] = 0.
On the other hand, we have
|Zn+1 — p||2 = llan(zyn —p) + (1 — an)v, — p”2
= apllzn = pl* + (1 = an)llvn = plI* = an(l — an) |20 — val|?
(1 — an)d(vp, Top)? — a1 — o) ||z — v

)

= apllen —pl* + )
1 — an)H(Tozn, Top)® — an(1l — an)||2n — vn?

)

)

< anllzn = pl* + (
<apzn, = pl* + (1 = an)llzn = pl* — an(l = an)|[zn — vall®
(36) <l — I — an(l - an)llon — val®
This implies that
(1= a)lln — o2 < ln — I  2ns1 — Pl

Since 0 < liminf, ;0 oy < limsup,, . @n, < 1 and lim, o ||zn — p|| exists,
we obtain

(3.7) lim |2, — v,] = 0.

n—o0
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From (3.5), we get

lzn — zull = |Bnrn + (1 = Bn)wn — zn ||
(3.8) < lwp —xn|| = 0
as n — oo.
It follows from (3.7) and (3.8) that
(3.9) lzn — vnll < [l2n — Znll + [0 — o0l = 0
as n — 0o.

Since the sequence {z,} is bounded, there exists a subsequence {z,, } of
{zn} such that x,, — ¢ for some ¢ € C. By Lemmas 2.5 and 3.5, we have
g € Tig. From (3.9), we also have z,, — ¢. Again by Lemma 2.5, we can
conclude that ¢ € Toq. This implies that ¢ € F(T1) N F(T3). We next show
that {z,} converges weakly to q. We take another subsequence {z,, } of {z,}
converging weakly to some ¢ € F(T1) N F(T3). Since lim,_, ||z, — p|| exists
for every p € F(Ty) N F(T3), from Lemma 2.4, ¢ = ¢’. This completes the
proof. O

Theorem 3.2. Let C be a nonempty closed and conver subset of a real Hilbert
space H. Let Ty, Ty : C — K(C) be hybrid multivalued mappings with F(T1) N
F(Ty) # 0. Let {x,} be a sequence generated by

Tl € C, Cy = C,
Zn € 5nxn + (1 - Bn)TIxn;
(3.10) Yn € an®y + (1 — an)Tozy,

Cny1 =1{2 € Cn: |lyn — 2| < |zn — 2|},
Tny1 = Po, 170,V > 1,

where {a}, {Bn} C (0,1).
Assume that the following hold:
(i) 0 < liminf, . a, < limsup,, . o, < 1;
(ii) 0 < liminf, _,o Bn < limsup,,_,. Bn < 1.
If Th and Ty satisfy Condition (A), then the sequence {x,} converges strongly
to a common fized point of {T1,T>}.

Proof. We split the proof into four steps.

Step 1. Show that {x,} is well-defined. Since 77 and T5 satisfy Condition
(A), from Lemmas 2.6-2.7, F(T1) N F(T5) is close and convex. Now, we show
that C,, is closed and convex for all n > 1. For this end, we prove by induction
on n that C), is closed and convex. For n = 1, C; = C' is closed and convex.
Assume that C,, is closed and convex for some n € N. From the definition
Chr+1 and Lemma 2.4, we have that C), 11 also closed and convex. Hence C,, is
closed and convex for all n € N. Next, we show that F(71) N F(Tz) C C,, for
each n > 1. By using Lemma 2.1(b) and T3, T3 satisfy Condition (A), for each
p € F(Th) N F(T), v, € Tz, and w,, € T1x,, we have

17 —p||2 = llan(zn —p) + (1 — an)(vn —p)||2
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L —an)llvn —p||2
d(vnaTQP)Z
H(Tyzn, Top)®

< ap ||z, _pH2 +
= ayl|zn *sz +(1 -y
<apllz, —plIP+ (1 — oy

(3.11) < anllz, —plI* +

o~ o~ o~ o~

)
)
)
1 — a)lzn — plf?
and

120 = plI? = [1Ba(@n —p) + (1 = Ba) (wn — p)|I?

= Ballen = plI* + (1 = Ba)llwn = pl* = Ba(1 = B) |0 — wall®
= Ballzn = plI” + (1 = Bn)d(wn, Tip)* = Bu(l = Bo)[|lzn — wn?
< Ballzn = pl* + (1 = Bo) H(T1ap, Tip)* — Bu(1 = Bp) |0 — wal|®
< Ballzn = plI* + (1 = Ba) |20 = plI* = Bu(1 = B)llzn — wall?

(3.12) < zn = plI? = Ba(1 = Ba)llzn — wal*.

Substituting (3.12) in (3.11), we have

lyn = pI* < anllen = pl* + 1 = an)lllzn = plI? = Ba(l = Ba)llzn — wal?]
< apllz, = pl* + (1 - an)zn —pl®

= Bn(1 —ap)(1 - ﬁn)llxn - wn”2

2 =l = Ba(l = an)(1 = Ba)llzn — wnl®

(3.13) < Jlzn = plI.

IN

Therefore, p € C,,, n > 1. This implies that F/(T1)NF(T») C C, for each n > 1
and so C,, # 0. Hence the sequence {x,} is well-defined.

Step 2. Show that z,, - w € C as n = oco. From z, = P¢, 21, Chy1 C C),
and z,41 € C,, we have

(3.14) lzn — 21| < [|2ng1 — 21|, Vn>1.
On the other hand, since F(T1) N F(T3) C C,,, we obtain
(3.15) lzn — 2 < |lz =21, Vn>1

for all z € F(T1) N F(T3). The inequalities (3.14) and (3.15) imply that the
sequence {z, —z1 } is bound and nondecreasing, hence lim,,_, o ||z, — 1| exists.
For m > n, by the definition of C,, we have z,,, = P¢,,x1 € Cy, € C,,. By
Lemma 2.3, we obtain that

(3.16) lzm = 2l < ll2m = 21]* = llzn — 21

Since limy, 0 || — 1 || exists, it follows from (3.16) that lim, e |[|2m —2n|| =
0. Hence {z,} is a Cauchy sequence in C' and so z, = w € C' as n — 0.
Step 3. Show that lim, o ||Tn — Wy || = 0 = limy, 0 ||z — vn|| Where w,, €
Tz, and v, € Thz,.
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From Step 2, we know that lim, o ||Znt1 — 2,|| = 0. Since x,41 € Cy, we
have

[y — Zoll < MlYn — Tnga | + [|2n41 — 24|
(3.17) < 2||zngr — an| — 0

as n — 0o.
From (3.12) and T5 satisfies Condition (A), we have

||yn _pH2 = ||an($n _P) + (]- - an)vn _pH27 an S TZZn
= ap|lz, — p||2 L —ap)|vn — p||2 —an(l—ay)llz, — Un||2
1 — an)d(vn, Top)? — a1 — ay)||zn — val?

( )
( )
(1 — an) H(T2z0, Top)? — an(1 — ) ||n — vnlf?
( )
( )

+
_ 2
= ap |z, —p|I* +
< Olonn _p”2 +

+

< apllen = pl* + (1= an)llzn — plI* = an(l = an)llzn — val)?
(3.18) <lzn = plI? = an(l = an)llzn — vall®.
This implies that

an(1 = an)|zn = vall < llzn = plI* = lyn —plI*.
Since 0 < liminf,, o @ < limsup,,_, o @, < 1, it follows from (3.17) that
(3.19) nh_)rrgo |z — vn] = 0.

From (3.13), we have

lyn =2l < llzn = plI* = Ba(l — @) (1 = Bo)l|lzn —wall*.
This implies that

Bn(l —an)(1 = By)|2n — wnH2 < lzn _p”2 —lyn _sz-

Since limsup,, ,, an < 1 and 0 < liminf,,_, B, < limsup,,_ . Bn < 1, we
obtain

(3.20) nh_}rr;o |zn, — wy|| = 0.

From (3.20), we have

20 — znll = [|Bnzn + (1 = Bn)wn — zn|
(3.21) = (1= Bn)llwn — znll = 0
as n — oQ.
From (3.19) and (3.21), so
(3:22) [2n = vnll < (lzn = zall + [J2n — vnl]) =0
as n — oo.

Step 4. Show that w = Pp(r,)np(1,)T1- From Steps 2-3 and Lemma 2.5,
we obtain w € F(T1) N F(Ty). Form (3.15), we have ||lw — z1|| < ||z — 2],
Vz € F(T1) N F(Ty). By the definition of the projection operator, we can
conclude that w = Pp(1,)np(1,)®1. This completes the proof. [l
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Theorem 3.3. Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let Th, T : C — K(C) be hybrid multivalued mappings with F(Ty) N
F(Ty) # 0. Let {x,} be a sequence generated by

x1 € C chosen arbitrarily,

Zn S 6nxn + (1 - ﬁn)TIxna

Yn € QnTyn + (1 - an)TQva
Cn={2€C:|yn—2ll < llzn — 2},
Qn=A{z€C:{xg—xp,x, — 2) >0},
ZTnt1 = Po,n@, o, Vn > 1,

where {an}, {Bn} C (0,1).
Assume that the following hold:

(i) 0 <liminf, o o <limsup, . a, < 1;
(i) 0 <liminf, o By < limsup, . Bn < 1.

(3.23)

If Ty and Ty satisfy Condition (A), then the sequence {x,} converges strongly
to a common fized point of {T1,T>}.

Proof. We split the proof into four steps.
Step 1. Show that {x,} is well-defined. From Lemmas 2.6-2.7, we know that
F(T1) N F(Ty) is a closed and convex subset of C'. From the definition of @,
and Lemma 2.2, it is obvious that @, is closed and convex for each n > 1. As
the same proof in Step 1 of Theorem 3.2, we have C,, is closed and convex for
each n > 1. Next, show that F(T}) N F(T3) € C,, N Q,. By using Lemma
2.1(b) and T3, Ty satisfy Condition (A), for each p € F(T1) N F(T3), v, € Taz,
and w,, € Tix,, we have
lyn — p”2 = |lan(@n —p) + (1 — an)vn — p”2
= an|zn —p||2 llvn — p”2 —an(l —an)zs _vnll2
[vn — pII®

+ )
( )
= anl|zn = plI* + (1 = an)d(vn, Top)?
+ )
+ )

1—ap
Sannmn p” +(1-an
< an”J:n _p||2 1-a, H(T227L7T2p)2
(3.24) < apllzn - p||2 L —an)llzn — p”2
and

120 = plI* = (1B (20 = p) + (1 = Ba) (wn — p)?
= Bullen = plI* + (1 = Ba)lwn = plI* = Ba(1 = Bn)2n — wal®
= Bullzn — plI* + (1 = Bu)d(wn, T1p) = Bu(1 = Bu)llxn — wall?
< Bullen = pl* + (1 = Bu) H(Tazn, Typ)* = Bu(1 — Ba) |2 — wa?
< Ballwn = plI* + (1 = Bu)llzn = plI* = Bu(1 = Ba)llzn — wnll?
(3.25) < llzn = plI? = Ba(1 = Bu)llon — wal.
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Substituting (3.25) in (3.24), we have
lyn = plI” < anllzn —plI* + (1 = o)[llzn — Pl = Bu(1 = Ba)llzn — wn||2]

< apl|zn _p”2 + (1 = an)l|zn —p||2
= Bn(1 = an)(1 = Bp)llwn — wn”2
< lzn —p||2 — Bn(1 —an)(1 - ﬂn)Hxn - wn”2

(3.26) < [lzn — 2%

Therefore, p € C,, n > 1. This implies that F(71) N F(Tz) C C, for each
n > 1. Next, we show that F(T1) N F(T2) C @, for all n € N. For n =1, we
have F(Ty) N F(Tz) € C = Q1. Assume that F(Ty) N F(Tz) C Q. Sine 2,11
is the projection of x; onto C), C @Q,,, we have

(T1 = Tpg1, Tng1 —2) 20,V 2€ C, N Q.

Thus F(T1) N F(T2) € Qpu+1. This implies that {z,,} is well-defined.
Step 2. Show that z, — w € C' as n — co. From the definition of @,,, we get
zn = Pg, z1. Since x,41 € @y, we have

(3.27) lzn — 21| < || Tps1 — 21]], VYn > N.
On the other hand, we obtain
(3.28) |z — 1] < ||z — 21, Vz € F(Ty) N F(Ty).

The inequalities (3.27) and (3.28) imply that the sequence {z, — z1} is
bounded and nondecreasing, hence lim,, o ||z, — 21| exists. For m > n, by
definition of @, we have x,, = Py, x1 € Qn C Qn. By Lemma 2.3, we obtain
that

(3:29) =zl < Mz — 1)1 = [lon — 1]
Since limy, oo || — 1 || exists, it follows from (3.29) that lim, e || 2m —2n|| =
0. Hence {z,} is a Cauchy sequence in C and so x, = w € C as n — co. In
particular, we have lim,_ ||Tn+1 — 2Zn|| = 0.
Step 3. Show that lim, o ||Tn — wy|| = 0 = limy, o0 ||2n — vn|| Where w,, €
Tz, and v, € Thz,.
Since z,,41 € C,, from Step 2, we have
yn = @ull < llyn = g | + |41 — 24|
(3.30) <2||@pg1 — ]| = 0
as n — 0o.
From (3.25) and T5 satisfies Condition (A), we have
||yn _pH2 = ||O‘n($n - p) + (1 - O‘n)vn - szv Yo, € Toz,

= Ty — p”2 + (1 = an)ljvn — p”2 —an(l —ap)llz, - Un||2

= an|lzn — 10”2 +(1- O‘n)d(vanQP)Q —an(l—ay)l|z, — Un||2

< agllzn = pl* + (1 = an) H(Tozn, Top)® — an(l — ap)||2n — va|?
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< ap||lzn — p”2 + (1= an)|lzn — sz —ap (1 —ap)llz, — Un||2
(3.31) <an = pl* = an(l — an) @, — va .
This implies that
an(l = ap)||zn — vall < ll2n _pH2 = |lyn —p||2-

Since 0 < liminf, . o, < limsup,,_, . o, < 1, it follows from (3.30) that
(3.32) nh_)ngo |z — vn] = 0.
From (3.26), we have

lyn — p”2 < |lzn — pH2 = Bn(1 = an)(1 = Bp)llxn — wnH2
This implies that

Bn(1 = ) (1 = Bn) || — wn||2 < |l@n _pH2 — lyn _pHQ'

Since limsup,, ., an < 1 and 0 < liminf,, . B, < limsup,,_, Bn < 1, we
obtain

(3.33) lim ||, — wy| = 0.

n—oo

From (3.33), we have

20 = znll = [[Bazn + (1 = Bn)wn — @
(3.34) =1 =Bp)llwn — xnl| =0
as n — 00.
From (3.32) and (3.34), so
(3.35) 1z = onll < (20 = 2all + [J2n = vnl]) = 0
as n — 00.

Step 4. Show that w = Pp(r,)np(1,)21. From Steps 2-3 and Lemma 2.5,
we obtain w € F(T1) N F(Ty). Form (3.28), we have ||lw — z1| < ||z — 2],
Vz € F(Th) N F(Tz). By the definition of the projection operator, we can
conclude that w = Pp(p)nr(1,)®1. This completes the proof. [l

If Tp = {p} for all p € F(T), T satisfies Condition (A), then we obtain the
following results.

Corollary 3.4. Let C be a closed and conver subset of a real Hilbert space H
and T, To : C — K(C) be hybrid multivalued mappings with F(T1)NF(Tz) # 0.
Let {x,} be a sequence generated by

1 € C chosen arbitrarily,
Zn € ﬂnxn + (1 - 6n)Tlxna
Tnt1 € Ty + (1 — an)Tazy,
for alln > 1, where {an},{Bn} C (0,1).
Assume that the following hold:

(i) 0 < liminf, . o, < limsup,, . o, < 1;
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(i) 0 <liminf, o By < limsup, . Bn < 1.

If Tvp = {p}, Toq = {q} for all p € F(T1) and q € F(T3), then the sequence
{z,} converges weakly to a common fized point of {T1,Ta}.

Corollary 3.5. Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let Ty, Ty : C — K(C) be hybrid multivalued mappings with F(T1) N
F(Ty) # 0. Let {z,} be a sequence generated by

Tl € H, Cl = C,
Zn S 5nxn + (1 - Bn)TIxn;
Yn € anTn + (1 - an)TQZna
Crn1 ={2 € Cp t [lyn — 2|l < [lzn — 2|},
Tny1 = Po, . 71,V > 1,
where {an}t, {Bn} C (0,1).
Assume that the following hold:
(i) 0 < liminf, . apn < limsup,, . o, < 1;
(il) 0 < liminf, o Bn < limsup,,_,. Bn < 1.

If Tvp = {p}, Toq = {q} for all p € F(T1) and q € F(T3), then the sequence
{zn} converges strongly to a common fized point of {T1,T>}.

Corollary 3.6. Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let Ty, Ty : C — K(C) be hybrid multivalued mappings with F(T1) N
F(Ty) # 0. Let {x,} be the sequence generated by

x1 € C chosen arbitrarily,
Zn S 6nxn + (1 - ﬁn)Tlxna
Yn € QpTy + (1 - Oén)TZva
Co={2€C:|lyn— 2| < llzn — 2|},
Qn={z€C:{(x1—xn,z, —2) >0},
Tpy1 = Po,n,21,Yn > 1,
where {an}, {Bn} C (0,1).
Assume that the following hold:
(i) 0 < liminf,, o ap < limsup,, . ap < 1;
(ii) 0 < liminf, o Bn < limsup,,_,. Bn < 1.
If Tvp = {p}, Taq = {q} for all p € F(T1) and q € F(T3), then the sequence
{zn} converge strongly to a common fized point of {T1,T2}.

Since Pr satisfies Condition (A), then we obtain the results.

Corollary 3.7. Let C be a closed and convex subset of a real Hilbert space H
and Ty, To : C = P(C) be hybrid multivalued mappings with F(T1)NF(Ty) # (.
Let {x,,} be a sequence generated by

x1 € C chosen arbitrarily,
Zn € 5nxn + (1 - ﬁn)PTlmn;
Tn+1 € ATy + (1 — @) Pry 2y,
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for alln > 1, where {an}, {Bn} C (0,1).
Assume that the following hold:
(1) 0 <liminf, o0y < limsup,_,o, o < 1;
(ii) 0 < liminf, o By, < limsup,_,. Bn < 1.
If Pr,, Pr, are hybrid multivalued mappings, then the sequence {x,} converges
weakly to a common fixed point of {T1,Ta}.

Proof. By the same proof in Theorem 3.1, we have x,, = w,, € Pnx, C Tiz),
and we have z, — v, € Pz, C Tsz,. From Lemma 2.5, we obtain this
results. O

Corollary 3.8. Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let Ty, Ty : C — P(C) be hybrid multivalued mappings with F(Ty) N
F(T3) # 0. Let {z,} be a sequence generated by

r1 € H, C, =0,

Zn S ﬁnxn + (1 - Bn)PTl'rny

Yn € QpTn + (1 - an)PTzznz

Crnt1 ={2 € Cp t [lyn — 2[| < [lzn — 2|},
Tn+1 = Pcn+1x17vn Z 17

where {an}, {Bn} C (0,1).
Assume that the following hold:
(1) 0 <liminf, o oy < limsup,_,. an < 1;
(il) 0 < liminf, o Bn < limsup,,_, . Bn < 1.
If Pr,, Pr, are hybrid multivalued mappings, then the sequence {x,} converges
strongly to a common fized point of {T1,T2}.

Proof. By the same proof in Theorem 3.2, we have z,, = w,, € Pnx, C Tiz),
and we have z, — v, € Ppr,z, C Tsz,. From Lemma 2.5, we obtain this

results. O

Corollary 3.9. Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let T1, Ty : C — P(C) be hybrid multivalued mappings with F(T1) N
F(T3) # 0. Let {z,} be a sequence generated by

x1 € C chosen arbitrarily,
Zn S ann + (1 - Bn)PTlx’ru
Yn € apTy + (1 - an)PTzzna
Crn={2€C:|yn— 2| <&y — 2|},
Qn=A{z€C:{x1 —xp,x, —2) >0},
Tpy1 = Pe,nq,21,Yn > 1,

where {an}, {Bn} C (0,1).

Assume that the following hold:

(i) 0 < liminf, . ap < limsup,, . o, < 1;
(ii) 0 < liminf, o By < limsup,,_,. Bn < 1.
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If Pr,, Pr, are hybrid multivalued mappings, then the sequence {x,} converge
strongly to a common fized point of {T1,T2}.

Proof. By the same proof in Theorem 3.3, we have z,, = w,, € Pnx, C Tiz),
and we have z, = v, € Pr,2, C Tsz,. From Lemma 2.5, so we obtain the

results. O

4. Example and numerical results

In this section, we give examples with numerical results for supporting our
theorem.

Example 4.1. Let H = R and C = [2,5]. Define two hybrid multivalued
mappings 11,15 : C — K(C) by

oo | B - z € [3,5];
! [( 4 5)(tn—U92=65)) o 4 5], « ¢ [3,5]

and
- {5}, z € [3,5];
Tr = — cos(0.1225—0.
’ (& — ) (=0 =09) 15 5], 2 ¢ [3,5]
for all z € C. Choose o, = 5% and 3, = 52&-

It is easy to check that {a, } and {3, } satisfy all conditions in Theorems 3.2-3.3.
From Examples 1.2-1.3, we see that 77 and 75 are hybrid. Choosing x; = 2 and
taking randomly w,, € T\x, and v, € T5z,, we obtain the numerical results of
iteration (3.10) as follows:

TABLE 1. Numerical results of iteration (3.10) being randomized in the first

time.
Randomized in the 1st

4.989956 3.993304 5.000000 4.000000 2.000000
4.915212  4.218772 5.000000 4.200000 3.000000
5.000000 4.475000 5.000000 4.400000 3.600000
5.000000 4.619048 5.000000 4.555556 4.000000
5.000000 4.722222 5.000000 4.671717 4.277778
5.000000 4.796676 5.000000 4.757576 4.474747
5.000000 4.850730 5.000000 4.820875 4.616162
5.000000 4.890154 5.000000 4.867538 4.718519
5.000000 4.919011 5.000000 4.901961 4.793028
10 5.000000 4.940194 5.000000 4.927378 4.847495

© 00O ULk Wi~ 3

43 5.000000 4.999996 5.000000 4.999996 4.999991

Choosing x7 = 2 and taking randomly w,, € Tz, and v, € T5z,, we obtain
the numerical results of iteration (3.23) as follows:
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TABLE 2. Numerical results of iteration (3.10) being randomized in the

second time.

Randomized in the 2nd

Wn

Zn

Un

Yn

Tn

4.605374
4.979731
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
10 5.000000

© 00O Uik W 3

43 5.000000

3.736916
4.259829
4.475000
4.619048
4.722222
4.796676
4.850730
4.890154
4.919011
4.940194

4.999996

5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000

5.000000

4.000000
4.200000
4.400000
4.555556
4.671717
4.757576
4.820875
4.867538
4.901961
4.927378

4.999996

2.000000
3.000000
3.600000
4.000000
4.277778
4.474747
4.616162
4.718519
4.793028
4.847495

4.999991

783

TABLE 3. Numerical results of iteration (3.23) being randomized in the first

time.

Randomized in the 1st

Wn

Zn

Un

Yn

Tn

4.637906
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
10 5.000000

© 00O UL W - 3

43 5.000000

3.758604
4.272727
4.475000
4.619048
4.722222
4.796676
4.850730
4.890154
4.919011
4.940194

4.999996

5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000

5.000000

4.000000
4.200000
4.400000
4.555556
4.671717
4.757576
4.820875
4.867538
4.901961
4.927378

4.999996

2.000000
3.000000
3.600000
4.000000
4.277778
4.474747
4.616162
4.718519
4.793028
4.847495

4.999991

Remark 4.2. According to the investigations of our numerical results under the
same conditions, we can see that
(i) the sequences {z,} are the same in each step of randomize.
(ii) the sequences {x,} of the shrinking projection method in Tables 1-2 and
the C@Q method in Tables 3-4 are also the same.
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TABLE 4. Numerical results of iteration (3.23) being randomized in the

second time.

Randomized in the 2nd

Wn

Zn

Un

Yn

Tn

4.453659
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
10 5.000000

© 00O Uik W 3

43 5.000000

3.635773
4.272727
4.475000
4.619048
4.722222
4.796676
4.850730
4.890154
4.919011
4.940194

4.999996

5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000
5.000000

5.000000

4.000000
4.200000
4.400000
4.555556
4.671717
4.757576
4.820875
4.867538
4.901961
4.927378

4.999996

2.000000
3.000000
3.600000
4.000000
4.277778
4.474747
4.616162
4.718519
4.793028
4.847495

4.999991

0.9

0.8+

0.7 -

0.6 -

0.5

ERROR

0.4 -

0.3

0.2 o

0.1+

FIGURE 1. Error plots for all sequences {z,} in Tables 1-4.
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