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NORMALITY CRITERIA FOR A FAMILY OF
MEROMORPHIC FUNCTIONS WITH MULTIPLE ZEROS

GOPAL DATT, YUNTONG LI, AND POONAM RANI

ABSTRACT. In this article, we prove some normality criteria for a fam-
ily of meromorphic functions having zeros with some multiplicity. Our
main result involves sharing of a holomorphic function by certain differ-
ential polynomials. Our results generalize some of the results of Fang and
Zalcman [4] and Chen et al. [2] to a great extent.

1. Introduction and main results

One important aspect of the theory of complex analytic functions is to find
normality criteria for families of meromorphic functions. The notion of normal
families was introduced by Paul Montel in 1907. Let us begin by recalling
the definition. A family of meromorphic (holomorphic) functions defined on
a domain D C C is said to be normal in the domain, if every sequence in
the family has a subsequence which converges spherically uniformly on compact
subsets of D to a meromorphic (holomorphic) function or to oo [1,5,10,14,15].

In [9], Mues and Steinmetz proved a uniqueness theorem which says that:
If a non-constant meromorphic function f in the plane, shares three distinct
complex numbers ay,as,as with its first order derivative [, then f = f'. Wil-
helm Schwick [11] was the first who gave a connection between normality and
shared values and proved a theorem related to above result of [9] which says
that: A family F of meromorphic functions on a domain D is normal, if f
and f' share a1, as, as for every f € F, where a1, as, as are distinct complex
numbers.

Let us recall the definition of shared value. Let f be a meromorphic function
on a domain D C C. For p € C, let

E(p) ={z€D: f(z) =p}
and let
Ef(c0) = poles of f in D.
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For p € CU {00}, two meromorphic functions f and g of D share the value p
if E¢(p) = E4(p)-
In 2008, Fang and Zalcman [4] proved the following normality criteria:

Theorem A ([4]). Let F be a family of meromorphic functions on a domain
D, let n > 2 be a positive integer, and a(# 0),b € C. If for each f € F, all
zeros of [ are multiple and f + a(f")™ # b on D, then F is normal on D.

Related to the above result of [4], Wang [12] proved the following result on
normality and sharing value:

Theorem B ([12]). Let F be a family of meromorphic functions on the plane
domain D, letn > 3 be a positive integer. Let a,b be two finite complexr numbers
such that a # 0. If all zeros of f are multiple for each f € F, and f + a(f" )™
and g + a(g’)™ share b in D for every pair of functions f,g € F, then F is
normal in D.

Extending the result of [4], Xu, Wu and Liao [13] proved the following nor-
mality criteria:

Theorem C ([13]). Let F be a family of meromorphic functions on a plane
domain D, let a(# 0),b € C, and n,k be two positive integers such that n >
k+ 1. If for each f € F, f has only zeros of multiplicity at least k 4+ 1, and
f+a (f(k))n #%b on D, then F is normal on D.

Related to the result of [13], Chen et al. [2] proved the following normality
criteria concerning shared values:

Theorem D ([2]). Let F be a family of meromorphic functions on the plane
domain D, let n,k be positive integers such that n > k + 2, and a,b be two
finite complex numbers such that a # 0. If all zeros of f have multiplicity at
least k + 1 for each f € F, and f+a (f(k))n and g+ a (g(k))n share b in D
for every pair of functions f,g € F, then F is normal in D.

It is evident from the following questions that the above theorem has not
been stated in its full generality:

@.1. Can we weaken the condition on n?

@.2. Can we replace value b by any holomorphic function?

In this paper, we try to give the answers to these questions and see that after
weakening the condition on n > k + 2 to n > 2, the theorem is valid for the
case where multiplicities of zeros of f € F are at least 2k + 1, and b is a
non-vanishing holomorphic function. Now we state our main result.

Theorem 1.1. Let o #Z 0 be a holomorphic function with zeros of multiplicity
at most m in D. Let a € C be a non-zero constant, and n, k be positive integers
such that n >k + 1, and m < k. Let F be a family of meromorphic functions
in the domain D. Suppose that for each f € F, all zeros of f have multiplicity
at least 2k + 2 and all poles (if exist) have multiplicity at least 2k + 3. If for
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each pair f,g in F, [ +a (f(k))n and g+ a (g(k))n share o in D, then F is
normal in D.

When « is non-vanishing holomorphic function in D, we get the following
strengthened result:

Theorem 1.2. Let o # 0 be a holomorphic function with zeros of multiplicity
at most m in D. Let a be a non-vanishing holomorphic function in D and n,k
be positive integers such thatn > 2. Let F be a family of meromorphic functions
in the domain D. Suppose that for each f € F, all zeros of f have multiplicity
at least 2k 4+ 1. If for each pair f,g in F, f+a (f(k))n and g+ a (g(k))n share
a in D, then F is normal in D.

We give the following example in support of Theorem 1.2.

Example. Let D = {z € C: 0 < |z|] < 1}, n = 3 and k = 1. Consider the
family F = {423 : j € N} and a(z) = 1/23, a(z) = 23. Clearly F satisfies all
the conditions of F and F is normal in D.

We also improved Theorem C in the following manner:

Theorem 1.3. Let F be a family of meromorphic functions on a domain D,
let n, k be positive integers such that n > 2. Let b be a non-zero finite complex
number and a be a mon-vanishing holomorphic function. If for each function
f € F, all zeros of f have multiplicity at least 2k +1, and f+a (f(k))n —b has
at most one zero in D, then F is normal in D.

Also we prove a theorem on the value distribution of a transcendental mero-
morphic function. The following theorem on value distribution of a zero-free
transcendental meromorphic function is due to Li [8] (also see [7]).

Theorem E. Let f be a transcendental meromorphic function with f # 0,
let a be mon-zero finite complex number, and let n > 2 and k be two positive
integers. Then f+a (f(k))n assumes each value b € C infinitely often.

In the following theorem, we prove above result for the case where f # 0.

Theorem 1.4. Let f # 0 be a transcendental meromorphic function, let a
be non-zero finite complexr number, and let n > 3 be a positive integer. Then
f+a (f(k))n assumes each value b € C infinitely often.

2. Some notations and results of Nevanlinna theory

Let A = {z: |z] < 1} be the unit disk and A(zg,r) := {z: |z — 29| < r}. We
use the following standard functions of value distribution theory, namely
T(r,f),m(r, ), N(r, f) and N(r, f).
We denote by S(r, f) any function satisfying
S(r, f) = O(T(T, f)) as r — +oo,
possibly outside of a set with finite measure.
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Second Fundamental Theorem. Suppose f(z) is meromorphic in the finite
plane and non-degenerate into a constant. If a,(v = 1,2,...,q) are q(> 3)
distinct complex numbers (one of them may be infinity), then

(2.1) (g—2)T(r, f) < ZW (r, flal,> + S(r, f).

3. Some lemmas

In order to prove our results we need the following lemmas. The well known
Zalcman Lemma is a very important tool in the study of normal families. The
following is a new version due to Zalcman [17] (also see [16], p. 814).

Lemma 3.1. Let F be a family of meromorphic functions in the unit disk A,
with the property that for every function f € F, the zeros of f are of multiplicity
at least | and the poles of f are of multiplicity at least k. If F is not normal
at zg in A, then for —l < a < k, there exist

(1) a sequence of complex numbers z, — zo, |zn| <7 <1,

(2) a sequence of functions f, € F,

(3) a sequence of positive numbers p, — 0,
such that g,(() = p2fn(zn + pnC) converges to a non-constant meromorphic
function g on C with g% (¢) < g (0) = 1. Moreover, g is of order at most two.

Here, g7 (z) = 1-1-9\;;((2))'\2 is the spherical derivative of g.

Let f be a non-constant meromorphic function in C. A differential polyno-
mial P of f is defined by P(z) := Y7 ai(2) [Tf—y (fV (Z))Sij7 where S;;’s
are non-negative integers and «;(z) # 0 are small functions of f, that is
T(r,o;) = o(T(r,f)). The lower degree of the differential polynomial P is
defined by

j=0
The following result was proved by Dethloff et al. in [3].
Lemma 3.2. Let ay,...,a, be distinct non-zero complex numbers. Let f be

a non-constant meromorphic function and let P be a non-constant differential
polynomial of f with d(P) > 2. Then

@P)+1\— [ 1 1 L 1
T <|——*—|N - 7R — N —_— S
nh) < (S ) ¥ (n ) + AT () TS
for all r € [1,+00) excluding a set of finite Lebesque measure, where 8(P) :=
maX1§i§n Z?:O jSij-
Moreover, in the case of an entire function, we have

= (A1) oy 85 ) 50
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for all r € [1,+00) excluding a set of finite Lebesque measure.

This result was proved by Hinchliffe in [6] for ¢ = 1.
We now prove some lemmas to establish our results in the next section.

Lemma 3.3. Let [ be a transcendental meromorphic function in C. If all
zeros of f(z) has multiplicity at least 2k + 1, then for a positive integer n > 2,
(f(k))n assumes every non-zero finite value b infinitely often.

Proof. Suppose on the contrary that ( f (k))n assumes the value b only finitely
many times. Then

(3.1) N (T, (f(k))lnb> =0 (logr) = S(r, f).

Without loss of generality we may assume b = 1. Let P = ( f(k))n. It is
easy to see that

d(P) = n and 0(P) = nk.
Clearly d(P) > 2. So by Lemma 3.2, we get

e < (ST () 4 () () s

and this gives

nk+1
T <|——|N
1) = (s )V 1)+ 0.,

and so

(n—2)(k+1)

- T < .

(S e n < s6)

But this is a contradiction and hence establishes the lemma. O

Lemma 3.4. Let f be a non-constant rational function in C and n > 2 be a
positive integer. If all zeros of f(z) has multiplicity at least 2k + 1 then (f(k))n
has at least two distinct b-points, where b is a non-zero complex number.

Proof. On the contrary, assume that ( f(k))n has at most one b-point. Now
there are two cases to consider.
n .
Case 1. Let (f*®))" — b = 0 has exactly one zero and let this zero be at z.

First we assume that f is a non-constant polynomial. Set (f(k)(z))n —b=
A(z — 2)!, where A is a non-zero constant and [ is a positive integer such that

!
I > 2(k+1). Then ((f(k)(z))n) = Al(z — 29)'~ . This shows that z is the

n / n
only zero of ((f(k)(z)) ) . Since zeros of (f(k)(z)) are multiple, we deduce

that zg is a zero of (f(k)(z))n7 which is a contradiction, since b # 0.
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Now suppose that f is a non-polynomial rational function with zeros of
multiplicity at least 2k 4+ 1. Clearly, f*)(z) is non-constant. Let by, bs, ..., b,
be n distinct zeros of w™ = b. Let w = f(*)(2) then we obtain

(f(k) —bl) (f(k> _1,2) ...(fu«) —bn) —0

Since zg is a zero of (f®)" —b =0, so for one j € {1,2,...,n}, f*)(2) = b;
and f*)(zg) # b; for i(# j) € {1,2,...,n}. Thus we have

Az — 2)" B
where A, B are non-zero constants. By (3.2) we obtain
(3.3) (bi —b))Q(2) + B = A(z — z)".

From (3.3) we get [ > k + 1, since zeros of Q(z) are of multiplicity at least
k+ 1. Again from (3.3), we obtain Q(z9) # 0. After differentiating (3.2), we

have
(k1) — Al = 20)'7'Q(2) — A(z — 2)'Q'(2) _ —BQ'(2)
(3.4) fET(2) ) 20

which gives, A(z — 20)"71 (Q(2) — (2 — 20)Q’(2)) = —BQ'(z). Since Q(z) is a
polynomial of degree [ > k + 1, whose zeros are other than zy. This shows that

Q(z) — (z — 20)Q'(2) is a non-constant polynomial. Thus we observe that the
degree of Q'(2) is at least . This is a contradiction to the fact that the degree
of Q(z) is l.

Case 2. Let (f(k))n # b. Let by,ba,...,b, be n(> 3) distinct solutions of
w"™ = b. By Nevanlinna’s second fundamental theorem,

T( 0 2 38 (i) + 5 (100).

It follows that T'(r, f(*)) = S(r, f®)), which is a contradiction. This completes
the proof of lemma. O

Lemma 3.5 ([13]). Let n > 2, k be positive integers, let p be a non-zero
constant and let P(z) be a polynomial. Then the solution of the differential
equation p (W(k)(z))n + W(z) = P(z) must be a polynomial.

Lemma 3.6. Let f be a transcedental meromorphic function on the complex
plane C, let a(# 0) be a complex number and let n, m, k be three positive integers
such thatn >k +1 and m < k.

(1) If n > k+2, then

(n—1T(r, f®) < (K + k+ 1)N(r, f) + (k + 1)°N (r’fﬂ(f(i))n_zm)
S(r, f®).
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(2) If n=k+1, then

KT ) < (8 + DN )+ (240N () 450 1)
Proof. Let
(3.5) g=F+a(f®) 2",
and
g®)
. h=>2—.
(3.6) 7

Then h # 0. Otherwise, if h = 0, then ¢*) = 0, so we conclude that g is a
polynomial with degree at most k£ — 1. Noting that n = k+ 1 > 2, we conclude
from (3.5) that f must be a polynomial, which is a contradiction. By simple
calculation we have

g = £ 4 a(F0N® = 1O (1 + P(F0)

where

P (1) (g () (1) ),

and P(f*)) is a homogeneous differential equation in f*) of degree n—1. Then
(3.7) gh = 1+ P(F0).

It follows from (3.5) that T'(r,g) < O(T(r, f)), and so S(r,g) = S(r, f). This
and (3.6) gives

(3.8) m(r,h) = S(r, f).

Using(3.6)-(3.8) and Nevanlinna’s first fundamental theorem, we obtain
1 1 1 1
¥ (g )+ (e pmyen) < () ¥ ()
1
(3.9) < N(r,h)+ N <7‘, g) +S(r, f)

< BN(r, f) + (k+ )N (n ;) + S0 f).

On the other hand, by Nevanlinna’s first fundamental theorem, we get
1 1
"\ gyt TN )

() o () o (- o)
1

n () + (7 pgy ) 500

(3.10)

IN

IN
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1 1
= (T’ Py T P(F@) + 1) +5(r, f)

1 PR (PR +1
(’WUWW)*mG”PUW>+ P(F®) + 1

=T PG = N (7 gy ) + 500,

m

<

) ste.)

We deduce from (3.10) and Nevanlinna’s first fundamental theorem that

(n = DT(r, f%) < N(r, f) + (n — 1)N (r, f(lk))

1 1
A1 N ———— | =N _ .
34y +¥ (r ) = (g ) + 56
If n =k +1, from (3.10) and (3.11), we have
KT(r, f™) < (K2 + DN (r, f) + (K* + k)N <r, 1) +S(r, f).
g
This prove second part of the lemma. If n > k + 2 and supposing that zg is a

zero of f(¥) of multiplicity I, we see that 2 is a zero of [P(f*))]’ of multiplicity
at least (n — 1)l — k — 1. This gives

) ) )

1
Sustituting (3.12) in (3.11), we have

— 1 — 1
_ (k) el -
(= 070 ) < N f) 4 G4 DN (105 )+ 8 (g )
which, together with (3.9) leads to
_ 1
(n—D)T(r, f®) < (B2 + k+ 1)N(r, f) + (k + 1)°N (7’, g) +S(r, f).

This completes the proof of the lemma. O
Lemma 3.7. Let f be a transcendental meromorphic function on the complex
palne C, let a be a non-zero finite complex number and let n, k and m be three

positive integers such thatn >k + 1 and m < k then f + af® — 2™ assumes
infinitely many zeros.
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Proof. Suppose that f + af*) — 2™ has finitely many zeros. Since f is tran-
scendental, we have

(3.13) N (7‘, f+ a(f(;))n - Zm) — Oflogr) = S(r, f).

If n = k + 1. Tt follows from (3.13) and first part of Lemma 3.6 that
KT(r, f%) < (B + DN(r, f) + 5. f)

k2 +1
< (k)
_k+1N&J )+ S(r, f)
k2 +1
< =27, f®
ST (r, f) + S(r, f),
that is,
5:1T@fw)<5@fwy
E+17 7 -

This contradicts the fact that f is transcendental. If n > k 4 2, then using
(3.13) and second part of Lemma 3.6, we obtain

(k + 1)T(T7 f(k)) é (TL - 1)T(T, f(k))
< (K> +E+1)N(r, f)+ S(r, f)

k2 +k+1
T TN (k)
< SN G ) 4 50 )
k2 +k+1
<= 2T oT(r, £ )
< SRR 1) + 50, )
Then T(r, f*)) < S(r, f*)). But this is impossible since f is transcendental.
Hence lemma is proved. t

Lemma 3.8. Let f be a non-constant rational function and let n,m,k be three
positive integers such that n > 2 and m < k. Suppose that every zero of f has
multiplicity at least 2k + 2 and every pole (if exists) of f has multiplicity at
least 2k + 3. Then f + (f(k'))n — 2™ has at least two distinct zeros.

Proof. Let us assume that D(f)(z) — 2™ := f + (f(k))n — 2™ has atmost one
zero. Now we consider the following cases:

Case 1. D(f)(z) — 2™ has exactly one zero zp with multiplicity [.

Case 1.1. Suppose that f is a non constant polynomial, then we set

(3.14) flz) = Alz =)™ -+ (z — ag)™,

where A is a non-zero constant, m,; > 2k + 2 are integers. Now differentiating
(3.14) k-times, we get

(3.15) ) = (=)™ 7F s (2 = )™ P (2),
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where hy is a non zero polynomial with deg(hy) < k(s —1). From (3.14) and
(3.15), we see that

D(f)(z) =z = f(2) + (f(k))”(z)
=Alz—o)™ - (2 — a,)™
(3.16) + (2 — o) MR ()P RI g () — g™
Now, differentiating (3.16) m + 1-times we get
(D(f)(z))(m+1) =(z—ao)™ T (= )L
I+ (z— al)(nfl)ﬂnfnk vz — as)(nfl)msfnkgl (2)]
(3.17) = (z—a)™ ™ (2 — )™ T  hy(2),

where hs is a non zero polynomial.
As D(f)(z) — 2™ has only one zero then from (3.17), we get a contradiction.
Case 1.2. Suppose that f(z) is a non-polynomial rational function defined

as
(Z — al)ml s (z— as)mk
3.18 flz)=A )
(345) S RN e A
where A is a non-zero constant, m; > 2k+2 (i = 1,2,...,s) andn; > 2k+3 (j =
1,2,...,1).
Let us define
(3.19) Zmz M > (2k +2)s and Zn] > (2k + 3)t.

j=1
From (3.18), it follows that
z— al)m1—k . (Z _ Oés)ms_k
(Z - Bl)nﬁ_k s (z — ,Bt)"t+k 91(2),

where g; is a non zero polynomial with deg(g1) < k(s +¢—1) from (3.18) and
(3.20), then

(3.20) R (2) = Al

(3.21) bl =14 _(;1;1?,31):: — ZiZf:M 9(2),

where g is a non zero polynomial and
(3.22) deg(g) < max{(n — 1)N + nkt,(n — 1)M — nks + ndeg(g1)}.
Since D(f)(z) — 2™ has exactly one zero at zp with multiplicity I, we have
B(z — z)"
(2 = Bu)n(mtk) o (2 — fy)n(neth)”

where B is a non-zero constant and [ is a positive integer. On differentiating
(3.21) and (3.23) m + 1 times, we get

(Z — Oél)mlimil . (Z — as)m57m71h1(z)
(Z — 61)n (n1+k)+m+1 . (Z _ IBt)n(nt+k)+m+1;

(3.23) D(f(z)) = 2™ +

(3.24) (D(f))m ) =
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where h; is a polynomial with deghy < (m +1)(s+t—1) 4+ deg(g). And

(Z 7 ZO)limith(Z)
(z— Bl)n(7ll+k)+7n+1 (2 - ﬂt)n(”t-i-k)-‘rm-‘rl )

(3:25)  (D(f)m Y =
where hs is a polynomial with deghy < (m + 1)t.
Since a; # zg for i = 1,2, ..., s, it follows from (3.24) and (3.25) that
M — (m+ 1)s < deg(hs) < (m+ 1)t,
which implies that
M N
< < _t — .
M<(m+1)(s+t)<(k+1D(s+t) <(k+1) <2k+2 + 2k+3>
Hence we deduce that

(3.26) M < N.

Now we discuss the following two subcases.
Case 1.1.1 If I ## m + nN + nkt. It follows from (3.21) that

(3.27) nN + nkt < M + deg(g).

If deg(g) < (n — 1)N + nkt, we thus from (3.21) obtain that ng + nkt <
M + (n — 1)N + nkt, which implies that N < M < N by (3.26). This is
impossible.

If deg(g) < (n— 1)M — nks 4+ ndeg(g1), since deg(g1) < k(s+t — 1), hence
nN +nkt < (n—1)M —nks+nk(s+t—1), we have N <M -1 < N —1by
(3.26). We thus arrive at a contradiction.

Case 1.1.2 When [ = m + nN + nkt. It is obtained from (3.24) and (3.25)
that
(3.28) l—m—1<deg(h1) < (m+1)(s+t—1)+deg(g).

If deg(g) < (n — 1)N + nkt, we thus from (3.28) obtain that
I < (m+1)(s+1t)+ deg(g),
which implies that
m+nN +nkt < (m+1)(s+1t)+ (n — 1)N + nkt.

We have,

NS(m+1)(5+t)<(k+1)(2k]\12+2ki3)> <

which is a contradiction.
If

deg(g) < (n—1)M —nks +ndeg(g1) < (n—1)M —nks+nk(s+t—1).
By (3.28), we obtain that
m+nN+nkt < (m+1)(s+t)+ (n—1)M —nks+nk(s+t—1).
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This gives that

M, N
2k + 2 2k +3

Which gives N < M —1 < N — 1, this is a contradiction.

Case 2. Let D(f)(z) — 2™ has no zero. Then f can not be a polynomial.
Hence f is non polynomial rational function. Now putting [ = 0 in (3.23) and
proceeding as in Case 1.1 of lemma, we have a contradiction. (|

nN < (m+1)(s+t)+(n—1)M—nk < (k+1) ( >+(n1)Mnk:.

4. Proof of main results

First we give the proof of Theorem 1.2.

Proof of Theorem 1.2. Since normality is a local property, we assume that D =
A. Suppose that F is not normal in A. Then there exists at least one point z
such that F is not normal at the point zg in A. Without loss of generality, we
may assume that zg = 0. By Lemma 3.1, there exist

(1) a sequence of complex numbers z; — 0, |z;| <7 <1,
(2) a sequence of functions f; € F,
(3) a sequence of positive numbers p; — 0,

such that ¢;(¢) = pj_k fi(z; + p;¢) converges to a non-constant meromorphic

function g(¢) on C with g#(¢) < ¢g#(0) = 1. Moreover, g is of order at most
two.
We see that

fi(zi + p;Q) + a(z; + p;C) (f](k)(zj + PjC))n —alz; + pj¢)
= a(0) (97(0))" - a(0),

locally uniformly with respect to spherical metric on every compact subset of
C which contains no poles of g.

Clearly a(0) (g(k)(C))n — a(0) £ 0. Therefore by Lemma 3.3 and Lemma
3.4, we know that a(0) (g(k)(C))n — a(0) has at least two distinct zeros. Now
we claim that a(0) (g(k)(C))n — «a(0) has only one zero.

Contrary to this, let a(0) (g(’ﬂ(g))" — a(0) has two distinct zeros at (o and
¢;. Now choose a small positive number § such that A({y,d) N A((1,6) = 0
and a (g% (¢))" — b has no other zeros in A((y,d) U A((r,0). By Hurwitz’s
theorem, there exist two sequences {(;} C A((o,6),{C1,} C A((1,6) converging
to o, and (3 respectively and from (4.1), for sufficiently large j, we have

(4.1)

fi(z5 + piG5) + alzj + piC5) (fj(k)(zj + ijj))n —a(z; +pi¢;) =0,

fi(zi +piCi,) +alz; + piciy) (f;k)(zj + PjCh))n —a(zj + p;C1;) = 0.
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Since f + a (f(k))n and g + a (g(k))n share « in A, therefore for any positive
integer m, we have

n

fm(25 + piGG) + a(z; + piGy) ( ®) (2 + PjCj)) —a(zj +p;¢) =0,
Im(2z5 +p;C1;) +alz; + piCa;) (fﬁf)(zj + Pj(lﬂ)n —a(z; +pi¢,) = 0.
Fix m and take j — oo, then we get 2; + p;(; — 0, z; + p;¢1; — 0 and
(4.2) Fn(0) + a(0) (f,%>(0))n — a(0) = 0.

Since the zeros are isolated, so for large values of j, we have z; + p;(; =0 =
zj + p;jC1;. Hence

2 24

43 G=-4 ¢ =-4

( ) J p] 1; pj

Which contradicts the fact that A((o,d) NA(¢,d) = 0. O

Proof of Theorem 1.1. As in the proof of Theorem 1.2 assume D = A and
20 = 0.

Case 1. When a(0) # 0, then there exists r > 0 such that F is normal in
|z| < r by Theorem 1.2.

Case 2. When «(0) = 0. So, we can write a(z) = 2™f3(z), where m is a
positive integer and $(z) is a holomorphic function in D such that §(0) # 0.
Again assuming that F is not normal at 0, then by Lemma 3.1, there exist

(1) a sequence of complex numbers z; — 0, |z;| <7 <1,
(2) a sequence of functions f; € F,
(3) a sequence of positive numbers p; — 0,

_ _nk_
such that g;(¢) = P, "~ fi(z; + p;jC) converges compactly to a non-constant
meromorphic function ¢g(¢). Again, we have two cases to consider:
Subcase 2.1. If z;/p; — co. Then we consider the following family

(4.4 6= {60 =5 P pu0+ )iy e 7
defined on D. From (4.4), we obtain

__k_
G = 2 T (2514 ¢)).

Let us define D(f)(z) = f(z) + a (f(k))n (z), then we have

D) (1 +0) = fi(z(1+ O) +a{ s 50+ )}

=260 +4 T {aP )
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Now, by the hypothesis for each pair f!, f? in F,
(D(f') — a)(z;(1+¢)) = 0 if and only if (D(f?) — a)(z;(1+¢)) = 0.
This gives that

2P D(GY) () —alz(14€)) = 0 if and only if 27T D(G2)(C)—a(z; (1+¢)) = 0.

This means

D(GN(C) = 21 T (1 + OB 1+ C)
if and only if
D(G2)(C) = 2" T (14 Q™ B(z (1 +0)).

m— -k
Since z; "7 (14 ¢)™B(z;(1 + () # 0 at the origin therefore by the previous
case G is normal in D, hence there exists a subsequence {G,} (after renumber-
ing) in G such that G; — G, compactly in D.

Now, if G(0) # 0, then we have

EC S5\ o (P
9i(Q)=p; " [i(z +piQ) = | = G| —=¢
Pj Zj
which converges to oo compactly on C, which is a contradiction. Thus we must
have G(0) = 0 and GZ*+1(0) # .
And for each ¢ € C, we have

(n—2)k+n—1

() = <pj> " G2k (@C) o

Zj Zj

This implies g(2k+1)(C) — 0, since all zeros of g have multiplicity at least 2k+ 2,
so g is a constant.

Subcase 2.2. If z;/p; — wo, where wy is a finite complex number. Then we
see that

_ ”nfk 2
130 =0, 1030 =03 (6= 2 ) = ol — ) s= H(Q
j
compactly on C.
Also from Lemma 3.7 and Lemma 3.8, we have D(H)({) — ¢ has at least
two zeros. Now we proceed as in the proof of Theorem 1.2. O

Proof of Theorem 1.3. We again assume that D = A. Suppose that F is not
normal in A. Then there exists at least one point zg such that F is not normal
at the point zg in A. Without loss of generality, we may assume that zg = 0.
Then by Lemma 3.1, there exist

(1) a sequence of complex numbers z; — 0, |z;| <7 <1,

(2) a sequence of functions f; € F,
(3) a sequence of positive numbers p; — 0,
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such that g;(¢) = p;kfj(zj + p;¢) converges to a non-constant meromorphic

function g on C with ¢g#(¢) < g#(0) = 1. Moreover, g is of order at most two.
We see that

(4.5) fi(z5 + p;Q) + a(z; + p;C) (f;k)(zj + Pj())n —b—a(0) <g(k) (C))n —b,

locally uniformly with respect to spherical metric on every compact subsets of
C which contains no poles of g.
Now we claim that a(0) (g(k)(C))n — b has at most one zero IM. Suppose on

contrary, let a(0) (g(k) (C))n—b has two distinct zeros at (g and ;. Now choose a

small positive number § such that A(Co, §)NA((1,8) = 0 and a(0) (¢ (¢))" —b
has no other zeros in A((p, d) UA((1,6). By Hurwitz’s theorem, there exist two
sequences {C;} C A(Co,0),{C1,} C A(C1,9) converging to (o and ¢; respectively
and from (4.1), for sufficiently large j, we have

k n
fi(zj + piG) + alz; + pi¢;) (fj( (2 + Pj@')) —b=0,
fi(zi 4 piCay) +alz; + picy;) (f;k)(zj + PjCl;)) —b=0.
For large values of j, z; 4+ p;¢; € A(Co,d) and z; + p;¢1; € A(C1,0), so
fi+a ( fj(k)) — b has two distinct zeros, which contradicts the fact that f; +

n
a (fj(k)> —b has at most one zero. But Lemma 3.3 and Lemma 3.4 confirm the
non-existence of such non-constant meromorphic function g. This contradiction
shows that F is normal in A and this proves the theorem. ([l

The proof of Theorem 1.4 is same as the proof of Theorem E with little
changes in the last lines. For completeness we give the proof of Theorem 1.4.

Proof of Theorem 1.4. Suppose f + a (f(k))n assumes each value b € C only
finitely many times. This means

(4.6) N (r, ra (fl(k))" - b) =o(logr) = S(r, f).

Let us define

(4.7) Fo= f+a(f(k))n b,
F/
. f(k+1) F/

Now, we claim that ¢ 2 0. If ¢ = 0, then F/ = 0. We can deduce that F = c,
where c¢ is finite complex number. From (4.7) and Lemma 3.5, we get that f
must be a polynomial, which is a contradiction.



848 G. DATT, Y. T. LI, AND P. RANI

Next, if ¢ = 0, from (4.9), we get

(4.10) c(f(k))n=f+a(f(k)>n—b,
where ¢ € C. From (4.10), we get
(4.11) (=) (£9) + 1 =0

If a —c =0, we get that f = b, which is contradiction. Otherwise, we con-
clude from (4.11) and Lemma 3.5 that f must be a polynomial, which is a
contradiction.

From (4.7), we have T'(r, F) = O(T(r, f)), thus from (4.8) and (4.9), we have
(4.12) m(r,¢) = S(r, f) and m(r, ) = S(r, f).

From (4.6), (4.8), (4.9) and Nevanlinna’s First Fundamental Theorem, we
get

N (r,;) <m(r,¢)+ N(r,¢) —m (r, ;) +0(1)
(4.13) < N(r,¢) + S(r, f) < N(r, f) + S(r, f),

N (7‘, ;) <m(r,¥) + N(r,v) —m (r, ;) +0(1)
(4.14) < N(ry)+S(r, f)< N (r, f(lk)) + S(r, f).
Again, by (4.8) and (4.9), we get
(4.15) (f=0)p—f =a(1®) .
So, we get from (4.6), (4.12) and (4.13)
T(r(f =V~ ) =T ( -5 (¢—75))
(4.16) D)+ T (ro—45) +50.1)
m(r, f —b) + N(r, f = b) +m(r,¢ — )
+N (ro - £5) +S0. 1)
< m(r, )+ N(r, f) + m(r, 6) + m(r, £5)
+N (r,¢ ) Ser, f)
<T(r,f)+ N(r, f)+S(r f).

It follows from (4.12)-(4.16) that
nT (r, f0) < T(r0) + T, 6( =) = ) + S )
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)
(4.17) +N (r, },) +N(r, f)+S(r, f)
)

Therefore, we have from (4.6),

(4.18) (n—1T (r, f(’“)) <N (r, Jlf) + N(r, f) + S(r, f).
Also, we have

(419) (n=1T (r.f®) = (n=DN (1. f®) = =1)N(r, )+ (1= 1)N (1, f).
Thus by (4.18) and (4.19), we have

(n—=1)N(r, f) + (n—1)N(r, f) §N< >+ (r, f)+ S(r, f)

ST (r f)+N(r, f)+S(r f).
This gives
(n=2)N(r, f) + (n = 2)N(r, f) < S(r, f).
So, we get
(4.20) N(r, f) = S(r, f).

Therefore from (4.18), we get

(n—1)T (r, f(k)) <N <7", }) + N(r, f) + S(r, f),

<T(r,f)+S(r f)-
And this gives

(n—2)T (nf(k)) +T (r,f(k)) —T(r f) <S(r f).
Now, by (4.20), we get
(4.21) T (r, f(’f>) < S(r, f),
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which is a contradiction. So f + a (f(k))n assumes each value b € C infinitely
often. 0
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