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NONRELATIVISTIC LIMIT OF CHERN-SIMONS GAUGED
FIELD EQUATIONS

MYEONGJU CHAE AND JIHYUN YIM

ABSTRACT. We study the nonrelativistic limit of the Chern-Simons-Dirac
system on R112, As the light speed ¢ goes to infinity, we first prove that
there exists an uniform existence interval [0, T for the family of solutions
¢ corresponding to the initial data for the Dirac spinor ¢§ which is
bounded in H?® for % < s < 1. Next we show that if the initial data
1§ converges to a spinor with one of upper or lower component zero in
H?, then the Dirac spinor field converges, modulo a phase correction, to
a solution of a linear Schrédinger equation in C([0,T7; Hsl) for s’ < s.

1. Introduction

In this paper we study the nonrelativistic limit of the Chern-Simons-Dirac
equations (CSD) on the Minkowski space R'™2. The (CSD) systems were
introduced in [6], [12] to deal with the electromagnetic phenomenon in planar
domains. Also see [7], [8] for more physical features. The Lagrangian density
for the system is given

1 _ _
(1.1) L=~ AuFyy + i Dy — mij.

Here, the real valued 1-form A, € R is to be interpreted as defining a con-
nection; accordingly, Fj,, = 0,4, — 0, A, is the curvature 2-form, and D, ¢ =
Out) — iA—c”w is the associated covariant derivative. The spinor field 1 is repre-
sented by a column vector with 2 complex components, 1 : RT x R? — C2. The
notation ¢! refers to the conjugate transpose of 1. The totally skew symmetric
tensor €, is given by €”'? =1, k > 0 is the Chern-Simons coupling constant
and m > 0 is the mass of the spinor field ¥. For the nonrelativistic limit we
consider the regime where both parameters grow linearly in ¢. In what follows
we let
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The Dirac gamma matrices v* are C-valued 2 x 2 matrices satisfying
(1.2) A Ay = =20 ) Taxa

where 7 is the three dimensional Minkowski metric with signature (—1,1,1).
We will use the Minkowski metric to raise and lower the indices. The standard
representations of y# are given by

0_10 1 _ 0 1 2 0 —
7‘(0—1 T 1 0) T o0 )

Greek indices, such as pu,v, refer to 0,1,2, whereas Latin indices i, j, &,
to the spatial indices 1,2. Moreover we will adopt the Einstein summation
convention of summing up repeated upper and lower indices.

The Euler-Lagrange equation for the Lagrangian density (1.1) reads that

iV D = e,
(1.3) 1

prp — (2
56 F,,p =—J 5

where J# = 1T70yH1) is a current density.
The equation (1.3) is invariant under transforms
;X
Ay — Ay +0ux, W — e,

where x € R is a smooth real valued function, which is referred to the gauge
invariance in the literature. In this paper we choose the Coulomb gauge con-
dition

0;4; = 0.

Due to (1.2) and D, D, — D, D, = —*tF},, we have

. 1
(Z’Y“DH)Q = np‘VDHDV + %’}/H’YVF‘HV.
So the first equation in (1.3) is written as

(1.4) (iv" Dy — cl)* = 9" D, Dy + 2107“7” ) — Y = 0.
By the Coulomb gauge condition, (1.4) leads the Klein-Gordon equation
(1.5) 0—126@1/) — 8;0;¢ + v

= %Aaaaw - z'ciQatAow + C%AQAC% — %eamﬂy%%,

where relativistic coordinates 2° = ¢t and 8y = %5} is used. With the Coulomb
gauge condition, A, satisfies the following elliptic equations
AAj == Gjiaijo,

1.6
(16) AAy = 2€;,0;J",
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where ¢;; is antisymmetric, that is, €;; = —¢;;, and €12 = 1. It is often conve-
nient to use the original o, # formulation of the Dirac operator. Define

01 0 —i
— A0 1._ 0,1 _ 2._ 0.2 _
Bi=7 a~77<1 0>, a~77(i 0>’

and compute

BDY = z%&tw +iad 90p — B
Multiplying 7 to the both hand sides of the (1.3), we have
(1.7) 104 +ical 939 — ¢* B + Agp — o Ajip = 0.

Recently the local and global well-posedness of Chern-Simons system has
been investigated in [9], [10]. In particular, local well-posedness of the Chern-
Simons-Dirac equations with the Lorenz gauge condition d,A* = 0 for initial
data in H*(s > ;) was shown by Huh and Oh [10]. This improves the earlier
work of Huh [9] where local well-posedness was obtained for s > % in the
Coulomb gauge, s > g in the Lorenz gauge, and s > % in the temporal gauge.
Bournaves showed in [3] that the Chern-Simons-Dirac system with the Coulomb
gauge is locally well-posed for s > 1. This extends the results of [10] from the
Lorenz gauge to the Coulomb gauge.

For the nonrelativistic limit problem on the (CSD) equation we refer to the
following references. The behavior of solutions of the Dirac-Maxwell system in
the nonrelative limit ¢ — oo has been studied in [2] by Bechouche et al., where
c is speed of light. They proved that the solutions of Dirac-Maxwell system
converges in C([0,T] : H') to a solution of a Schrédinger-Poisson system.
The nonrelativistic limit from Klein-Gordon-Maxwell to Schrodinger-Poisson
was shown in [1], [11]. The semi-nonrelativistic limit of Chern-Simons-Higgs
system is studied in [4] by Chae and Huh.

Notations: H* = H*(R?) denotes the usual Sobolev spaces such that

117 2y = 1 F 12 qmey + 1A FlZ72 A= (—A)%.
The bracket (-) denotes y/1 + | - |2 such that

(V) = V14|V (6= V14>

Throughout the paper v, ¥, @i denote C? valued spinors. The upper and
lower components of spinors come with superscripts such as ¥*, which is C
valued. We often suppress the ¢ dependence of A,,, ¢ for simplicity.

The followings are our main results.

Theorem 1. Let ¢ be a C2- valued sequence in H® for % < s < 1, namely,

c+

U§ = (Jg_) with w(‘ji € H°. If ||Y§llms is bounded, there exists a uniform
0

existence interval [0,T) such that the Chern-Simons-Drirac equation (1.6) and

(1.7) has a unique local solution in C([0,T]; H®) with the initial data 1.
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In Theorem 2 we establish the nonrelativistic limif of (CSD) when the initial
data is asymptotically separated or, in other words, one of the component of
1§ converges to zero as c is going to infinity.

Theorem 2. Let ¢§ satisfy the same condition in Theorem 1. Moreover 1§
vy
0
the (CSD) constructed in Theorem 1 and vy satisfy the the linear Schridinger
equation

converges to (i) or converges to (ii) (v())' Let ¢ be the solution of
0

1
(1.8) 10iv4 F QAvi =0

with vy (-,0) = vy, v_(~,Q) =y . Let M be a pseudodiffrential operator given
by M = v/c* — c2A and ¢+ be defined by

~ 1 o .
Yy = 3 (v £iM ™ (Y —iAgY)).
Then it holds that

(1.9) vy — (e_itj”) and 1h_ — (8) in C([0,T); H*)
for (i) and
(1.10) by — (8) and _ — (eitfiv ) in C([0,T); H*")

for (ii) with % < s’ < s as c is going to infinity.

Remark 1. (1) The convergence of the Dirac spinor to the linear Schroding-
er equation can be explained roughly as follows. After the highly os-
cillating part etic’t subtracted, the left hand side of (1.5) converges to
the linear Schrodinger part, whereas the terms in right hand side has
enough % factors to vanish except 2i4¢0;%. By of, 8 formulation we
write the Ay -equation in (1.6) as

AAy = 20, (pTa?y) — 205 (T alep).
Reflecting on the initial assumptions on 1§, we may assume, for a

+
moment, ¥¢ be of the form of (wO ) or <¢O) for some functions 1*.

Then due to skew symmetry of a' and a?, it holds that
oty = glaly =0,

hence Ag = 0, which implies that eﬂc2tw converges to US‘ or UO )
respectively, where vy is the spinor solution of (1.8). We shall prove

this heuristic argument in Section 4.
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(2) The convergence of the associated gauge field Ay, follows immediately
by Theorem 2 and the estimate (3.9) in Section 3; A§ converges to zero

in C([0,T] : Wlﬁ) in both cases and (A§, AS) converges to (u,w) in
(0,77 : Wl’ﬁ) with 1 < s’ < s, where (u,w) satisfies
Au=—dlvy[*, Aw =0 |vy|?
for (i) and
Au=—dlv_*, Aw=0|v_|?
for (ii).

2. Preliminary

In this section we discuss the Duhamel formulae for two formulations of
the Dirac field equations, the first order equation (1.7) and the Klein-Gordon
equation (1.5).

Let us start with (1.7),

(2.1) 1O + ical 00 — Py = F,  (x,0) = vy,
where F' = — Ao + 87 A;¢4. Let Q°(V) = BI — La¥0; then (2.1) reads
(2.2) i) — *Q°(V) = F.

The 2 x 2 matrix Q°(£) = 8 + 1a’¢; has two eigenvalues

EA(E) = £4/1 4 l%

with the corresponding one dimensional eigenspace

Vi = ((& — ik, —c(1 F A°()))-
The projection 15 (£) to V4 satisfies II5 (€) + 11 (&) = I and II5 (&) — I (&) =
Q°(£)/{&/c), so it is computed as

co L Q9N 1 [, A+l
(2.3) Hi(é)—2<li<§/c>)—2 Iim
In turn Q¢(V) is decomposed by
(2.4) QY(V) =Q(V/e) = (V/)IL(V) = (V/OIIZ(V),

hence, if we let L(t)1o the solution of the free Dirac equation (F' =0 in (2.2))
with the initial data g, we have

(2.5) L(t)o := e (VI (V)apo + e T/ (V).
By Duhamel principle we write the solution of (2.1) by

(2.6) wle.t) = Lt + [ Lit=5)F (o)
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Note that by the Taylor expansion it holds formally

VI?
AV /) ~ 2 (1 + 52 )

On the other hands Bechouhe et al. ([1,2]) observed that taking the limit ¢ — oo
to symbols II yields

27) Hi(f)%((l) 8) e (5)—>(8 ‘1))

vy
Yo
.2
that L(t)1o approaches to two Schrodinger waves multiplied by et¢t the
highly oscilating parts in ¢, as ¢ going to infinity;
.2 N + 22 S A 0
L t - ezc te—v,t7 (¢o> +€—1c tev,t? ( _) .
(t)o { b
The separations of L(t)yy to the upper and lower spinor is reflected in Theorem

2, which will be revisited in Section 4.
Next we turn to the Klein-Gordon equation (1.5),

Cigatatz/z _ 0,000+ P =G, (x,0)=do, B(z,0) =,

pointwise in . Let ¥y = ( > Due to the above two observations we predict

where
2t 1 1 o ) o B
G=—A aoﬂ/} + 7'7281‘,14011) + 72AO£A 1;0 - 76(1,6’,u<]”7 Y d}
c C C 2c

It is useful to write the Klein-Gordon equation as a first order system

(2.8) % Ci) = <02A0— AT é) <1Z/}t) * (g> ’

and diagonalize the 2 x 2 (4 x 4 in fact) symbol by conjugating with the Fourier
transform. Let

M =+/c* —c2A = *(V/e).
The 2 x 2 matrix has two eigenvalues, Ay = FiM. The projection to the
eigenspace corresponding to Ay are

po_ L1 M
t= 9 \FiM I
respectively. We are then lead to the transform (¢,v:) — (¢¥4,¢_) and
(0,G) = (G4,G-), where

T ‘
Va = Patpi= 5 (WM ), Ga=+5-G.

We obtain the following diagonal first order system

(o) = (0" ) () + (&)
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or equivalently, the following pair of half-wave equations
, i

The half-waves ¢4 are given by the Duhamel’s formula

.t
+itM 4 +i(t—s)M G
= + - .

Yy =ce ¢i,o 2/0 € M

The non relativistic limit of the linear Klein-Gordon equation is the free
Schrédinger equation as formally seen below. Let us start with the symbol M.
As previous, it holds formally

2 V[
namely,
A
M—c®~——.
¢ 2

Taking only the homogeneous part of (2.9), we would write
Orps i = Fi(M — )iy,
equivalently,
o, (eiic2t¢i) = Fi(M — C2)eiic2twi.
Note that formal limit of ¢ — oo yields to
(2.11) id, (eiiCQthi) - ¢%A (eiic%wi) .

For the proofs of Theorem 2 we rely on the half-wave formulation of the
(CSD),

at (6:|:ic2twi) _ :FZ(M _ 62)6ii62t1/}:|: + %eiiCQthlG.
Let us look on the symbol M — ¢? and M~! further than (2.10). We have

(2.12) M=) = 1 ’
2\ 1+ ‘i#
: Mo 2 P e for g <e,
(2.13) (&) —c - \/@ el tor €] e

by the taylor expansion in |[£|/¢ < 1 and the observation

1€l
M(E) ~ & = clg|——E—— ~ clé] in [¢]/c > 1.

14+ 4/1+ 7

We introduce the following bounds for operators M ~! and M —c?. All items
can be proved by Plancherel’s theorem. We omit the proof.

Lemma 3 (Lemma 3 in [1]). For all s € R the following estimates hold.
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(1) [IM M p(ae ey = O(1/€?).
(2) 1M~ pmre ooy = O(1/c! ), 0< 5 <1
(3) IM = |lpms+1,m5) = O(c).
(4) [IM — || Lme+e,me) = O(1).
We introduce the high and low frequency parts of functions by projection
to {£]|€] Z ¢} and {¢]€] < ¢}. Let x be a smooth cut-off function on R? such

that x(&§) =1 for |£] <1 and x(&) = 0 for |£] > 2. We split functions f(z) into
low and high frequencies using x(£/c):

F=hitfn Hi&=xE/FE). Ful€) =1~ fi(&).
Lemma 4. The following estimates hold on R2.

(1) 15 fillee S I fillee for 1 <p < oo.
(2) fillzr+e S e[l fillgr for e > 0.

(3) 125 fulle S LN full g -

(4) [Ifnlle S Sl fullee-

Proof. X f; = we  f; where &.(§) = (1 + \%|2)%X(%)7 then |we|lpr = O(1)
uniformly in ¢. By Young’s inequality we have the first item. The rest items
are by Plancherel’s theorem. (I

3. Existence of an uniform local existence interval

In section 3 we show that there exists 1" > 0 independent of ¢ such that the
Chern-Simons-Dirac system

0 + ical ;) — B + Agp — o? Ajp = 0,
AAg =201 (¢ a’y) — 205 (¢ alep),

AA; = = (1)),

Ady = =01 (¢T)

has a local solution up to [0,7]. As in (2.6), the Dirac field equation can be
written by

(3.1)

Y(x,t) = L(t)vo + /Ot L(t — s)F(s)ds,
where
F=—Ag)+a’ A,
L(t)o = € (/MG (V)bg + 7 (/M (V)

with II9 (V) introduced in (2.3). Since IIS. (V) has the smooth and bounded
multiplier, it holds that, in particular,

(3.2) ITIE (V) fll 22y < Cllfll2®2)
for a uniform constant C which dose not depend on ¢. The H® estimate of v
follows immediately.
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Proposition 1. Let 1) be the solution to the Dirac equation (2.2) and let s € R.
Then for any T > 0 there exists a uniform constant C > 0 such that

T
(3.3) sup [[9(-,t)[| s 2y < C (II¢0|H8<R2>+/ ||F(-,T)|H5(R2)d7'>.
0<t<T 0

Proof. The L? estimate is straightforward by (3.2). Taking A® to the both
sides of (2.2), the H*® estimate of ¢ follows from the duhamel formula for A%y
and the L? estimate. (]

Let us define
[¥llxs. = sup [[¥] m-.
t€[0,T)

Now the uniform existence of the local solution of (3.1) is obtained from the
following proposition.

Proposition 2. Let ¥ and v’ be two solutions of the Chern-Simons-Dirac
equations (3.1) with initial data 1o and ¥} in C([0,T); H*(R?)) for 1/2 < s <
1 and T > 0. Then there exist constants C independent of ¢ such that the
following estimates holds.

V) fy 14wl < OTWI, -
(@) = ¥llx. < CTllxs 16 — ¥/l + CTIY = 'l 915

By the fixed point theorem and the continuity argument, Proposition 2
implies there exist 7' > 0 and a uniform constant C' such that there exists a
unique local smooth solution of (3.1) in C([0,T]; H*) for 3 < s < 1 satisfying

(3.4) 191l x5 < Clivollae-

Note that 7" and C' will be chosen independent of ¢ in the process of the proof.

Proposition 2 is proved in [9] (Propositions 4.2, 4.3) when ¢ = 1 by using
the charge estimate (3.3) and the bound of ||A|y»» in terms of ||| gs. For
the latter, [9] relies only on the classical functional inequalities and the Sobolev
embeddings. Note that the constant in (3.3) is independent of ¢ and further,
there is no ¢ appearance in A, equations in (3.1), hence the same proof goes
through for Proposition 2. In the below we introduce the analysis in [9] for
completeness of the paper.

The A,, equations in (1.6) can be written symbolically as

(3.5) AA=VJ.
Using integral representation we may express
1 (=22 + 2,21 — 1)
3.6 Ay = — J(y)d
(36) 0= 5 [ R ) ay

where J = (Ji,J2). Also (3.5) implies the integral representations we may
express

€ij Li —Yi
3.7 Aj =2
B0 P70 J o= P

Jo(y) dy.
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For ||A,l/z», we use the Hardy-Littlewood-Sobolev’s inequality for the frac-
tional integral operator I,.(r > 1),

Irf(ar:):/]R Mdy for r > 1.

2 |z —yl|?

Lemma 5. Supposer >1,1<p<qg<ocandl/r=1—(1/p—1/q). Then
there exists a constant C' depending only on p and q such that

1L fllpe < Cllfllze-
Applying Hardy-Littlewood-Sobolev’s inequality to (3.6)—(3.7), we have
lAullLe < C||J||e for 1/g=1/p—1/2, 1<p<2.
For ||0;Aul|z» we can apply the Calderon-Zygmund inequality to obtain
10;AullLe < C|[J||Le  for 1 <p < oo.
Roughly we can assume |J| = [|?. By the Sobolev embedding

2
H® — L" for2§r§1— and H'<— L" for 2 <r < oo,

SO

1

[ Tllr < CllpllFs for 1 <p< —
Also we have

14l 22 < CllJller < Clvllf: 1<p<2 (1/2<s),

(3.8) 1
IVAullzr < ClTllee < CllWllGe 1<p<— (0<s<1).

In particular we have

1Al ez < CllWll-

when % < s < 1, which follow by

1Al o <UL e < Ol

1Al 2, <CIIIE o <ClIOIE 2 < ClIYIIE,
lAull,2 < CII 2. < Clléle,

1Aull 22 = A% Al 2 < Ol N2 < 191

JAul 2 o < CllYllEe,
(3.9) Hlwhe

(3.10)

Next we introduce the well known product lemma which generalizes the
Leibniz rule in the Sobolev space W#P for s > 0.

Proposition 3. Let f € LPr NW*Ps ge LPA NW?*P2 where s > 0,1 <p <

oo,p17p4€(1,+00] and%:p%+p%:}%3+l%4 Then

I fallwsrmz)y < | flles ®2)lgllws w2 2y + |1 fllwems m2) 9]l Lra (m2)-
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Proof of Proposition 2. Applying Proposition 3 we have

T T T
L1l < [ 1Adm ol + [ 1A 191,

L=

By the embedding W1 (R2) < L>®(R2) and (3.9) the both two terms are
bounded by CTHz/JH%(% for some uniform constant C. For the second item we
apply Proposition 1 to have

T T
lp—¢"llxs < Cllwo—%HHer/o ||Au(¢—1//)\|Hs+/O 1(A, = A) (=) |1+,

where A, and A;L are the associated gauge field to 1) and v’ respectively.
Similarly in the first item the two terms are bounded by

CT|IlIxz 1Y — ¢'llxz + CT ¢ — ¢'l| x5,

Yllxs.- O

4. Convergence
In this section we prove Theorem 2. Let us remind that the Klein-Gordon
formulation of (CSD) obtained in (1.5) and (1.6),
1
20:00) — 0;0;9 + 1
2 1 1 o i ioo B
(4.1) = ?A 8a¢+2676tA0¢ + gAaA P — %Gaﬁ;ﬂ] Y.
AA]‘ = €jiaiJ0, i,j = 1,2.
AA() = 2€ikaijk, i, k= 17 2.
As in (2.9) the first equation is equivalently written by

(42) at (eiiCthi> — :FZ(M _ CQ)e:I:ic2twi + ﬁ@iicztG,

where

Yu = Papi= 5 (b iM M)

(43) G =2icA™0ut + 0 A + Aa A — & eap Ty

= 2i Ao + 2ciA;0,1) + 0, Agth + Ag A% — %EQQ#J“vavﬁw.
Following [1], we use the transform

(44) g = 5 (0 M W~ idgy))

instead of (4.3), which is mainly due to technical conveniences. Plugging in
(4.2)

G = tha £ S M (Agw),
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we have
Oufhs = Oups % S M0, (Agy)
= FiMyy + %M‘lG + %M‘lat(Aow)
= FiMyy + %AW + %M*G + %M*lat(Aoz/;).

In the last two terms +1M~1(9;Agy)) is cancelled out so that it is written by

+ %M*G + %M*lat(Aow)

1
= 4 M N (—Agdyh — 2cA;0,1) + iAg A% + geaﬁﬂJw%%).

2
Converting
Y=1s o, O = —iM(Py — o)+ iAgY
we have
Aot = —iAgM (s — )
= —iMAg(py — ) — i[Ag, M](dy — ) +iAZy.

Hence we have

Dby +iMyy = %A0(1Z+ +o) £ %Ao(1;+ —_)

=iAgY4
1. _417. ~ ~ . .
M7 (Z[AO, M) — ) F iA2p + 2ciA; 00
o ci o B
+A,A P — 56046;“]“7 Y P .
Following the previous observation (2.11), we introduce ¢+ to subtract the rest
energy

(4.5) $r = ey

Finally we arrive at the system

(4.6) iOhps F (M — )y = iAgpy £ TR,
where

1 - -
R = 5M—l(z'[Ao, M — (g — ) FiAZY + 2¢iA;0;0

(4.7) + A A% — %eaﬁuﬂ‘v“vﬁ v),
AAy = 20, (o) — 205 (pialep),
AAl = - 82(¢T1/})7
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AAs = O (PTp).
Let us recall the uniform estimate (3.4)

9] x5 < Cllvbollme

as well as (3.8) and (3.9), which in turn gives the uniform estimate

(4.8) [l x5 < Cllollme
by the following way. The bound
(4.9) 1M~ H A e < O[3

is straightforward from Lemma 3 and the aforementioned uniform estimates.
For the term M ~!4); we have by (2.2)

1M el < MHQUV)Y) e + (147 (A)) | e
By (2.4) and IIS (V) being smooth and bounded, we estimate

> M~ HQ (V)Y < ML (V)Y e + T (V) are < Ol e

In what follows we shall prove the convergence (1.9) and (1.10). First, in the
level of initial data the separation to the upper and lower spinor of the limits
is explained as follows. If ¢ is the solution of the (CSD), two projections 115 1)
and 1 = Py in (2.3) and (4.3) are related by

1 .
Yp = P =TG4 + §M_1(oﬂAjw — Apy)
or
- . 1. )
Yy =T199 + §M 1(04]Ajw)
in H®. So it holds that

. ~C _ . c c
(4.10) lim o, = lim 11506

in H® by (4.9) . Now due to (2.7) and the initial assumption on v§, we have
(4.11)

e e (10N e (Yo o wre e 1 (0 0) . (0
i T 06 = lim, (0 0) Vo= < 0 > » Jm T- ¢ = lim (0 1) Vo= <0>

in H® by Lebesgue Dominated Convergence Theorem (LDCT).
Let us introduce the linear group

i

US (t) :eiz‘t<M(|V\)—c2)7 Si(t) — oEHA
We shall use that US () is unitary in H® and it converges pointwise

UL(t)f(z) — Sx(t)f(x)
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for a sufficiently good function f when ¢ — oco.
+

Let us show the case (i), that is 1§ converges to (vg ) for some vl € H®.

The case (ii) can be proved similarly. Define

FI) = ¢4 - (“O*)

where 0 is 1/2 < 0 < s and I = [0, T is the uniform existence interval obtained
in Theorem 1. Our goal is to show f(I) converges to zero as ¢ is going to infinity
for some T' > 0. We write

t
¢yﬂ:6@@w@;+é[F@—Q@A@;iémsRm&
vy (t) = S(t)vos,

where (bi,vi,qﬁg,vgi are given by (4.6) and (1.8). Then

o5 - (') 0= ans — (57) | + e - sen ()
# [ 0t 14005 + 0 oR]
=L +1;+ 1.

+ 6=l oo mro (1xm2
L3° Ho (IXR?) HE(IxR)

(4.12)

In what follows we use the notation a. = o(1) if lim a. = 0 holds.
c— 00

Note that ¢f, = zﬁgi. By (4.10) it holds that
C U (& (& U
o= (1) | = evs- ()

11 ||L§°HS(I><R2) =o(1)

TA— c\ H
HS

as ¢ becomes large. Then

follows from (4.11). Also we have

||I2||L,?°HS(I><R2) =o(1)
by LDCT and the initial assumption on vg .
For I3 we claim that

t

(4.13) / Ue(t — ) [idods] ds

0 L® He (I xR?)

<CT (‘ o4 — (UJ) + ||</>|L;>°HS(IxR2)>
Lg° He(IxR2)

and

t
(4.14) ’ / Ue(t — s)eiczsts =o(l) for 1/2 < o < s.

0 He
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As in the proof of Proposition 2 we have

T T
/0 | Aoyl dt < C / b

T
Aol e+ [ olyz 0l o

1—s 1—s

T
< oo Ifs .
< Clloslizn [ Mol ynzz, +Aoll 2

—ic%t
Let V = <€ 0 U+> then due to skew symmetry of a' and o?, it holds that

Via'V =VTa?V = 0.
Hence Ap equation in (4.7) reads that
(4.15)  AAg =201 (Y1) — 20, (¥Taly) — [201(VTa?V) — 20.(VIa'V)].
Since
vla?p — Via?v
(W —=WV)a?p+Via® (- V)

—ic2 T - - —ic?
(i () v i ()
i
(5 (o (1)) 10
+ Va2 <e—i02t (¢+ _ (US-)) + eic2t¢) ,

we write (4.15) symbolically as

o= (o= (5 ) 110-1) o] () (1 (i) 1))

Then by the same estimates yielding to (3.9), we have
loll vz + Aol 2.

< C(IYllge s (rxr2y + V4]l Loe s (1xR2))

(Jo-~ ()
= (Je-- (%)

The first claim (4.13) is proved. The restriction o < s is only necessary for
estimating M ~!(ciA;0;4) for the second claim. By Lemma 3 we have
1M (i A0590) o S 011 A0l o1+

for a sufficiently small §. A product estimate in homegeneous Sobolev spaces
is given by the following.

+ ||¢—||Lf°Hs(1xR2)>

L He(IxR?)

+ ||¢—||L$°HS(I><]R2)> .

L$° Hs(IxR2)



886 M. CHAE AND J. YIM

Lemma 6. Assume s;+ s9 + 83 = % with s; + s > 0 for j # k. Then it holds
that

||fg||H*31(Rd) S Hf”HSz(]Rd)HgHHS&(Rd)'
We write 0 —1+0=s—1—¢=—(1—35)_ by letting e = s — o —J. By
plugging in Lemma 6, s =1—s+¢€, 59 =1—¢, s3=5—1 we have
AV rems-e S NAl - IVl gems S 1Ml

for a small e. The second inequality holds by the third estimate in (3.8).

It remains to estimate || M ~*(ciA;0;v)| 2. To do this, we need some elemen-
tary paracalculus technique. For notations used in the paragraph, see Chapter
2 in [5] for instance. Let us introduce the Littlewood-Paley decomposition

f:f71+2fqv

q=0

F1©) =x(©F©), fa=p8E/29f(©),
where x and [ are nonnegative smooth radial functions with compact supports
in {0 < |¢] < 4} and {3 < |¢] < 8} respectively such that
X(©) +)_Bg/29) =0.
q=>0
We decompose the product AVy by
AVY = > Ay (Vip)g =P+ Py + P,
p,g=—1
where
Pi= Y AVY)y, Pa= Y A(VY)y, Pi= > A(VY),
q+2<p p+2<q lp—q|<1
The summand in P; is supported in {% < |l < %}, in P, supported in
{229 < |¢| < 829}, and in P supported in {|¢| < 182P}. We have
1M~ (cid;0;) | 2

<+ IVP) T2 (AVY)| 2
2p 24

< Z —===Apty|| + Z s vV

q+2<p c? + 2% L2 pragq c? +2% L2

94
+ Z \/mprq 12
lp—q|<1

= P1 + P2+ Ps.

We estimate that for p,q > —1
PrSe e Y 2P P A ||l

q+2<p

LT
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S X0 277 I Allweer 9]

L S ¢ Allweer |9

L7
q+2<p
PaSe Y 29 Allnrllvgllr S D0 1 Apllr2 gl o
p+2<q p+2<q
S Y 1Apller2 Oy e
p+2<q

S| S0 2769 A e S ¢ Al [ e

p+2<gq
1 1
2 2
) (zzmanua)
q

1

Py S 2 Ayl pgllr S e (Z 14,
p~q P
1
2 3
S (A + 327704, )12 (Z 22€q||wq|z,s/>
p>0 q
1

2
S (1Al + 1Al .2) (Z 226q||wq||§,s,) < Y|,

q

The pair r,7 satisfies 1/r + 1/F = 1/2. In P, and P3 we choose r, s’ such
that 2 < r < % and s’ < s — € then use the Sobolev embedding. In P
we use the Cauchy-Schwarz inequality and choose 7 = 1—35 for 0 < 0 <1
then use (3.8). Now the estimates (3.8) and the Sobolev embedding lead that
|M~1(ciA;0;v)||L2 < ¢™¢. Hence we have proved the second claim (4.14)

The same estimates yields that

(4.16)
o)

Summed up, the above estimates (4.12)- (4.16) imply that
F(I) < o(1) +TF(I),
which concludes f(I) — 0 as ¢ — oo for some T > 0. Theorem 2 is proved.

Acknowledgements. M. Chae was supported by NRF-2015R1C1A2A0105
4919. Authors would like to thank Hyungjin Huh for suggesting them this
topic.

[6—|lLgeme < o(1) + CT (‘ + ||¢—||LgoHs<1sz)> :

L H# (IxR2)
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