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SOME RESULTS ON STABLE f-HARMONIC MAPS

Remli Embarka and Ahmed Mohammed Cherif

Abstract. In this paper, we prove that any stable f -harmonic map from

sphere Sn to Riemannian manifold (N, h) is constant, where f is a smooth

positive function on Sn ×N satisfying one condition with n > 2. We also
prove that any stable f -harmonic map ϕ from a compact Riemannian

manifold (M, g) to Sn (n > 2) is constant where, in this case, f is a

smooth positive function on M × Sn satisfying ∆Sn (f) ◦ ϕ ≤ 0.

1. Preliminaries and notations

We give some definitions. (1) Let (M, g) be a Riemannian manifold. By

RM and RicM we denote respectively the Riemannian curvature tensor and
the Ricci tensor of (M, g). Then RM and RicM are defined by

(1) RM (X,Y )Z = ∇MX∇MY Z −∇MY ∇MX Z −∇M[X,Y ]Z,

(2) RicM (X,Y ) = g(RM (X, ei)ei, Y ),

where ∇M is the Levi-Civita connection with respect to g, {ei} is an orthonor-
mal frame, and X,Y, Z ∈ Γ(TM). The divergence of (0, p)-tensor α on M is
defined by

(3) (divM α)(X1, . . . , Xp−1) = (∇Mei α)(ei, X1, . . . , Xp−1),

where X1, . . . , Xp−1 ∈ Γ(TM), and {ei} is an orthonormal frame. Given a
smooth function λ on M , the gradient of λ is defined by

(4) g(gradM λ,X) = X(λ),

the Hessian of λ is defined by

(5) (HessM λ)(X,Y ) = g(∇MX gradλ, Y ),

where X,Y ∈ Γ(TM), the Laplacian of λ is defined by

(6) ∆M (λ) = traceg HessM λ,

(for more details, see for example [9]).
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(2) Let ϕ : (M, g) → (N,h) be a smooth map between two Riemannian
manifolds, τ(ϕ) the tension field of ϕ (see [1, 2, 6]), and let f be a smooth
positive function on M ×N , the f -tension field of ϕ is given by

(7) τf (ϕ) = fϕτ(ϕ) + dϕ(gradM fϕ)− e(ϕ)(gradN f) ◦ ϕ,
where fϕ is a smooth positive function on M defined by

(8) fϕ(x) = f(x, ϕ(x)), ∀x ∈M,

e(ϕ) is the energy density of ϕ (see [1]), and gradM (resp. gradN ) denotes the
gradient operator with respect to g (resp. h). Then ϕ is called f -harmonic if
the f -tension field vanishes, i.e., τf (ϕ) = 0 (for more details on the concept of
f -harmonic maps see [4,5,10]). We define the index form for f -harmonic maps
by

(9) Iϕf (v, w) =

∫
M

h(Jϕf (v), w)vM

for all v, w ∈ Γ(ϕ−1TN), where

Jϕf (v) = − fϕ traceg R
N (v, dϕ)dϕ− traceg∇ϕfϕ∇ϕv

+ e(ϕ)(∇Nv gradN f) ◦ ϕ− dϕ(gradM v(f))

− v(f)τ(ϕ) + 〈∇ϕv, dϕ〉(gradN f) ◦ ϕ,(10)

RN is the curvature tensor of (N,h), ∇N is the Levi-Civita connection of (N,h),
∇ϕ denote the pull-back connection on ϕ−1TN , and vM is the volume form of
(M, g) (see [1], [9]). If ϕ is a f -harmonic map and for any vector field v along
ϕ, the index form satisfies Iϕf (v, v) ≥ 0, then ϕ is called a stable f -harmonic
map. Note that, the definition of stable f -harmonic maps is a generalization
of stable harmonic maps if f = 1 on M (see [11]).

2. Main results

Theorem 2.1. Any stable f -harmonic map ϕ from sphere (Sn, g) (n > 2) to
Riemannian manifold (N,h) is constant, where f is a smooth positive function

on Sn ×N satisfying traceg h((∇dϕ)(·, gradSn f), dϕ(·)) ≥ 0.

Proof. Choose a normal orthonormal frame {ei} at point x0 in Sn. Set

λ(x) = 〈α, x〉Rn+1

for all x ∈ Sn, where α ∈ Rn+1 and let v = gradSn λ. Note that

v = 〈α, ei〉ei, ∇Sn
X v = −λX for all X ∈ Γ(TSn),

traceg(∇Sn)2v = ∇Sn
ei ∇

Sn
ei v −∇

Sn
∇Sn

ei
ei
v = −v,

where ∇Sn is the Levi-Civita connection on Sn with respect to the standard
metric g of the sphere (see [11]). At point x0, we have

(11) ∇ϕeifϕ∇
ϕ
eidϕ(v) = ∇ϕ

gradSn fϕ
dϕ(v) + fϕ∇ϕei∇

ϕ
eidϕ(v),
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the first term of (11) is given by

∇ϕgrad fϕdϕ(v) = ∇ϕv dϕ(gradSn fϕ) + dϕ([gradSn fϕ, v])

= ∇ϕv dϕ(gradSn fϕ) + dϕ(∇Sn
gradSn fϕ

v)

− dϕ(∇Sn
v gradSn fϕ),(12)

the seconde term of (11) is given by

fϕ∇ϕei∇
ϕ
eidϕ(v) = fϕ∇ϕei∇

ϕ
v dϕ(ei) + fϕ∇ϕeidϕ([ei, v])

= fϕR
N (dϕ(ei), dϕ(v))dϕ(ei) + fϕ∇ϕv∇ϕeidϕ(ei)

+ fϕdϕ([ei, [ei, v]]) + 2fϕ∇ϕ[ei,v]dϕ(ei),(13)

from the definition of tension field, we get

fϕ∇ϕei∇
ϕ
eidϕ(v) = − fϕRN (dϕ(v), dϕ(ei))dϕ(ei) + fϕ∇ϕv τ(ϕ)

+ fϕ∇ϕv dϕ(∇Sn
ei ei) + fϕdϕ(∇Sn

ei ∇
Sn
ei v)

− fϕdϕ(∇Sn
ei ∇

Sn
v ei) + 2fϕ∇ϕ[ei,v]dϕ(ei)

= − fϕRN (dϕ(v), dϕ(ei))dϕ(ei) +∇ϕv fϕτ(ϕ)− v(fϕ)τ(ϕ)

+ fϕ∇ϕv dϕ(∇Sn
ei ei) + fϕdϕ(∇Sn

ei ∇
Sn
ei v)

− fϕdϕ(∇Sn
ei ∇

Sn
v ei) + 2fϕ∇ϕ[ei,v]dϕ(ei),(14)

by equations (11), (12), (14), and the f -harmonicity condition of ϕ, we have

∇ϕeifϕ∇
ϕ
eidϕ(v) = dϕ(∇Sn

gradSn fϕ
v)− dϕ(∇Sn

v gradSn fϕ)

− fϕRN (dϕ(v), dϕ(ei))dϕ(ei)

+∇ϕv e(ϕ)(gradN f) ◦ ϕ− v(fϕ)τ(ϕ)

+ fϕdϕ(∇Sn
v ∇Sn

ei ei) + fϕdϕ(∇Sn
ei ∇

Sn
ei v)

− fϕdϕ(∇Sn
ei ∇

Sn
v ei) + 2fϕ∇ϕ∇Sn

ei
v
dϕ(ei),(15)

by the definition of Ricci tensor, we get

∇ϕeifϕ∇
ϕ
eidϕ(v) = dϕ(∇Sn

gradSn fϕ
v)− dϕ(∇Sn

v gradSn fϕ)

− fϕRN (dϕ(v), dϕ(ei))dϕ(ei) +∇ϕv e(ϕ)(gradN f) ◦ ϕ

− v(fϕ)τ(ϕ) + fϕdϕ(RicciS
n

v) + fϕdϕ(trace(∇Sn)2v)

+ 2fϕ∇ϕ∇Sn
ei
v
dϕ(ei),(16)

from the property ∇Sn
X v = −λX, we obtain

∇ϕeifϕ∇
ϕ
eidϕ(v) = − λdϕ(gradSn fϕ)− dϕ(∇Sn

v gradSn fϕ)

− fϕRN (dϕ(v), dϕ(ei))dϕ(ei)

+ 〈∇ϕeidϕ(v), dϕ(ei)〉(gradN f) ◦ ϕ
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− h(dϕ(∇Sn
ei v), dϕ(ei))(gradN f) ◦ ϕ

+ e(ϕ)∇ϕv (gradN f) ◦ ϕ

− v(f)τ(ϕ)− dϕ(v)(f)τ(ϕ) + fϕdϕ(RicciS
n

v)

+ fϕdϕ(trace(∇Sn)2v)− 2λfϕτ(ϕ).(17)

From the definition of Jacobi operator (10) and equation (17) we have

Jϕf (dϕ(v)) = λdϕ(gradSn fϕ) + dϕ(∇Sn
v gradSn fϕ)

+ λh(dϕ(ei), dϕ(ei))(gradN f) ◦ ϕ+ v(f)τ(ϕ)

− fϕdϕ(RicciS
n

v)− fϕdϕ(trace(∇Sn)2v)

− dϕ(gradSn dϕ(v)(f)) + 2λfϕτ(ϕ),(18)

since traceg(∇Sn)2v = −v and RicciS
n

v = (n− 1)v (see [1, 11]), we conclude

h(Jϕf (dϕ(v)), dϕ(v)) = λh(dϕ(gradSn fϕ), dϕ(v))

+ h(dϕ(∇Sn
v gradSn fϕ), dϕ(v))

+ 2λh(e(ϕ)(gradN f) ◦ ϕ, dϕ(v))

+ v(f)h(τ(ϕ), dϕ(v))

− (n− 2)fϕh(dϕ(v), dϕ(v))

− h(dϕ(gradSn dϕ(v)(f)), dϕ(v))

+ 2λfϕh(τ(ϕ), dϕ(v)),(19)

by (19) and the f -harmonicity condition of ϕ, it follows that

traceα h(Jϕf (dϕ(v)), dϕ(v)) = h(dϕ(∇Sn
ej gradSn fϕ), dϕ(ej))

+ h(τ(ϕ), dϕ(gradSn f))− (n− 2)fϕ|dϕ|2

− h(dϕ(gradSn dϕ(ej)(f)), dϕ(ej)),(20)

by the following formulas

h(dϕ(∇Sn
ej gradSn fϕ), dϕ(ej)) = h(dϕ(∇Sn

ej gradSn f), dϕ(ej))

+ h(∇ϕejdϕ(ei), gradN f)h(dϕ(ei), dϕ(ej))

+ h(dϕ(ei),∇ϕej gradN f)h(dϕ(ei), dϕ(ej)),

dϕ(gradSn dϕ(ej)(f)) = ei[h(dϕ(ej), gradN f)]dϕ(ei)

= h(∇ϕeidϕ(ej), gradN f)dϕ(ei)

+ h(dϕ(ej),∇ϕei gradN f)dϕ(ei),

−h(dϕ(gradSn dϕ(ej)(f)), dϕ(ej)) =−h(∇ϕeidϕ(ej), gradNf)h(dϕ(ei), dϕ(ej))

−h(dϕ(ej),∇ϕei gradNf)h(dϕ(ei), dϕ(ej)),
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and equation (20), it follows that

traceα h(Jϕf (dϕ(v)), dϕ(v)) = h(dϕ(∇Sn
ej gradSn f), dϕ(ej))

+ h(τ(ϕ), dϕ(gradSn f))− (n− 2)fϕ|dϕ|2,
note that

h(τ(ϕ), dϕ(gradSn f)) = h(∇ϕeidϕ(ei), dϕ(gradSn f))

= divSn η − h(dϕ(ei),∇ϕeidϕ(gradSn f)),

with η(X) = h(dϕ(X), dϕ(gradSn f), ∀X ∈ Γ(TSn). We obtain

traceα h(Jϕf (dϕ(v)), dϕ(v)) = − h((∇dϕ)(ej , gradSn f), dϕ(ej))

+ divSn η − (n− 2)fϕ|dϕ|2,(21)

since h((∇dϕ)(ej , gradSn f), dϕ(ej)) ≥ 0, from the stable f -harmonic condition,
and equation (21), we get

0 ≤ traceα I
ϕ
f (dϕ(v), dϕ(v)) +

∫
Sn
h((∇dϕ)(ej , gradSn f), dϕ(ej))v

Sn

= −(n− 2)

∫
Sn
fϕ|dϕ|2vS

n

≤ 0.

Consequently, |dϕ| = 0, that is ϕ is constant, because n > 2. �

If f = 1 on Sn ×N , we get the following result:

Corollary 2.2 ([12]). Any stable harmonic map ϕ from sphere Sn (n > 2) to
Riemannian manifold (N,h) is constant.

Using the similar technique we have:

Theorem 2.3. Let (M, g) be a compact Riemannian manifold. When n > 2,
any stable f -harmonic map ϕ : M → Sn must be constant, where f is a smooth
positive function on M × Sn, with ∆Sn(f) ◦ ϕ ≤ 0.

Proof. Choose a normal orthonormal frame {ei} at point x0 in M . When the
data is the same as those in the previous proof, we have

(22) ∇ϕeifϕ∇
ϕ
ei(v ◦ ϕ) = ∇ϕ

gradM fϕ
(v ◦ ϕ) + fϕ∇ϕei∇

ϕ
ei(v ◦ ϕ),

the first term of (22) is given by

(23) ∇ϕ
gradM fϕ

(v ◦ ϕ) = −(λ ◦ ϕ)dϕ(gradM fϕ),

the seconde term of (22) is given by

fϕ∇ϕei∇
ϕ
ei(v ◦ ϕ) = −fϕ∇ϕei(λ ◦ ϕ)dϕ(ei)

= −fϕdϕ(gradM (λ ◦ ϕ))− (λ ◦ ϕ)fϕτ(ϕ),(24)

by the definition of gradient operator, we get

(25) −fϕdϕ(gradM (λ ◦ ϕ)) = −fϕ〈dϕ(ei), v ◦ ϕ〉dϕ(ei),
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substituting the formulas (23), (24), (25) into (22) gives

∇ϕeifϕ∇
ϕ
ei(v ◦ ϕ) = − (λ ◦ ϕ)dϕ(gradM fϕ)− fϕ〈dϕ(ei), v ◦ ϕ〉dϕ(ei)

− (λ ◦ ϕ)fϕτ(ϕ),(26)

from the f -harmonicity condition of ϕ, and equation (26), we have

〈∇ϕeifϕ∇
ϕ
ei(v ◦ ϕ), v ◦ ϕ〉 = − fϕ〈dϕ(ei), v ◦ ϕ〉〈dϕ(ei), v ◦ ϕ〉

− (λ ◦ ϕ)e(ϕ)〈(gradSn f) ◦ ϕ, v ◦ ϕ〉,(27)

since the sphere Sn has constant curvature, we obtain

〈fϕRSn(v ◦ ϕ, dϕ(ei))dϕ(ei), v ◦ ϕ〉
= fϕ|dϕ|2〈v ◦ ϕ, v ◦ ϕ〉 − fϕ〈dϕ(ei), v ◦ ϕ〉〈dϕ(ei), v ◦ ϕ〉,(28)

by the definition of Jacobi operator and equations (27), (28), we get

〈Jϕf (v ◦ ϕ), v ◦ ϕ〉 = 2fϕ〈dϕ(ei), v ◦ ϕ〉〈dϕ(ei), v ◦ ϕ〉
− fϕ|dϕ|2〈v ◦ ϕ, v ◦ ϕ〉

+ (λ ◦ ϕ)e(ϕ)〈(gradSn f) ◦ ϕ, v ◦ ϕ〉

+ e(ϕ)〈(∇Sn
v◦ϕ gradSn f) ◦ ϕ, v ◦ ϕ〉

− 〈dϕ(gradM (v ◦ ϕ)(f)), v ◦ ϕ〉
− 〈(v ◦ ϕ)(f)τ(ϕ), v ◦ ϕ〉

+ 〈∇ϕv ◦ ϕ, dϕ〉〈(gradSn f) ◦ ϕ, v ◦ ϕ〉,(29)

so that

traceα〈Jϕf (v ◦ ϕ), v ◦ ϕ〉 = (2− n)fϕ|dϕ|2

+ e(ϕ) traceα(HessS
n

f)(v ◦ ϕ, v ◦ ϕ)

− traceα〈dϕ(gradM (v ◦ ϕ)(f)), v ◦ ϕ〉
− traceα〈τ(ϕ), v ◦ ϕ〉(v ◦ ϕ)(f)

+ traceα〈∇ϕv ◦ ϕ, dϕ〉〈(gradSn f) ◦ ϕ, v ◦ ϕ〉,(30)

where HessS
n

f is the hessian of the function f on Sn, by the following formulas

dϕ(gradM (v ◦ ϕ)(f)) = ei〈v ◦ ϕ, gradSn f〉dϕ(ei)

= 〈∇ϕei(v ◦ ϕ), gradSn f〉dϕ(ei)

+ 〈v ◦ ϕ,∇ϕei gradSn f〉dϕ(ei)

= − (λ ◦ ϕ)〈dϕ(ei), gradSn f〉dϕ(ei)

+ 〈v ◦ ϕ,∇Sn
dϕ(ei)

gradSn f〉dϕ(ei),

− traceα〈dϕ(gradM (v ◦ ϕ)(f)), v ◦ ϕ〉 = −(HessS
n

f)(dϕ(ei), dϕ(ei)),
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〈∇ϕv ◦ ϕ, dϕ〉 = 〈∇ϕeiv ◦ ϕ, dϕ(ei)〉
= −(λ ◦ ϕ)〈dϕ(ei), dϕ(ei)〉
= −(λ ◦ ϕ)|dϕ|2,

traceα〈∇ϕv ◦ ϕ, dϕ〉〈(gradSn f) ◦ ϕ, v ◦ ϕ〉 = 0,

− traceα〈τ(ϕ), v ◦ ϕ〉(v ◦ ϕ)(f) = −〈τ(ϕ), gradSn f〉

= −〈∇ϕeidϕ(ei), gradSn f〉

= −divw + 〈dϕ(ei),∇Sn
dϕ(ei)

gradSn f〉,

where w(X) = 〈dϕ(X), gradSn f〉, ∀X ∈ Γ(TM), and (30), we have

traceα〈Jϕf (v ◦ ϕ), v ◦ ϕ〉 = (2− n)fϕ|dϕ|2

+ e(ϕ)∆Sn(f) ◦ ϕ

− (HessS
n

f)(dϕ(ei), dϕ(ei))

− divw + (HessS
n

f)(dϕ(ei), dϕ(ei)),

where ∆Sn(f) ◦ ϕ = traceα(HessS
n

f)(v ◦ ϕ, v ◦ ϕ), so that

traceα I
ϕ
f (v ◦ ϕ, v ◦ ϕ) = (2− n)

∫
M

fϕ|dϕ|2vM

+

∫
M

e(ϕ)[∆Sn(f) ◦ ϕ]vM .(31)

Hence Theorem 2 follows from (31) and the stable f -harmonicity condition of
ϕ with n > 2 and ∆Sn(f) ◦ ϕ ≤ 0. �

From Theorem 2, we deduce:

Corollary 2.4 ([7, 8]). Let (M, g) be a compact Riemannian manifold. When
n > 2, any stable harmonic map ϕ : M → Sn must be constant.

Corollary 2.5 ([3]). Let (M, g) be a compact Riemannian manifold. When
n > 2, any stable f -harmonic map ϕ : M → Sn must be constant, where f is a
smooth positive function on M .
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