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SOME RESULTS ON STABLE f-HARMONIC MAPS

REMLI EMBARKA AND AHMED MOHAMMED CHERIF

ABSTRACT. In this paper, we prove that any stable f-harmonic map from
sphere S” to Riemannian manifold (IV, h) is constant, where f is a smooth
positive function on S™ x N satisfying one condition with n > 2. We also
prove that any stable f-harmonic map ¢ from a compact Riemannian
manifold (M, g) to S™ (n > 2) is constant where, in this case, f is a
smooth positive function on M x S™ satisfying AS" (f) o ¢ < 0.

1. Preliminaries and notations

We give some definitions. (1) Let (M, g) be a Riemannian manifold. By
RM and Ric™ we denote respectively the Riemannian curvature tensor and
the Ricci tensor of (M, g). Then RM and Ric™ are defined by

(1) RM(X,Y)Z = VNVY Z -VYVYZ -V 2,

(2) Ric”(X,Y) = g(RM (X, e;)es, V),

where VM is the Levi-Civita connection with respect to g, {e;} is an orthonor-
mal frame, and X,Y,Z € I'(T'M). The divergence of (0,p)-tensor o on M is
defined by

(3) (divM @) (X1, ..., Xpo1) = (VMa) (es, X1, .., Xpo1),

where Xq,...,X,_1 € T'(T'M), and {e;} is an orthonormal frame. Given a
smooth function A on M, the gradient of X is defined by

(4) glgrad™ A, X) = X()),

the Hessian of A is defined by

(5) (Hess™ \)(X,Y) = g(V¥ grad \,Y),
where X, Y € T'(T M), the Laplacian of X is defined by
(6) AM()) = trace, Hess™ ),

(for more details, see for example [9]).
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(2) Let ¢ : (M,g) — (N,h) be a smooth map between two Riemannian
manifolds, 7(¢) the tension field of ¢ (see [1,2,6]), and let f be a smooth
positive function on M x N, the f-tension field of ¢ is given by

(7) 75(p) = fo7() + dp(grad™ [,)) — e(p)(grad™ f) o o,
where f, is a smooth positive function on M defined by
(8) fe(@) = f(z,p(x)), VzeM,

e(ip) is the energy density of ¢ (see [1]), and grad™ (resp. grad’) denotes the
gradient operator with respect to g (resp. h). Then ¢ is called f-harmonic if
the f-tension field vanishes, i.e., 7¢(¢) = 0 (for more details on the concept of
f-harmonic maps see [4,5,10]). We define the index form for f-harmonic maps
by

(9) IF (v, w) = /M h(J}D(v),w)vM
for all v,w € T'(p~1TN), where
Jf(v) = — f, trace, RN (v,dp)dp — trace, V¥ f,V¢v
+e(9)(V) grad™ f) o — dio(grad™ v(f))
(10) —0()T(p) + (V¥u,dp)(grad™ f) o o,

RY is the curvature tensor of (N, k), V¥ is the Levi-Civita connection of (N, h),
V¢ denote the pull-back connection on ¢ 'T'N, and v is the volume form of
(M, g) (see [1], [9]). If ¢ is a f-harmonic map and for any vector field v along
¢, the index form satisfies I}" (v,v) > 0, then ¢ is called a stable f-harmonic
map. Note that, the definition of stable f-harmonic maps is a generalization
of stable harmonic maps if f =1 on M (see [11]).

2. Main results

Theorem 2.1. Any stable f-harmonic map ¢ from sphere (S, g) (n > 2) to
Riemannian manifold (N, h) is constant, where [ is a smooth positive function
on S" x N satisfying trace, h((Vdg)(-,grad®” f),de(-)) > 0.
Proof. Choose a normal orthonormal frame {e;} at point xo in S™. Set
Az) = (o, x)gntr

for all x € S*, where a € R"*! and let v = gradgn A. Note that

v={a,e;)e;, Vi v=—AX for all X € T(TS"),

tracey (VS )20 = V5 VS v — Vi, v = —v,

where V5" is the Levi-Civita connection on S” with respect to the standard
metric g of the sphere (see [11]). At point xg, we have

(11) VETVEdp(v) = Vi gon 1 dp(v) + [oVEVE dp(v),

7
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the first term of (11) is given by
Viaa s, dp(v) = Vidp(grad® f,) + de([grad™ f,,v])
= Vidp(grad® f,) + dp(Ve, en ; v)
(12) — dp(VY grad™ f,),
the seconde term of (11) is given by
feVENE dp(v) = [ VEVTdo(ei) + o VE dp([ei, v])
— [, RV (dples), do(v))dip(es) + [,VEVE dip(es)
(13) + fodpllen en o)) + 2£,VE, de(er).
from the definition of tension field, we get
FVENEdp(v) = — foRY (dp(v), dp(e:))dp(e:) + foVET(0)
+ [ VEdp(VE er) + fodo(VE Ve, v)
— fodp(VE, VY €) +2f,VE dp(e:)
= — fo RN (dp(v), dp(ei)do(es) + Vi () — v(fo)7(¢)
+ [ VEdp(VE ei) + fodp(Ve, Ve, v)
(14) — oo (VS VE ) + 21,9 do(e),
by equations (11), (12), (14), and the f-harmonicity condition of ¢, we have
VE o VEdp(v) = (Ve gon ; v) — dp(V grad® f,)
— foRY (dp(v), dp(e:))dip(e;)
+ Vie(p)(grad™ f) o o — v(fo)7()
+ fodp(V3 Ve €) + fodi(VE, Ve v)
(15) ~ fodo(Ve, Vi €i) + 2,V e dip(er),
by the definition of Ricci tensor, we get ’
VE o VEdp(v) = dp(Ve, gon ; v) — dp(Vy grad® f,)
— [ RV (di(v), diple:))dip(es) + VEe(p)(grad® f) o
—0(f)T(p) + fodp(Ricei® v) + fodp(trace(VS")2v)
(16) +2fp Vg deled),
from the property V5 X "v = —\X, we obtain
VE £ VEdp(v) = — Mdp(grad®” f,) — dp(VS" grad®” f,)
— foRY (dp(v), dio(e:))do(e:)
+(VEdp(v),dp(e:)) (grad™ f) o
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— h(dp (V] v), dip(e)) (grad™ f) o o
+e()VE(grad™ o
—o(f)7(p) = de(v)(f)7(¢) + fodip(Ricet® v)
(17) + fodp(trace(VE")2v) — 2Xf,7(¢).
From the definition of Jacobi operator (10) and equation (17) we have
Jf (dp(v)) = Mep(grad®™ f,) + dp(V5 grad® f,)
+ Ah(dep(es), dp(eq)) (grad™ f) o o +v(f)7(0)
- fg,dcp(RicciSn v) — fwdgp(trace(vsn)%)
(18) — dp(grad® dp(v)(f)) + 27 fo7(p),
since trace,(VS" )20 = —v and Ricci® v = (n — 1)v (see [1,11]), we conclude
h(J (dp(v)), dip(v)) = An(dp(grad® f,), dp(v))
+ h(dp(V" grad™ f,), de(v))
+2Mh(e(p) (grad™ f) o ¢, dip(v))
+o(f)h(7(p), dp(v))
— (n=2)foh(dp(v), d(v))
— h(dp(grad®™ dp(v)(f)), de(v))
(19) + 2Mfoh(7(), dip(v)),
by (19) and the f-harmonicity condition of ¢, it follows that
traceq h(J{ (dip(v)), dio(v)) = h(dp(VE] grad™ f,), di(e;)
+ h(7 (), dp(grad™ f)) = (n—2)fyldpf?
(20) — h(dp(grad” dp(e;)(f)), dg(e;),
by the following formulas
Wdp(Ve) grad™ fo),dip(e;)) = h(dp(V¢) grad™ f), de(e;))
+ h(VZ dp(e;), grad™ f)h(de(e:), dip(e;))
+ h(dp(e), VE grad™ f)h(dp(es), dp(ey)),
dp(grad™ dp(e;)(f)) = eilh(dp(e;), grad™ f)]dg(e:)
= h(VE dp(e;), grad™ f)dp(e:)
+ h(dip(e;), VE, grad™ fdp(e:),

—h(dp(grad®” do(e;)(f)), dple;)) =—h(VEdp(e;), grad™ f)h(dp(e;), do(e;))
—h(dp(e;), VE grad™ f)h(dp(e;), dp(e;)),
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and equation (20), it follows that
traceq A(JF (dp(v)), dp(v) = h(dp(VS grad®” f), di(e;))

+ h(r(p), dp(grad®™ f)) — (n — 2) f,|del?,
note that

h(r(p), dp(grad® f)) = h(VE dp(e:), dp(grad™ f))
= div®" 1y — h(dp(e:), VE dio(grad® f)),
with 7(X) = h(dp(X), de(grad®” f), VX € T(TS™). We obtain
traceq h(Jf (dp(v)), dp(v)) = — h((Vdyp)(e;, grad® f), dp(e;))
(21) +div®" n — (n — 2) f,|del,

since h((Vdy)(e;, grad®” f), dp(e;)) > 0, from the stable f-harmonic condition,
and equation (21), we get

0 < traceq I 7 (dip(v), dip(v)) + / h((Vde)(es,grad®” f), dp(e;))v™

Sn

——(n-2) [ Lla*" <o
Sn
Consequently, |dg| = 0, that is ¢ is constant, because n > 2. O
If f=1o0nS"x N, we get the following result:

Corollary 2.2 ([12]). Any stable harmonic map ¢ from sphere S™ (n > 2) to
Riemannian manifold (N, h) is constant.

Using the similar technique we have:

Theorem 2.3. Let (M,g) be a compact Riemannian manifold. When n > 2,
any stable f-harmonic map ¢ : M — S™ must be constant, where f is a smooth
positive function on M x S™, with AS" (f) o ¢ < 0.

Proof. Choose a normal orthonormal frame {e;} at point xy in M. When the
data is the same as those in the previous proof, we have

(22) vfi fgovfi (vop)= v:radM o (vop)+ f@vé Vfi (vo),
the first term of (22) is given by
(23) ngdM fo (vop)=—(Ao ga)dga(gradM fe)s

the seconde term of (22) is given by
fVEVE(vop) =—fVE (Ao p)do(e:)

(24) = —fodp(grad™ (A o @) — (Ao @) fo7(p),
by the definition of gradient operator, we get

(25) —fodp(grad™ (X o @) = — f(dp(e;),v 0 p)dip(e;),
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substituting the formulas (23), (24), (25) into (22) gives
VEfNVE(wop) = — (Nop)dp(grad™ f,) — foldp(es),v o p)dp(e:)
(26) — (Ao @) foT(p),
from the f-harmonicity condition of ¢, and equation (26), we have
(VEfVE(vop)vop) = — foldo(e),vop)(dp(e;),vop)
(27) — (Ao p)e(p){(grad® f)op,v0p),
since the sphere S™ has constant curvature, we obtain
(foR%" (vo g, dp(e))dp(ei), v o o)
(28) = foldp*(v o p,v09) = foldp(es), v o p){dp(es), v o),
by the definition of Jacobi operator and equations (27), (28), we get
(TE (o), v06) = 2f,ldi(es), vo o) dplen), v o )
— foldel*(v o p,v0p)
+ (Ao p)e(p)((grad™ f)op,vop)
+e(9) (V5o grad®™ f) op,v0 )
— (dp(grad™ (vo @)(f)),vo )
—((wop)(f)7(p)vowp)
(29) +(V¥v 0 p,dp)((grad® f)op,v0 ),
so that
traceq (J7(v 0 9), 00 @) = (2 = n) foldi
+ e(¢p) trace, (Hess®  f)(v o ¢, v o)
— traceq (dgp(grad™ (v o ©)(f)),v 0 @)
— tracea (7(), v 0 p) (v o 9)(f)
(30) + tracea (V?v o ¢, dp)((grad” f) o, vo p),
where Hess®" f is the hessian of the function f on S™, by the following formulas
dip(grad™ (v o ) (f)) = es(v o, grad™ f)dp(e;)
(V¢ (vo ), grad™ f)de(e;)
+ (o, VZ grad® f)dip(e;)
— (Ao @) (dp(e;), grad® f)dp(e;)
+ (o, Vi, erad” fdp(e:),

— trace, (dip(grad™ (vo 9)(f), vo ) = —(Hess™ f)(dp(e), dpler)),
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(V¥v o p,dp)

(Vv o dp(e;))
—(Aop){dp(e;), dp(eq))
—(Aop)|dg|?,

traceq (V#v 0 @, dp)((grad®” f) o p,v0 ) =0,

— traceq (7(9), v 0 ) (v 0 9)(f) = —(T(), grad®” f)
= — (V& dp(ei), grad® f)
—divw + (dp(e:), Vi, erad” f),
where w(X) = (dp(X), grad®” f), VX € D(TM), and (30), we have
traceq (J7 (v 0 @), v 0 p) = (2 —n)f,|dp[*

+e(p)A% (foy

— (Hess™" f)(dp(ei). dip(es)

— divw + (Hess™ f)(dip(er), dip(e),
where AS"(f) o ¢ = trace, (Hess® f)(vo g, vo¢), so that

trace, [7(vop,v0p) = (2771)/ foldp|?v™
M

(31) + [ s (o gl
Hence Theorem 2 follows from (31) and the stable f-harmonicity condition of
¢ with n > 2 and AS"(f) o <0. d

From Theorem 2, we deduce:

Corollary 2.4 ([7,8]). Let (M,g) be a compact Riemannian manifold. When
n > 2, any stable harmonic map ¢ : M — S™ must be constant.

Corollary 2.5 ([3]). Let (M,g) be a compact Riemannian manifold. When
n > 2, any stable f-harmonic map ¢ : M — S™ must be constant, where f is a
smooth positive function on M.
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