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SOME FINITE INTEGRALS INVOLVING THE PRODUCT
OF BESSEL FUNCTION WITH JACOBI AND
LAGUERRE POLYNOMIALS

MoHD GHAYASUDDIN, NABIULLAH KHAN, AND SHORAB WALI KHAN

ABSTRACT. The main object of this paper is to set up two (conceivably)
valuable double integrals including the multiplication of Bessel function
with Jacobi and Laguerre polynomials, which are given in terms of Sri-
vastava and Daoust functions. By virtue of the most broad nature of the
function included therein, our primary findings are equipped for yielding
an extensive number of (presumably new) fascinating and helpful results
involving orthogonal polynomials, Whittaker functions, sine and cosine
functions.

1. Introduction

In recent years, various (potentially useful) integral operators including var-
ious kind of special functions have been considered through numerous authors
(see, for example, [6], [7] and [1-5,9-15]). Such integrals have numerous appli-
cations in varied field of designing and sciences. In particular, integrals associ-
ated with different kind of Bessel functions play an essential role in numerous
field of material science, for example in the field of neutron physical science,
plasma material science, radio material science and so forth. In a continuation
of such sort of works specified above, in this paper, we establish two unified
double integrals involving the multiplication of Bessel function with Jacobi and
Laguerre polynomials, which are explicitly written in terms of Srivastava and
Daoust functions.

Ju(x) is the Bessel function (of the first kind) of order u, (see [16], [18])
which is defined by

(1) J(x):iM'VxEC\(—OOO]'
. kT (p+k+1) Y
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2
=4/ —sinz,
X
3 Z\/— .
(3) J_ — CoS®

P}f"ﬁ)(z) is the Jacobi polynomial, defined by (see [16] and [18]):
-n, l+a+B+n;

This is competently familiar that

(2)

w\»—A

l\?\»—t

o 1+ a), 1—=z
@  Peoe =1t =1
n! 1+ a:
or equivalently
- 1+a (L+ a4 Bngr(z = DF
5 plesB) B
(5) " Zkz' N1+ @)l +a+ 5),2kF

is an important class of orthogonal polynomials which is the generalization
of ultraspherical polynomial. From (4) and (5) we list below the number of
important polynomials which can be expressed in terms of Jacobi polynomials
for different values of a and f:

For 8 = «,

n

ploo)(; (1+ a)n(1 +20) (2 — 1)

(6) Ok:' n—k)!1+a)k(l+ 2a),2k’

where P,(La’a)(z) is the ultraspherical polynomial;
Fora=8=p—1

B+ 3)n g,
(21)n Cn (),

where C#(z) is the Gegenbauer polynomial;
Fora=08= f%,

7) pTEE (o)

11 1
(®) piE ”(z)—((;))” w(2),

where T),(2) is the Tchebycheff polynomial of first kind;

Fora=p8= %,
11 3)
0 P By
0 (2) = 25 Un(a),
where U, (z) is the Tchebycheff polynomial of second kind;
Fora=p8=0,
(10) P9 (z) = Pa(2),

where P, (z) is the Legendre polynomial.
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The generalized Leguerre polynomial L%(z) is defined by [16]:

(11) L5 = L B it o),

For a = 0 the above polynomial is called the Laguerre or simple Laguerre
polynomial.
From (11) it follows that

" (=1)k a)p 2"
(12) Lo(z) =3 AU s

Also, it is well known that

-5, 9y Hop(2) .
Lo, Hoppq(2
(14) Li (Z ): (—1)”2—;”SL1)TL!Z7

where Hy,(z) is the Hermite polynomial [16];

(1+ O‘)nz—%—ﬁ

(15) Ly(z) = o 2e%Mn+%+% a(2);
a (71)n —Ll_a z
(16) Ln(z) = n! z 2 262Wn+%+%7%(z)7

where My, ,(z) and Wy, ,,(2) are the Whittaker functions defined by Whittaker
[19] (also see Whittaker and Watson [20]) in terms of confluent hypergeometric
function 1 Fy (or Kummer’s functions) as follows:

1z 1
Myu(z) = 2""2e7 2 1)y (2 +u—k,2u+ 1;Z> ,

2 1
Wiu(2) = Htiem3y (2 +u—k2u+ 1;z> .

We retrace here the under mentioned intriguing and helpful result due to Ed-
ward [8], which is requisite in our current analysis

1 1

provided R(u) > 0 and R(v) > 0.
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2. Main results

Through this segment, we underlay two unified integrals involving the mul-
tiplication of Bessel function with Jacobi and Laguerre polynomials, which are
explicitly written in terms of Srivastava and Daoust functions.

Theorem 2.1. The under mentioned integral holds true, for ®(v) > —1,
RA+v)>0and R(O+v) >0,

/ / (1 — o) 11 — )L (1 — uw) A0, (78“((111”,33;“))
ﬁ) ( _ 8u (1—v)(1— )) dvdu — 22VF()\+V)F((5+V)

(1—uv)? L(v+ 1)L\ + 8+ 2v)
A+v:23), (0+v:23), Q1+a+p8:1,2),
4:0;0
X Fgo)
(A2, A+0+2v):2,3), (v+1:1,1), (I1+a+p:1,1),
I+a:1,1): E
(18) —1,1,
(1:1,1): 5 (14 a,);

where J,(x) and P,(La’ﬁ)( ) are the well known special functions defined by (1)
and (5), respectively, A(m;l) abbreviates the array of m parameters —- L lj'nl, -
Bm=l"m > 1 and Fponiin ™ s the Srivastava and Daoust multwamable
hypergeometmc functzon deﬁned by (see, [17, p. 454])

P § s . 1,1 . . .
Fpm (aJ'O‘w'“vO‘])l,p' (cysm e s (Cgvrg)lqm T T T
Ly q |: (b]:/8‘717'~'7/3;)1.[: (dj76])1,m1; ey (d;7§;)1 mg s L s
(19) . i f 1(aj)n1a1+ +ngal H;h 1(C]1')n1r1 e H;IS:1(C;)71J; ! xye
— e T
ni,...,ns=0 H] 1( n1ﬁ1+ +ns B3 H] 1( )n151 U H;ﬂ l(d )" [ ( ) (ns)

Proof. In the way to prove Theorem 2.1, we notify the left hand side of (2.1)
by I, writing J,, and PP as a series with the help of (1) and (5), to get

_ 5— A—b D™ du(l —v)(1 — )] "
I / / 1*1/ 1 ) 1 1 Z TL'F y+n+1)(1_uv)2u+4n

1+a )n(1 +a+5)n+k[4u(1—v)(1—u)]k
XZ — )1+ a)r(1+a+ B)n(1 —uv)?k

(20) dvdu.

Using the following Lemma (see, [16]):

(21) >N B(k,n)=>"Y B(k,n+k),

n=0 k=0 n=0 k=0
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in the aloft equation and then changing the order of integration and summation
(which is true under the given conditions), we arrive at

(22)

I=2% i (=)™ (1 + )i (L + @+ By 28 O
(n+ R (v +n+k+ D)1+ a)p(l+ a+ B)nirkln]

n,k=0

1 1
% / / “>\+u+2n+3k(1 _ U)A+v+2n+3k—1 (1 _ u)6+u+2n+3k—1(1 _ ’ll,’U)17A7672D74"76kd1)du.

Now using the result (17) and after a little simplification, we get
(23)
_ 22T(A+v)D(6 +v)
ST+ 1D\ +6+v)
o Z A+ 1)ont36(0 + V) ontae(l + o + Bnton(l + a)pps(—1)" T2
no ”?2")2n+3k (2 Ty 0 D+ @t Bsr(Dars( L+ a)enlkl’

In the end, summing up the series (23) by the assistance of (19), we readily
attain our expected result. ([

Theorem 2.2. The under mentioned integral formula holds true, for R(v) >
-1, ROA+v) >0 and R(6 +v) >0,

[ o= op =t o, ()
« Lo (4u(1—v)(1—u)) dvdu — 22T\ +v)T(6 +v)

(I-w)? D+ 1DI(A+6+2v)
A+v:2,3), (04+v:2,3), (14+a:1,1):
3:0;0
XEyo)
(A2, N +d+2v):2,3), (v+1:1,1), (1:1,1):
(24) ) ) ~1,1],

5 (T4al)
where LS (z) is the generalized Laguerre polynomial.

Proof. In the way to prove Theorem 2.2, we notify the left hand side of (24)
by I, writing J, and LY in their defining series, to get

_ ot 51 Ji-A-s "4u(l = v)(1 — w2
1_// (1= (1 —u) Zn,”+n+1)( )

~ (=1 (1 + a)n[du(l —v)(1 —u)]*
B X2 G T (i —woyEe
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Now using the result (21) in (25) and then by changing the order of integration
and summation (which is true under the given conditions), we arrive at
(26)

o) (_1)n+2k(1 +a)n+k24n+6k

I'=2%
;0 (n+ k)T +n+k+ 1)1+ a)pkn!

n)
11 R
x / / AR (1 )M anSkoL () )0k 2nebShl (] _ g\ 1= A=d=2v—dn—Ck gy, gy,
0 Jo

Further by using the result (17) in the above expression and after a little
simplification, we have
(27)
o 22N+ v)T(6 +v)
v+ 1I'(A+d+v)
» i A+ V)2nt3k (6 + V)2ntar (1 + @)ngr(=1)" 2 '
(/\+62+2V)2n+3k (%)%JﬁﬂC V4 1) prk(Dnir(l + a)pnlk!

In the end, summing up the series (27) by the assistance of (19), we readily
attain the right hand side of (24). This completes the proof of Theorem 2.2. O

n,k=0

3. Special cases

Corollary 3.1. Applying f = « in (18) and then by assistance of (6), we
arrive at the under mentioned integral formula

1 1
/0 /0 T ) e e e A e

o) (1— 22T (A +v)I(§ + v)
P(a’a) 1 8u(l—v)(1—u) dvdu —
*n ( (1—uv)? ) vau v+ DDA +0+ 2v)
A+v:2,3), (+v:23), (1+2a:1,2),
4:0;0
X F50.1
(A2, +d0+2v):2,3), (v+1:1,1), (14+2a:1,1),
I+a:1,1): E
(28) —-1,1],
(1:1,1): 5 (T4 a,);

where R(v) > =1, R(A+v) > 0, R(0+v) > 0 and P,(f"“)(z) is the ultraspherical
polynomial [16].

Corollary 3.2. Applying 8 = a = p— 5 in (18) and then by assistance of (7),

we obtain the under mentioned integral formula

1 1
/0 /0 M1 =) (1 = w) (1 = uw) A0, (W)
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X CM (1 _ 8u (1—v)(1— - )) dvdu 22V(2/1’)nr()‘+ I/)F(5+ V)
n (T—uv) (M +3)a (v + 1)I(A + 6 + 2v)
A+v:2,3), (0+v:2,3), (2u:1,2),
4:0;0
X Fgo)
(AR N+6+20):2,3), (v+1:1,1), (2u:1,1),
(3+p:L1): E
(29) —1,1],
(1:L1): 5 (54+ml)

where R(v) > —1,R(A+v) > 0,R(0 +v) > 0 and C#(z) is the Gegenbauer
polynomial [16].

Corollary 3.3. If we place = a = % in (18), then by assistance of (9), we
get under mentioned integral formula

/ / (1-v) (1 _ u)é—l(l _ uv)l_k_‘le, (8u((111u7215§;u))
22”(n +DITA+v)I'(0 +v)

x U, (1 M) dvdu

(1—uv)® (2)nT(v+ 1I(A + 0+ 2v)
A+v:2,3), (04+v:2,3), (2:1,2),
x Fpy
(A A+6+20):2,3), (+1:1,1), (2:1,1),
(% L) K
(30) ~ 1,11,
(1:1,1): (%, 1);

where R(v) > =1L, RA+v) > 0,R(§ +v) > 0 and U,(2) is the Tchebycheff
polynomial of second kind [16].

Corollary 3.4. If we place § = a =0 in (18), then by assistance of (10), we
get the under mentioned integral

[ o= o, (e

o) (1— 22 TN +v)T(8 + v)
P, (1 — 8U=00=w) gy =
x ( (T=w0) ) YT T DT+ 6 + 20)
A+v:2,3), (04+v:2,3), (1:1,2):
x Fpoy
(A2, +d0+2v):2,3), (v+1:1,1), (1:1,1):
(31) T
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where R(v) > —1,RA +v) > 0,R(6 +v) > 0 and P,(z) is the Legendre
polynomial [16].

Corollary 3.5. If we assign v = % in (18), then by assistance of (2), we have

/ / A— 51—1; ’(1_u)6—%(1_uv)2 A— 5sm[%w}
1 1
xp,gaﬂ)[ — sl gody _ST(A+3)I(0+3)

(1-uv) T(A+d+1)
(A+3:2,3), (0+35:23), QA+a+p:1,2),
4:0;0
X F500
(A2,A+641):2,3), (3:1,1), (I4+a+8:1,1),
I+a:1,1): B
(32) _171 ’
(1:1,1): 5 1+a,1);
where R(A) > —1 and R(6) > —1.

Corollary 3.6. Applying v = —3 in (18) and then by assistance of (3), we get

the under mentioned integral

/ / AH =0 (1 =) E (1 — )P0 cos [R00G ]
T(A—3)T(0 - 3)

Pl [1 - suluw _ >
XL [ Ty | 0= =R o
()‘_51273% (5_%:273)7 (1—|—a+ﬁ:1,2),
4:0;0
X F5o1
(A2,A+64+1):2,3), (3:1,1), (I4+a+p8:1,1),
I+a:1,1): B
(33) —1,1/,
(1:1,1): 5 1+a,1);

where R(\) > 3 and R(6) > %
Corollary 3.7. By assistance of (15) in (24), we have the integral

/ / AR o R ) R (1w, (000

2u(1—v)(1—u) _ _ 221/+a+1n!1"(/\ + V)F(5 + 1/)
TTa—uwn? o o M) —
xe M"‘*‘%'*‘Sv? ( (1—wv)? dvdu 14+ a),T(v+1)I(A+d+2v)
A+v:2,3), (64+v:2,3), (I4+a:1,1):
3:0;0
x Fyon

Uy

(A2,A+0+2v):2,3), (v+1:1,1), (1:1,1): =
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(34) ) ~1,1),
(I+a,1);

where N(v) > —1,R(a) > -1, RA+v) > 0,R(0 +v) > 0 and My ,(2) is the
Whittaker function of first kind [20].

Corollary 3.8. By assistance of (16) in (24), we have the integral

[

(1 -0 3= (1 —0) %_%(1 — )20t (W)

N‘H

2u(l—0)(1—u) 22 InIT( A + v)I(6 + v)
(1—uv)2 o o [A(=z0)(— )) dvd
e Woii+g.g ( (o) ) SO = Ty TN+ 6 + 20)
AN+v:2,3), (04+v:2,3), 14+a:1,1):
3:0;0
X Fio
(A2, +d5+2v):2,3), (v+1:1,1), (1:1,1): ;
(35) ) ~1,1

)

(1+a,);

where R(v) > =1, R(a) > =1, RN +v) > 0,R(0 +v) > 0 and Wy ,(2) is the
Whittaker function of second kind [20].

Corollary 3.9. Applying o = —3 in (24) and then by assistance of (13), we
get the integral

/ / (1= o)1 — )11 — uw) 20, (78“((1;”375;;“))
2v42n(__1\no,|
« Hy, ,/ug:vz(;_u) dodu — 2 (=D)"nIT(A 4+ )6 + v)
uv F'v+1I'(A+6+2v)

A+v:2,3), (64+v:2,3), (3:1,1):
CF]
(A2,A+d+2v):2,3), (v+1:1,1), (1:1,1):
(36) -1

5o (3,1

where R(v) > —L,RA+v) > 0,R( +v) > 0 and H,(z) is the Hermite
polynomial [16].

Corollary 3.10. Applying a = § in (24) and then by assistance of (14), we
arrive at the integral

/ / A= 0P R — )R (1 - )2 A, (i)
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peEnee 9202042 1) I D(A + v)T(0
X H2n+1 <2 (1 )a )) dudv = ( ) i ( +I/) ( +l/)

(1—uv) T(v+ )T (A +6+ 2v)
A+v:2,3), (64+v:2,3), (3:1,1):
x EEDY
(A2, +d5+2v):2,3), (v+1:1,1), (1:1,1):
(37) S,

531
where R(v) > =1, R(A+v) >0 and R0 +v) > 0.

Corollary 3.11. If we place v = % in (24), then by assistance of (2), we have
the integral

/ / A*% (1-v) 7%(1—u)5f%(1_uv)27>\768in (W)
1 1
xgy(ﬁﬁgiLg)dd ST\ + 1P+ 1)

(1—uv)? T(A+6+1)
(A+13:2,3), (64+4:2,3), (1+a:1,1):
3:0;0
X Fion 5
(AR +0+1):2,3), (3:1,1), (1:1,1):
(38) ) ) 1,1,
5 (T+a,1);

where R(\) > —1 and R(6) > —1.

Corollary 3.12. If we place v = —% in (24), then by assistance of (3), we get
the integral

[ [

1 1
Xwﬁ(ﬁﬁiﬁtﬂ)mm“:HAfiﬁwfa)

M\w

(1 —wu)’~ %(1 —uv)? 7% cos (7&((1;25};;@)

(1—uv)® I'A+d6—1)
(A—1:2,3), (6—2:2,3), (1+a:1,1):
x Fyoy
(A2, +6-1):2,3), (3:1,1), (1:1,1):
(39) ) - 1,1,
;i (I+a,1)

where R(A) > % and R(5) > L.
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Remark 3.13. With the help of Theorem 2.1 we can establish some other corol-
laries in which the double integral including the product of sine and cosine
functions with ultraspherical polynomial, Gegenbauer polynomial, Tchebycheff
polynomial of second kind and Legendre polynomial.

Remark 3.14. In identical way, with the help of Theorem 2.2 we can establish
some other corollaries in which the double integral including the product of sine
and cosine functions with Whittaker function of first kind, Whittaker function
of second kind and Hermite polynomial.
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