East Asian Math. J.

Vol. 34 (2018), No. 4, pp. 359-369 “YNM
http://dx.doi.org/10.7858/eamj.2018.026 YOI WATERATIRS seceT
Zryqk B2 Jld A3Ed
Zol-ir 59 Ax

Improved Carleman’s Inequality and
Improvement of Polya-Knopp's Inequality
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ABSTRACT. This note, we first show that the famous Carleman’s inequality

can be improved if we find a positive sequence {c,,} such that
— 1 . .

¢, Y,————— <e. Then we list a lot of known results in the

n 1
j=n i\7
J Hck
k=1

literature improving Carleman’s inequality by this method. These results
can be a good source to a further research for interested students. We
next consider about similar improvement of Polya-Knopp's inequality,
which is a continuous version of Carleman’s inequality. We show by a
manner parallel to the case of Carleman’s inequality that Polya-Knopp's

inequality can be improved if we find a positive function ¢(z) such that

c(z) 1t
/ %/Ulnc(s)ds

But there are no known results improving Polya-Knopp's inequality by

[e5)

dt < e.
- texp

this method. Suggesting to find a new method, we lastly show that there
is no nice continuous function ¢(z) that satisfies the inequality.
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II. o]1&3 w73

2| vH(1892.7.8~ 1949111)L Wi 29 Wl E419] Fekxtolth I 1912 wAkeE o
zﬂoﬂ/\i O]Zﬂ—/\-]}\]. 6]—0]___ ul—o 1915L40ﬂ‘—1 ;\ /\ /\]_ 917L4 5 31%}_0“15 11}/\]'?51]'—?5

wkortt, 19174 2‘é 8 '%“Fq"iﬂ g 83 ﬂ/\}ﬂ’ HSA, 1923 FEIE 19243 &
2EZS S W42 A EAY 19273 v E-d &8 (Mittag-Leffler) & Algo] 3,
Ay e neE-gZ8 A4 A 20T guE o)

1920t 2 9S Fa) A 3k (quasi-analytic function) o] #3 o2& WA A F o}
Denjoy-Carleman A 2lel ta =834 Z 3 gAolA o] obd A% ¢, & FLo
tate] Aystes 2T 54

U F549 WAL ST REAAR ALY L2 o B 218 o]
49 oj4tx Fejolth

—111
ol

A& 2.1 (Hardy. Littlewood & P’olya, 1952, Theorem 326). p>1, a, >0,

0< Ean<00 o]™

n =1

n=1 1=1
n i n 1
o719l A [im % a; = (]I ;)™ (Hardy. Littlewood & Polya, 1952, Theorem
r—0 i=1 i=1
)& AHESH p — oo W, oy ZE W BEAS AS F Arh weEbA 2T B
22 st e Sk ot

A2 2.2 (Hardy, Littlewood & Polya, 1952, Theorem 334). a, >0,

0< Zan<0001%

n =1
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Aol 232 Eobw AR, AR FEA9] &Y FEolth AR F54 ]

O F5249 P A strfelA AFIdE Abgol OHPolya)‘Ril T f?}, A 23
3 )91 ofojtjo] 9} #Ho| QlojAa ZAY T H529 A&5Y JH & &
27 = At}H(Johansson, Persson & Wedestig, 2003 23,

Ad 2.3 (Hardy, Littlewood & P’olya, 1952, Theorem 335). f 7} <] g<=ol™

fomexp{%f:logf(t)dt}da: < e/omf(x dx

Znt 54 o] FeEdd s wfg vt o R SR stk ZdEnt
A B AP 3 b Fobl SUE AR, o THE WEIAT ¥5
Hg olg@ A0 EW RN BAN FEA 2 shed 7bF wel A 3
© =% Wi oltH(Hardy, Littlewood & Polya 1952, p249~250 #a1).

a;>0, ¢;>0(i=1,2, - )olX Eam<ooa} A

1 1
o — N [ CiaiCyaq - €A, |
(ayay -+ a,)" =
ngl t " ngl C1€Cg =" Cyy
o _1 1
= 2(6102“'671) n(ClCLI.“ Cnan)n
n=1
) _ 1 1 n
= Z(CICQ Cn) "= Z Cm Oy
n=1 n =1
= Z Cm G Z _(6102 Cn) !
m =1 n=m
m+1)" =
0:]7]A1 Cm,z%v m:1,2,.,,ﬂ}‘—,—u‘i,
ZI(GJIGZ a’n)n = Zlcmam Z E(CICZ Cn) "
= Comn Ay, - T Cp Oy
mgl ngm n(n+ 1) 771221 m
S (1 u e $
= 1+—) a, <e a
m =1 m " m =1 "
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F3)& AHBA, A (Jensen) F5A(EE AE5Y A&7+

= —%[tlnt—tm: —lnz+1°|E=2

L/‘Oooexp(% :lnf(t)dt)dxZ/Omexp(%foxln#dt)dx

(2.1) A A

AHstEE

olth

o 1 e ~ L [t ar
=/0 exp(;/o lntf(t)dt)e " da
=/Oooexp(%f:1ntf(t)dt)e““”“da;
< /Owe_l“x+1%(/‘:tf(t)dt
:efom%(f:tf(t)dt)dx

dx (2.1)

zef:of(t)dt.

el AbgE e, A FFHAME tf(¢)7F FFLd W T2t

o] Fdojgt stk A71A G(c) & ¢ 9 7eE#, S

L
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A& 32. ¢: (0, 0) >R & EE g g3t

d(z):= c(m)/wﬁdt < e (31)
o wEal obe] B a4 A7A GL(1)E o FaHE =,
t
G.(1) = exp| + [ ne(s)ds | oIk AR BE ol B4 £(a) ol Hhatl
0

/Owexp(%/‘ozlnf(t)dt)dx < fooodc(:c)f(x)d:c < e/ooof(a:)d:c

Omexp(%/:lnf(t)dt dw:/oooexp — Olln C(Z)(j;) ) dt)da:
Y e Ggf(l’) -
0 Gc(x)

.
<[ e /Oc(t)f(t)dtdx

- fwc(t)f(t)/twﬁdxdt

= /mdc(t)f(t)dt < e/ooof(t)dt

0
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2001 Yang k=1 (7]
= 1 1 1
<e 1— — — a
,;1 20k+1)  24(k+1)2 48(/~c+1)3) '
Z(a]a2 -ak)kéez 1 - ay
2001 Yuan =1 o (HZ) (8]
1 2 1+a
F0<a<——-1,0<8<1—=,ep+2 =e
In2 e
[ee) l (o] 1 C
;(a1a2 ak)k < ekz (1— 1c 1 J a,
; =1 =1 ac L
Zhu
c= —6
]

oAl FAME HHOE BAT BEA ) A&Yel Eob-ir BEAe] MY F UEA
of Wate] AWEA Fok-w FENS AL F Ak PW F Sed U 4



366 H o 20 % 7

= = = == « 1 = Z =]
(31)01]}\‘1 —5“,17} ol "-?—’G‘Z\J,, = dc(:E)Z: C(m)/x Wdt < e=w E’l”—’-TO]“C

A F dEA B R ARE s,
g c(t) =t = galA

t = = =
G.(t) = - d.(z) =e7b A4S & F Utk & < ASAFE, 5 5]

t"E c(t) 2 AMES] Holke Zok-3 522 MAFEA s v 2o & &
Ak ¢(t) =t a>0, & BF
1 [t 1 [t Int— t\*
G.(t)=exp|— | Inc(s) ds|=exp —/ alns ds|=e" M7 ==]| =¢ %(t)
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A7) 33. clz)E ¢:[0,0)>[0,00)2 ALTFF0|T ¢(z):= C(”;) [0, 00) ol A
Aol 7}, Tef BE g o U)aho]
. 1
d,(x):= c(x)/ﬂ TG0 dt < e (3.2)

G.(t) = exp Inc(s)ds
0
o|t},
Re) 339 =9, (s)= ij) 2 £m
1 t 1 t
G.(t) = exp N 1nc(s)ds) = exp| In sc (s)ds)
0 0
t t
= %exp % Olnc(s)ds) —%exp( 1 Olnﬁs)ds)
_t ~1
= %(t)
o], qzi, 2 T3
c
* 1 *1
dc(x) c(ar;)‘/ar tG(,,(t) dt ec(x)x/z t_2 j,<t)dt
1 * 1 1 > 1
:eq(x) x/} ?Gq(t)dtzeq(x) m/I t—QGq(t)dt
o] §lo] d,(z) <ex ofgf s} FAolt},
x/ t—QGq(t)dt<q(x). (3.3)
o} 714, xfwt%dtzlolﬂi 9 Aol 9L G (n,00) 919 B AT,

o}, q(z)e AEkol [0,00)01d EATTT AHAT qlry) = min, e .o )g(z) DE
o€ [0,00)7F ZATT, o A% BE to] tjatel

1
t):eXp(?/ lnq(S)dS) > exp n
0

Q(xo)—x()/ ?q(xo)dt < :cof t—QGq(t)dt

Lo Ty

/Otlnq(mo)dS) = q(z,)
o|lB &
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A HEHA FeS & 4 Aok FH, (Kwon, 2018) <+ (Carleson, 195014 o] &
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