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ONE GENERATOR QUASI-CYCLIC CODES OVER F2 + vF2

MEHMET ÖZEN, N. TUĞBA ÖZZAİM∗, NUH AYDIN

Abstract. In this paper, we investigate quasi-cyclic codes over the ring

R = F2 + vF2, where v2 = v. We investigate the structure of generators

for one-generator quasi-cyclic codes over R and their minimal spanning
sets. Moreover, we find the rank and a lower bound on minimum distances

of free quasi-cyclic codes over R. Further, we find a relationship between

cyclic codes over a different ring and quasi-cyclic codes of index 2 over R.
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1. Introduction

Codes are studied by various scientific disciplines such as information theory,
electrical engineering, mathematics, and computer science. Quasi-cyclic codes
are generalization of cyclic codes. These codes give a very good performance
on the codes of great lengths. Hence quasi-cyclic codes are one of the most
important and most intensively studied classes of linear codes. Many researchers
exploit the structure of quasi-cyclic (QC) codes to construct such codes over
fields (some examples among many such works are[14]-[2]).

In the last few decades, codes over finite rings received considerable attention.
Among the finite rings of interest, Z4 and other rings of order 4 have a special
place. The important class of QC codes have been studied over the rings of
order 4 as well. For example, in [2] and [12], optimal codes and new binary
linear codes are found from the Gray images of QC codes over Z4 and over
F2 + uF2, respectively. In [6], one generator QC codes of length mn over Z4

are studied with the conditions that n is odd and gcd(|2|n,m) = 1. We refer
the reader to the papers [10], [11], [5] for more on the algebraic structure of QC
codes. There are 4 commutative rings of order 4: GF (4), Z4, F2 + uF2 where
u2 = 0, and F2 + vF2 where v2 = v. We will focus on the ring F2 + vF2 in this
paper.
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This work has been organised in the following way. In section II, we investigate
the structure of the ring F2 + vF2, where v2 = v. Some basic definitions and
theorems which are preliminary for the next sections are given. In section III,
we study one generator quasi-cyclic codes over R and determine their minimal
spanning sets. We find the rank and lower bounds on minimum distances of free
QC codes over R. In the last section we give a relationship between cyclic codes
over F2 + uF2 + vF2 + uvF2 where u2 = u, v2 = v and uv = vu and 2-QC codes
over F2 + vF2.

2. Preliminaries

Let R denote the ring F2 + vF2 = {0, 1, v, 1 + v} where v2 = v. It is clear
that we can consider the ring R as the quotient ring F2[v]/〈v2 + v〉. Let C be
a non-empty subset of Rn. If C is an R-submodule of Rn, then C is called
a linear code of length n over R. A linear code C of length n is called cyclic
if (rn−1, r0, . . . , rn−2) ∈ C whenever (r0, r1, ..., rn−1) ∈ C. Let Rn denote the
quotient ring R[x]/〈xn − 1〉. Then we consider the following correspondence:

δ : Rn −→ Rn

r = (r0, r1, ..., rn−1) −→ r(x) = r0 + r1x+ ...+ rn−1x
n−1

It is well known that C is a cyclic code if and only if δ(C) is an ideal of Rn.
Let r = (r0, r1, ..., rn−1) be a codeword in C. The Hamming weight of r =
(r0, r1, ..., rn−1) is the number of nonzero coordinates in r and is denoted by
wH(r). The Lee weights of 0, 1, v, 1 + v ∈ R are 0, 2, 1, 1 respectively and Lee
weight of a codeword
r = (r0, r1, ..., rn−1), which is the sum of the Lee weights of its components, is
denoted by wL(c).

Any element of R can be written as z = x + vy,where x, y ∈ F2. The Gray
map from R to F2

2 is defined as follows:

ϕ : R −→ F2
2

x+ vy −→ (x, x+ y)

This map is naturally extended from Rn to F2n
2 . It can be easily seen that

the Gray map is an isometry from (F2 + vFn
2 , Lee distance) to (F2n

2 , Hamming
distance). We need the following definition and theorems before studying QC
codes over F2 + vF2.

Theorem 2.1 ([15]). Let C be a linear code over F2 +vF2 with length n. Define
C1 = {a ∈ Fn

2 |a+ vb ∈ C, for some b ∈ Fn
2} and C2 = {a+ b ∈ Fn

2 |a+ vb ∈ C}.
Then C can be expressed as C = (1 + v) C1 + vC2. Obviously, C1 and C2 are
binary linear codes.
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Theorem 2.2 ([15]). Let C = (1 + v) C1 + vC2 be a linear code over F2 + vF2.
Then C is a cyclic code over F2 + vF2 if and only if C1 and C2 are binary cyclic
codes.

Theorem 2.3 ([15]). Let C = (1+v) C1+vC2 be a cyclic code of length n over R
and g1(x), g2(x) be generator polynomials of C1 and C2 respectively. Then, there
exists a unique polynomial g(x) such that C = 〈g(x)〉 = 〈(1 + v)g1(x) + vg2(x)〉
and g(x)|xn − 1. Moreover, if g1(x) = g2(x), then g(x) = g1(x).

Following lemma states a well-known result about cyclic codes for the ring
R. The usual proof works for the ring R as well. We call two polynomials
p1(x), p2(x) ∈ R[x] co-prime if there exist polynomials r1(x), r2(x) ∈ R[x] such
that p1(x)r1(x) + p2(x)r2(x) = 1.

Lemma 2.4. Let C be a cyclic code with generator g(x) such that xn − 1 =
g(x)h(x). Then any generator of C is of the form 〈f(x)g(x)〉 where f(x) and
h(x) are co-prime.

3. Structure of QC Codes over F2 + vF2

Motivations for studying cyclic codes over F2 + vF2 as opposed to the other
rings of order 4 (that is, Z4 and F2 + uF2) include the following facts [15]:

• For a given n, the number of cyclic codes of length n over F2 + vF2 is
much greater than the number of cyclic codes of length n over Z4 or
F2 + uF2.
• Most of the binary codes which are Gray images of cyclic codes over
F2 + vF2 cannot be obtained from Gray images of linear codes over Z4

or F2 + uF2.

These facts also motivate the investigation of QC codes over R. We can see,
for example, that the number of QC codes of a given length and index over
R will be greater than the number of QC codes of the same length and index
over Z4 or F2 + uF2. One disadvantage of cyclic codes over R is their minimum
distances tend to be smaller compared to cyclic codes over Z4 or F2 + uF2 [15].

Definition 3.1. If for every codeword c ∈ C there exists a number ` such that
the codeword obtained by ` cyclic shifts is also a codeword in C, then C is called
an `-quasi-cyclic (QC) code. The number ` is defined as the smallest number of
cyclic shifts under which the code is invariant and is called the index of C.

Let Rs = R[x]/〈xs − 1〉 be. Then the map

Ψ : Rs` −→ R`
s

(u11, u12, ..., u1`; ...;us1, us2, ..., us`) −→ (u1(x), u2(x), ..., u`(x)) = u(x)

where ui(x) =

s∑
j=1

ujix
j−1 for i = 1, .., ` defines a one-to-one correspondence. It

can be seen that an `−QC code C of length n = `s over R is an Rs-submodule
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of R`
s. If C is generated by a single element u(x) then C is defined as a one

generator quasi-cyclic code. We also write C = 〈u1(x), u2(x), ..., u`(x)〉 to mean

C = {(g(x)u1(x), g(x)u2(x), . . . , g(x)u`(x)) |g(x) ∈ Rm}

Theorem 3.2. Let C be a one generator quasi-cyclic code of length n = s`
over F2 + vF2 generated by G(x) = (G1(x), G2(x), ..., G`(x)) where Gi(x) ∈ Rs

for 1 ≤ i ≤ `. Then Gi(x) ∈ Ci where Ci is a cyclic code of length s in
Rs, and there exist polynomials fi(x) ∈ R[x] and ri(x), si(x) ∈ F2[x] such that
Gi(x) = fi(x)[(1 + v)ri(x) + vsi(x)].

Proof. For each i = 1, ..., ` define the map

Ψi : R`
s −→ Rs

(G1(x), G2(x), ..., G`(x)) −→ Gi(x)

Assume that C = (G1(x), G2(x), . . . , G`(x)) is one generator QC code over R
with length n = s` . Then Ψi(C) is a cyclic code over Rs. By Theorem 2.3 and
Lemma 2.4, a generator Gi of Ψi(C) is of the form Gi(x) = fi(x)[(1 + v)ri(x) +
vsi(x)]. �

Theorem 3.3. Let C be one generator quasi-cyclic code of length n = s` over
F2 + vF2 generated by G(x) = (f1r1 + vp1, f2r2 + vp2, . . . , f`r` + vp`) and there
exists an index i such that firi + vpi is not a zero divisor in Rs. Suppose that

g = gcd(f1r1, f2r2, ..., f`r`, x
s − 1) ; hg = xs − 1 and deg h = k

p = gcd(hp1, hp2, ..., hp`, x
s − 1) ; pq = xs − 1 and deg q = t

and let F (x) = {vhp1, vhp2, ..., vhp`}. Then C has the minimal generating set
S1 ∪ S2, where
S1 = {G(x), xG(x), ..., xk−1G(x)} and S2 = {F (x), xF (x), . . . , xt−1F (x)}.

Proof. Let k(x) = f(x)G be a codeword of C. By the Euclidean algorithm, there
are two polynomials Q1(x), R1(x) ∈ R[x] such that

f(x) = hQ1(x) +R1(x) and 0 ≤ degR1(x) < k.

Hence,

k(x) = (hQ1(x) +R1(x) )G

= Q1(x)(hf1r1 + vhp1, hf2r2 + vhp2, ..., hf`r` + vhp`)

+R1(x) (f1r1 + vp1, f2r2 + vp2, ..., f`r` + vp`).

Since there exist polynomials gi(x) ∈ F2[x] such that firi = ggi for all i =
1, 2, ..., `, we obtain hfiri = 0. Hence, we have

k(x) = Q1(x)(vhp1, vhp2, ..., vhp`)+R1(x) (f1r1+vp1, f2r2+vp2, · · · , f`r`+vp`).
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Note that R1(x)(f1r1 + vp1, f2r2 + vp2, ..., f`r` + vp`) ∈ Span(S1). Again by the
Euclidean algorithm, we get polynomials Q2(x), R2(x) ∈ R[x] such that

Q1(x) = qQ2(x) +R2(x) and 0 ≤ degR2(x) < t

Q1(x)(vhp1, ..., vhp`) = Q2(vqhp1, ..., vqhp`)+R2(x)(vhp1, ..., vhp`).

Since there exist polynomials qi(x) ∈ F2[x] such that hpi = pqi for all i =
1, 2, ....`, we get qhpi = 0. We have

Q1(x)(vhp1, vhp2, ..., vhp`) = R2(vhp1, vhp2, ..., vhp`) ∈ Span(S2)

which implies that k(x) ∈ Span(S1) ∪ Span(S2), i.e S1 ∪ S2 generates C.

Next we will show Span(S1) ∩ Span(S2) = {0}. Suppose that
e(x) = (e1(x), e2(x), ..., e`(x)) ∈ Span(S1) ∩ Span(S2). Since e(x) ∈ Span(S1),
it follows that

ei(x) = (firi + vpi)(α0 + α1x+ ...+ αk−1x
k−1).

We can assume that deg(xk−1firi) < s since computations are in Rs. On the
other hand, since e(x) ∈ Span(S2), we have

ei(x) = (vhpi)(β0 + β1x+ ...+ βt−1x
t−1).

From last equality, we have (1 + v)ei(x) = 0 for all i = 1, 2, ..., `, which implies
that

(1 + v)ei(x) = (1 + v)(α0 + α1x+ ...+ αk−1x
k−1)firi = 0.

Since deg(xk−1firi) < s, this means αi = 0 or αi = v. Let M1(x) = α0 + α1x+
· · ·+αk−1x

k−1 and M2(x) = β0 + β1x+ · · ·+ βt−1x
t−1. Then (firi + vpi)M1 =

vhpiM2. Considering the facts hfiri = hggi = 0, we get (firi+vpi)(M1+hM2) =
(firi + vpi)M1 + hfiriM2 + vhpiM2 = 2vhpiM2 = 0. Since firi + vpi is not a
zero divisor, we have M1 + hM2 = 0 which means αi = 0 and βj = 0 for all
i = 1, 2, ..., k − 1 and j = 1, 2, ..., t − 1. Consequently, Span(S1) ∩ Span(S2) =
{0}. �

Corollary 3.4. Let C be a quasi-cyclic code of the form given in Theorem 3.3.
If for each i = 1, 2, .., ` the polynomial firi + vpi is a factor of xs − 1, then C is
a free `-QC code with rank = k and |C| = 4k.

Proof. Since firi + vpi|xs − 1 over R, it follows that firi|xs − 1 over F2. Let

hi = xs−1
firi

and h = lcm(h1, h2, ..., h`) over F2. Then there exists a polynomial

si ∈ F2[x] such that xs−1
firi+vpi

= hi + vsi. So there is a polynomial c ∈ F2[x]

such that (h+ vc) = lcm(h1 + vs1, h2 + vs2, ..., h` + vs`). Thus, (firi + vpi)(h+
vc) = 0 in Rs which implies that hfiri + vhpi + vcpi + vcfiri = 0. Since
gh = xs − 1, hfiri = 0. Therefore, v(hipi + cpi + cfiri) = 0 or cpi + cfiri = hpi.
So (vhp1, vhp2, ..., vhp`) = vc(f1r1 + vp1, f2r2 + vp2, ..., f`r` + vp`) i.e., S2 ∈
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Span(S1). Therefore C is free with rank k and the number of codewords of C
is 4k. �

Theorem 3.5. Let C be an `-quasi-cyclic code of length n over F2 + vF2.
Then its Gray image ϕ(C) is a 2`-quasi-cyclic code of length 2n over F2, i.e
τ2`(ϕ(C)) = ϕ(C), where τ is the cyclic shift operator on Rn.

Proof. Let r = (r1, r2, ..., rn) ∈ C where ri = pi + vqi, pi, qi ∈ R for all i =
1, 2, ..., n. Then τ `(r) = τ `(r1, r2, ..., rn) = (rn−(`−1), rn−(`−2), ..., rn−`) and

ϕ(τ `(r)) = (pn−(`−1), pn−(`−1) + qn−(`−1), ..., pn−`, pn−` + qn−`) (1)

On the other hand, ϕ(r) = (p1,p1 + q1, ..., pn, pn + qn) and

τ2`(ϕ(r)) = (pn−(`−1), pn−(`−1) + qn−(`−1), ..., pn−`, pn−` + qn−`) (2)

Comparing equations 1 and 2 we obtain τ2`(ϕ(c)) = ϕ(τ `(c)) = ϕ(c). The
result follows from this equation. �

If we take ` = 1 in Theorem 3.5 , then we get the following corollary.

Corollary 3.6 ([15]). Let C be a cyclic code of length n over F2 + vF2. Then
its Gray image ϕ(C) is a 2-QC code of length 2n over F2.

Theorem 3.7. Let C be an `-quasi-cyclic code of length n = s` over F2 + vF2

generated by G(x) = (g(x)f1(x), g(x)f2(x), ..., g(x)fl(x)) where g(x)|xm− 1. Let
deg g(x) = k, h(x) = xs − 1/g(x) and gcd(fi(x), h(x)) = 1 for all i = 1, 2, ..., l.
Then C is a free R−module with basis γ = {G(x), xG(x), ..., xs−k−1G(x)} Also,

dL(C) ≥ ` · dL(C̃) where dL(C̃) is the minimum Lee weight of the cyclic code

C̃ = 〈g(x)〉.

Proof. Since gcd(fi(x), h(x)) = 1, there exist polynomials αi(x), βi(x) ∈ R[x]
such that

fi(x)αi(x) + h(x)βi(x) = 1
g(x)fi(x)αi(x) + g(x)h(x)βi(x) = g(x)
g(x)fi(x)αi(x) = g(x)

which means that Ψi(C) = C̃. Since the cyclic code 〈g(x)fi(x)〉 is the same as
the free code 〈g(x)〉 with basis {g(x), xg(x), ..., xs−k−1g(x)}, the set γ spans C.
Now let’s show γ is linearly independent. Suppose

c0G(x) + c1xG(x) + ...+ cm−k−1x
m−k−1G(x) = (0, 0, ..., 0).

This implies that for all i = 1, 2, ..., `, we get

g(x)fi(x)(c0 + c1x+ ...+ cm−k−1x
m−k−1) = 0.

Let c(x) = c0 + c1x+ ...+ cm−k−1x
m−k−1. Then g(x)fi(x)c(x) = 0.

Since g(x)h(x) = xs − 1, we have h(x)|fi(x)c(x). Since gcd(fi(x), h(x)) = 1,
we get h(x)|c(x). But deg h(x) = s − k while deg c(x) = s − k − 1, which is a
contradiction. Hence γ is linearly independent, so it is a basis.
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To prove the assertion on the minimum distance, let k(x) = a(x) · G(x) =
(a(x)g(x)f1(x), ..., a(x)g(x)f`(x)) be a codeword of C. Then

a(x)g(x)fi(x) = 0 ⇐⇒ xs − 1|a(x)g(x)fi(x)
⇐⇒ g(x)h(x)|a(x)g(x)fi(x)
⇐⇒ h(x)|a(x)fi(x)

Since gcd(fi(x), h(x)) = 1,we must have h(x)|a(x). This means that k(x) = 0
if and only if a(x)g(x)fi(x) = 0, and h(x) - a(x) if and only if k(x) 6= 0. Therefore
for any nonzero codeword k(x),Ψi(k(x)) 6= 0, which implies that dL(C) ≥ ` ·
dL(C̃). �

3.1. Examples.

Example 3.8. The cyclic code of length s = 7 over R with generator polynomial
g = x4+vx3+x2+(v+1)x+1 (and g1 = x4+x2+x+1, g2 = x4+x3+x2+1) has
size 64 and minimum Lee distance 4. Hence, its Gray image is a [14, 6, 4] binary
linear code. By Theorem 3.7 a 2-QC code with a generator of the form 〈g, g · f〉
(with f satisfying the condition stated in the theorem) has parameters [14, 3,≥ 8]
over R, and binary parameters [28, 6,≥ 8]. We verified that for all such codes
the binary parameters are always [28, 6, 8]. For example, the polynomial f can
be taken to be f = vx5 + vx4 + vx3 + (1 + v)x2 + x+ (1 + v).

Example 3.9. The cyclic code of length s = 8 over R with generator polynomial
g = x+ 1 (and g1 = g2 = x+ 1) has size 214 = 16384 and minimum Lee distance
2. Hence, its Gray image is a [16, 14, 2] binary linear code, which is an optimal
code. By Theorem 3.7 a 2-QC code with a generator of the form 〈g, g ·f〉 (with f
satisfying the condition stated in the theorem) has parameters [16, 14,≥ 4] over
R, and binary parameters [32, 14,≥ 4]. For f = vx4 + x3 + vx2 + (v + 1)x+ 1,
the resulting code has minimum distance 6. Therefore, we obtain a [32, 14, 6]
binary linear code which is 4-QC. The best known binary linear code of length
32 and dimension 14 has minimum weight 8.

4. A Special Class of 2-QC Codes over F2 + vF2

We investigate the special case for ` = 2. We give a relationship between
cyclic codes over F2 +uF2 + vF2 +uvF2 where u2 = u, v2 = v and uv = vu, and
2-QC codes over F2+vF2. Let K denote the ring F2+uF2+vF2+uvF2. Structure
of cyclic codes over the ring K were investigated in [8]. The Lee weight of an
element of K is defined as wL(x+uy+vz+uvt) = wH(x, x+y, x+z, x+y+z+t)
where wH denotes the Hamming weight for binary codes. Now we define a Gray
map from K to R2 by

φ(x+ uy + vz + uvt) = (x+ vz, x+ y + v(z + t))

where x, y, z, t ∈ F2. This map is naturally extended from Kn to R2n. It can be
easily seen that the Gray map is an isometry from (K, Lee distance) to (R, Lee
distance).
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Theorem 4.1. Let φ be the Gray map as above and let τ be the cyclic shift
operator. Then τ2φ = φτ .

Proof. Let c = (c1, c2, ..., cn) ∈ C where ci = ai+vbi+uci+uvdi, ai, bi, ci, di ∈ F2

for all i = 1, 2, ..., n. Then τ(c) = τ(c1, c2, ..., cn) = (cn, c1, ..., cn−1) and φ(τ(c))
is

(an+vcn, an+bn+v(cn+dn), . . . , an−1+vcn−1, an−1+bn−1+v(cn−1+dn−1)) (3)

On the other hand,
φ(c) = (a1 + vc1, a1 + b1 + v(c1 + d1), . . . , an + vcn, an + bn + v(cn + dn)) and
τ2(φ(c)) is

(an+vcn, an+bn+v(cn+dn), . . . , an−1+vcn−1, an−1+bn−1+v(cn−1+dn−1)) (4)

Comparing equations 3 and 4, we get φτ = τ2φ from which the result follows.
�

Theorem 4.2. If C is a cyclic code of length n over K then φ(C) is a 2-QC
code over R with length 2n.

Proof. Let C be a cyclic code of length n over K i.e τ(C) = C. By Theorem
4.1 we have τ2(φ(C)) = φ(τ(C)) = φ(C). Hence φ(C) is a 2-QC code over
F2 + vF2. �

This theorem shows that there is a special class of 2-quasi cyclic codes over
F2 + vF2 as the Gray images of cyclic codes over K.

Example 4.3. Let C be a cyclic code of length 8 with generator g(x) = uvx2 +
(1 + uv)x+ 1 over K. By the theorem above, its Gray image is a 2-QC code of
length 16 and minimum Lee weight 2. Its binary Gray image is a linear code
with parameters [32, 27, 2] which has a best minimum distance among codes that
have same n and k parameters.

Example 4.4. Let C be a cyclic code of length 9 with generator g(x) = (1 +
u+ v + uv)x2 + x+ 1 over K. By Theorem 4.2, its Gray image is a 2-QC code
of length 18 and minimum Lee weight 2. Its binary Gray image is a linear code
with parameters [36, 31, 2] which has a best minimum distance among codes that
have same n and k parameters.

We end with the observation that Theorem 4.2 can easily be generalized as
follows.

Theorem 4.5. Let C be a cyclic code of length n over K then φ(C) is a 2`-QC
code over F2 + vF2 with length 2n. Moreover, dL(φ(C)) = dL(C).

5. Conclusion

We investigate quasi-cyclic codes over the ring R, where v2 = v. We give
a map which defines one to one correspondence between quasi-cyclic codes of
length n = s` over R and linear codes of length ` over Rs. The fact that the
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number of quasi-cyclic codes of a given length and index over R will be greater
than the number of quasi-cyclic codes of the same length and index over Z4 or
F2 +uF2 is the motivation to study of quasi-cyclic codes over R. We investigate
the structure of generators for one-generator quasi-cyclic codes over R and their
minimal spanning sets. Moreover, for free quasi-cyclic codes over R we find the
rank and a lower bound on minimum distances. In particular, we investigate
the special case for ` = 2. We give a relationship between cyclic codes over
F2 + uF2 + vF2 + uvF2 where u2 = u, v2 = v and uv = vu, and 2-QC codes over
F2 + vF2.
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