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THE CLASSIFICATION OF SELF-DUAL CODES OVER

GALOIS RINGS OF LENGTH 4

Whan-Hyuk Choi

Abstract. The classification of the self-dual codes over Galois rings

GR(p, 2) and GR(p2, 2) of length 4 is completed for all primes p up to
equivalence in terms of automorphism group. We obtain all inequivalent

classes and the number of each classes of self-dual codes for all primes.

1. Introduction

The first error correcting codes was discovered over the finite field GF (2) by
R. Hamming [6]. Since some authors proved that some good non-linear codes
are closely related to linear codes over the ring Z4 in [7], mathematicians have
particular interests in studying codes over various rings [3, 4, 10, 16]. Recently
many papers are published about codes over finite chain rings which have good
properties in some aspects. Every finite chain ring is a homomorphic image of
some polynomial ring over a Galois ring [14]. This is one of the motivations we
investigate codes over Galois rings.

On the other hand, self-dual codes are one of the most important classes in
coding theory which give many ‘best codes’. In particular, construction method
of self-dual codes over Galois rings are discussed in [10]. It is already known
that self-dual codes of length 4 over GR(pe, r) exist for all prime p and integers
n and r [3]. Self-dual codes of length 4 play an important role to construct a
self-dual code of moderate length n [8, 11].

Self-dual codes over the finite field Zp = GR(p, 1) of length 4 are classified
in [17]. In this paper, we expand the result up to the ring GR(p2, 2) and
investigate self-dual codes of free rank 1 which do not appear in [17]. We classify
the self-dual codes of length 4 over Galois rings GR(p, 2) and GR(p2, 2) for all
primes p up to equivalence in terms of their automorphism groups. We classify
all inequivalent classes of self-dual codes of length 4 and obtain the necessary
and sufficient conditions for the existence of each class. We also obtain the
number of inequivalent classes for all primes.
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This paper is organized as follows. Firstly, we introduce some preliminaries
to understand self-dual codes over Galois rings in Section 2. We investigate
self-dual codes over Galois rings in Section 3 and mass formulas in Section 4.
Our main results are given in Sections 5 and 6. Also, we present a concrete
classification of self-dual codes for small primes.

All computations in this paper were done with the computer algebra system
Magma and SageMath.

2. Preliminaries

For a positive integer e and a prime number p, let Zpe be a ring of inte-

gers modulo pe, f(X) a polynomial in Zpe [X] and f(X) a natural projection
of f(X) over Zp[X]. A polynomial f(X) is called monic basic irreducible if

f(X) is monic irreducible in Zpe [X] and f(X) is also irreducible in Zp[X].
If f(X) is a monic basic irreducible polynomial of degree r, then the ring
Zpe [X]/(f) is called the Galois ring of characteristic pe and degree r and de-
noted by GR(pe, r). GR(pe, r) is the Galois extension of degree r over Zpe

with the residue field Fpr and the extensions are unique up to isomorphism.
GR(pe, r) is a finite chain ring with ideals of the form 〈pi〉 for 0 ≤ i ≤ e − 1
and also a local ring with the maximal ideal 〈p〉.

There exists a nonzero element ξ of order pr−1 in GR(pe, r) , which is a root
of a monic basic primitive polynomial h(X) of degree r over Zpe and dividing

Xpr−1 − 1 in Zpe [X] and

GR(pe, r) = Zpe [ξ] = {a0 + a1ξ + · · ·+ ar−1ξ
r−1 | ai ∈ Zpe}.

On the other hand, any element c ∈ GR(pe, r) can be written uniquely in
the p-adic representation, as

c = c0 + c1p+ c2p
2 + · · ·+ ce−1p

e−1,

where T = {0, 1, ξ, . . . , ξpr−2} is the Teichmüller set and ci ∈ T .
We define the map π as the canonical projection,

π : Zpe [X]/〈f(X)〉 → Zp[X]/〈p(x)〉 ' Fpr .

For any element x = c0 + c1p + c2p
2 + · · · + ce−1p

e−1 ∈ GR(pe, r), π(x) = c0
and x is a unit in GR(pe, r) if and only if π(x) 6= 0.

For the further study of Galois rings and their representations, see [5,14,19].
A linear code C of length n over a ring R is a R-submodule of Rn. An

element of C is called a codeword. A matrix whose row vectors generate the
complete codewords is called a generator matrix.

We assume that every code is a linear code over GR(pe, r) throughout this
paper and p is assumed odd unless otherwise noted.
GR(pe, r)n is equipped with the standard inner product by x·y =

∑n
i=1 xiyi,

where x = (xi),y = (yi) are vectors in GR(pe, r)n.
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A linear code C of length n over GR(pe, r) has a generator matrix permuta-
tion equivalent to the standard form

(1) G =


Ik0 A01 A02 A03 · · · A0,e−1 A0e

0 pIk1
pA12 pA13 · · · pA1,e−1 pA1e

0 0 p2Ik2
p2A23 · · · p2A2,e−1 p2A2e

...
...

...
...

. . .
...

...
0 0 0 0 · · · pe−1Ike−1

pe−1Ae−1,e


where the columns are grouped into blocks of size k0, k1, . . . , ke such that ki’s
are nonnegative integers adding to n.

A code with the generator matrix in this standard form is said to be of type
(1)k0(p)k1(p2)k2 · · · (pe−1)ke−1 .

∑e−1
i=0 ki is called the rank and k0 is called the

free rank. A code of type 1k0 is called a free code.
Note that a code over GR(pe, r) with type (1)k0(p)k1(p2)k2 · · · (pe−1)ke−1 has

(per)k0(p(e−1)r)k1(p(e−2)r)k2 · · · (pr)ke−1 codewords.
The dual code C⊥ of C is defined by

C⊥ = {v ∈ GR(pe, r)n | v ·w = 0 for all w ∈ C}.
A code C is called self-orthogonal if C ⊂ C⊥ and self-dual if C = C⊥.
It is well-known that if C has type 1k0(p)k1 · · · (pe−1)ke−1 , then the type of the

dual code is 1kepke−1(p2)ke−2 · · · (pe−1)k1 , where ke = n −
∑e−1

i=0 ki. Following
propositions are trivial.

Proposition 2.1. For any code C of length n over GR(pe, r)

|C||C⊥| = pern.

Proposition 2.2. If C is a self-orthogonal code of length n and |C| = pern/2,
then C is self-dual.

For the further study of linear codes over Galois rings, we refer [3, 15].
In [17], the equivalence of self-dual codes are introduced. We review them

briefly and use the same terminology as in [17]. Let Sn be a group of permuta-
tion matrices of length n and Dn a set of n×n diagonal matrices over GR(pe, r)
with the diagonal elements γk’s such that γ2k = 1 for 1 ≤ k ≤ n.

Then we define Tn as the group of all monomial transformations on
GR(pe, r)n by

Tn = {σγ | γ ∈ Dn, σ ∈ Sn}.
Let S n be the set of all distinct self-dual codes of length n over GR(pe, r).

The cardinality of S n will be denoted by Npe,r(n). The group Tn acts on S n

by Cτ = {cτ | c ∈ C} for each τ ∈ Tn. If there exists an element τ ∈ Tn

such that Cτ = C′ for C and C′ in S n, then we denote C ∼ C′ and they
are called equivalent. The group of all automorphisms of C is denoted by
Aut(C). We define the set of permutation parts of Aut(C) as p(C) = {σ | σγ ∈
Aut(C) for some γ ∈ Dn} and elements in s(C) = Aut(C)∩D are called the pure
signs of C.
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On classifying self-dual codes, permutation parts and pure signs of the au-
tomorphism group play a major role. Hence, we denote a self-dual code C with
its automorphism by C : |s(C)|.p(C) or G : |s(C)|.p(C) where G is a generator
matrix of C.

A code is called decomposable if the code is a direct sum of two or more
codes. If a code is not decomposable, it is called indecomposable.

It is obvious that if C ' C1 ⊕ C2, then Aut(C) ⊇ Aut(C1) ⊕ Aut(C2) and
|s(C)| = 2× |s(C1)| × |s(C2)| by the definition. For the direct sum of codes, see
[9].

3. Self-dual codes over a Galois ring

Lemma 3.1. For any positive integer n and k, there exists a self-dual code
over GR(p2k, r) of length n with automorphism 2n.Sn.

Proof. For any positive integer n, the matrix pkIn generates a self-dual code
of length n where In is the identity matrix of degree n. �

The following Theorem in [3] tells that there exists a self-dual code over
GR(pe, r) of length 4 for any positive integer e and r.

Theorem 3.2 ([3]).

(i) If there exists c ∈ GR(pe, r) such that c2 = −1 in GR(pe, r), then
there exist self-dual codes over GR(pe, r) for all even lengths.

(ii) If e is even, then there exist self-dual codes over GR(pe, r) for all
lengths.

(iii) If e is odd and the residue field GF (pr) has characteristic 1 (mod 4),
then there exist self-dual codes over GR(pe, r) for all even lengths.

(iv) If e is odd and the residue field GF (pr) has characteristic 3 (mod 4),
then there exist self-dual codes over GR(pe, r) for all even lengths a
multiple of 4.

A self-dual code C over a finite field Fq has a generator matrix permutation
equivalent to the standard form

(2) G =
(
In/2 A

)
,

where AAt = −In/2, i.e., A−1 = −At. Therefore, when n = 4, a self-dual codes
C over a finite field Fq has a generator matrix permutation equivalent to the
standard form (

1 0 a b
0 1 −b a

)
,

where a2 + b2 + 1 = 0.
By (1), we know that a self-dual code C over GR(p2, r) has a generator

matrix G in the standard form as

G =

(
Ik0

A1 B1 + pB2

0 pIk1 pC1

)
.
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The self-duality of C ensures that C has type of 1k0pk1 where k1 = n− 2k0.
We abuse the projection map π on C naturally to define the residue codes,
Res(C) as π(C). There is also the torsion code, Tor(C) = {y ∈ GR(p, r)n | py ∈
C}. Associated with the code C, two codes Res(C) and Tor(C) have generator
matrices respectively,

G0 =
(
Ik0 A1 B1

)
, G1 =

(
Ik0

A1 B1

0 Ik1
C1

)
.

Theorem 3.3. Let C be a self-dual code over GR(p2, r) of length n and type
1k0pk1 . Then Res(C) is self-orthogonal and Res(C)⊥ = Tor(C).

Proof. It is trivial that Res(C) is self-orthogonal by the definition. Recall that
Res(C) and Tor(C) are codes in GR(p, r) ' Fpr and 2k0 + k1 = n. Let u0 ∈
Res(C) and w ∈ Tor(C). Then there exist vectors u1 such that u0 + pu1 ∈ C
and pw ∈ C. Again, by the self-duality of C,

(u0 + pu1) · (pw) ≡ 0 (mod p2)

⇒ u0 · (pw) ≡ 0 (mod p2)

⇒ p(u0 ·w) ≡ 0 (mod p2)

⇒ u0 ·w ≡ 0 (mod p).

Therefore, Res(C)⊥ ⊂ Tor(C). The fact that the rank of Res(C) is k0 and the
rank of Tor(C) is k0+k1 implies that |Res(C)|×|Tor(C)| = (pr)k0×(pr)k0+k1 =
(pr)2k0+k1 = (pr)n = |Fn

pr |. �

In particular, when n = 4, the standard generator matrix of a self-dual code
over GR(p2, 2) is one of the following 3 types.

(i) Type of p4 (Trivial code).

pI4 : 16.S4.

(ii) Type of 12 (Free codes).(
1 0 a b
0 1 −b a

)
,

where a2 + b2 + 1 = 0. We denote the matrix of this type by (a, b).
(iii) Type of 11p2.1 a b c

0 p 0 −a
c p

0 0 p − b
cp

 '
1 a b c

0 cp 0 −ap
0 0 cp −bp

 ,

where a2+b2+c2+1 = 0.We denote the matrix of this type by (a, b, c).
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Theorem 3.4. A self-dual code C over GR(p2, r) of free rank 1 of length n
has a generator matrix permutation equivalent to the standard form;

(3)


1 = a1 a2 a3 · · · an−1 an + pb1

0 p 0 · · · 0 pb2
0 0 p · · · 0 pb3
...

...
...

. . .
...

...
0 0 · · · 0 p pbn−1


where ai’s, bj’s are in T and

(i) an + pb1 is a unit in GR(p2, 2),
(ii) bk = −aka−1n for k ≥ 2.

Proof. By the previous arguments, it is deduced that if C is self-dual and has
the generator matrix in the form of (1) with k1 = 1, then k2 = n − 2 and C
has the generator matrix of (3) where ai’s, bj ’s are in T . From the fact that
(1, a2, a3, . . . , an) generates the self-orthogonal code Res(C), 1 +

∑n
k=2 a

2
k ≡ 0

(mod p). Therefore not all ak’s are zero for k ≥ 2 and we can assume an is
a unit under the permutation equivalence. an + pb1 is a unit if and only if
π(an + pb1) = an 6= 0 and this proves (i). Self-duality of C clearly confirms
(ii). �

Assume that a self-orthogonal code of rank 1 over GR(p, r) is generated
by the vector (1, a2, a3, . . . , an). Then the lifted self-dual code with generator
matrix of (3) is determined uniquely by b1. In the other words, by the self-
orthogonality of the vector (1, a2, a3, . . . , an + pb1), we can determine b1 from
the equation

(4) 2panb1 ≡ −
n∑

k=1

a2k (mod p2)

and bi’s for 2 ≤ i ≤ n−1 are also determined uniquely by the previous theorem.

Corollary 3.5. There is an one-to-one correspondence up to equivalence be-
tween the set of self-dual codes over GR(p2, r) of free rank 1 and the set of
self-orthogonal codes over GR(p, r) of rank 1.

Theorem 3.6. Let C be a self-dual code GR(p2, r) of free rank 1 and Res(C)
the residue code of C. Then, Aut(C) = Aut(Res(C)).

Proof. Recall that Res(C) = π(C) and assume τ ∈ Aut(C). Then C = Cτ and
π(C) = π(Cτ) = π(C)τ . Therefore, Aut(C) ⊂ Aut(Res(C)). Note that Res(C) is
a self-orthogonal codes of rank 1. By the previous corollary, there is the one to
one map π−1 between the set of Res(C) and set of C and for τ ∈ Aut(Res(C)),
it holds that Res(C) = Res(C)τ and C = π−1(Res(C)) = π−1(Res(C)τ) =
π−1(Res(C))τ = Cτ . Thus Aut(Res(C)) ⊂ Aut(C). �
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Theorem 3.7. Let C be a code over GR(p, r) of rank 1 of length 4 with genera-
tor matrix

(
a1 a2 a3 a4

)
and (ij), (ijk) be elements in S4 and ω ∈ GR(p, r)

such that ω6 = 1, ω 6= ±1.

(i) If a2i = a2j , then (ij) ∈ p(C).

(ii) If (ij) ∈ p(C) and a2i 6= a2j , then a2i = −a2j and all the other elements
except ai and aj are zero.

(iii) If (ijk) ∈ p(C) and 〈(ijk), (ij)〉 * p(C), then a2j = ω2a2i , a2k = ω4a2i
and the other element except ai, aj and ak is zero.

(iv) If the number of ai’s which are zero is m, then |s(C)| = 21+m.

Proof. (i) is trivial by the definition of p(C).
Without loss of generality, assume that (12) ∈ p(C). Then there exist γ ∈ D4

and a unit k which satisfy(
a2 a1 a3 a4

)
γ = k

(
a1 a2 a3 a4

)
.

This implies that a22 = k2a21, a21 = k2a22 and k4 = 1. a2i 6= a2j implies that

k2 6= 1. Thus k2 = −1 and a23 = −a23, a24 = −a24. This proves (ii). For (iii),
without loss of generality, assume that (123) ∈ p(C) and (12) /∈ p(C). Then,
there exist again γ ∈ D4 and a unit k which satisfy(

a2 a3 a1 a4
)
γ = k

(
a1 a2 a3 a4

)
.

If a4 6= 0, then k2 = 1. This implies that a21 = a22 = a23 and (12) ∈ p(C) by (i)
which is contradict to the assumption. Therefore a4 = 0, a22 = k2a21, a23 = k2a22
and a21 = k2a23. This implies that k6 = 1 and (iii) is proved. For (iv), by
the definition of s(C) we must compute the number of γ’s, pure signs which
satisfies(

a1 a2 a3 a4
)
γ =

(
γ1a1 γ2a2 γ3a3 γ4a4

)
= k

(
a1 a2 a3 a4

)
for some k. Because p is not even, γ1 = γ2 = γ3 = γ4 = k if all ai’s are not
zero. So |s(C)| = 2 if all ai’s are not zero. If an ai = 0, γi can be taken 1 or
−1 freely and this proves (iv). �

4. Mass formula

The classification problem in coding theory is to find a representative from
each equivalence class of a certain kind of codes. The main tool for classification
problem is the mass formula.

Let N(n) be a number of all self-dual codes of length n and s be a number
of equivalent classes of self-dual codes. Then we can get the mass formula:

s∑
j=1

|Tn|
|Aut(Cj)|

= N(n).

Therefore, the total number of codes and automorphism of each code is the
master key for classification of self-dual codes.



1378 W.-H. CHOI

Theorem 4.1 ([18]). Let σq(n, k) be the number of self-orthogonal codes of
length n and dimension k over GF (q), where q = pe for some prime p and an
integer e. Then

(i) If n is odd,

σq(n, k) =

∏k−1
i=0 (q(n−1−2i) − 1)∏k

i=1(qi − 1)
(k ≥ 1).

(ii) If n is even, q even,

σq(n, k) =
(qn−k − 1)

∏k−1
i=1 (qn−2i − 1)∏k

i=1(qi − 1)
(k ≥ 2),

σq(n, 1) =
qn−1 − 1

q − 1
.

(iii) If n is even, q odd,

σq(n, k) =
(qn−k − 1− η((−1)n/2)(qn/2−k − qn/2))

∏k−1
i=1 (q

n−2i − 1)∏k
i=1(q

i − 1)
(k ≥ 2),

σq(n, 1) =
qn−1 − 1− η((−1)n/2)(qn/2−1 − qn/2)

q − 1
,

where η(x) is 1 if x is a square, −1 if x is not a square and 0 if x = 0.

Note that σq(n, 0) = 1 for all n and q.

Theorem 4.2 ([1]). The number of distinct self-dual codes over a Galois ring
GR(p2, 2) for odd prime p is given by

Np2,2(n) =
∑

0≤k≤bn/2c

σp2(n, k)(p2)k(k−1)/2.

Now, we know the number Npe,r(4) for self-dual codes over GR(pe, r) of
length 4 for 1 ≤ e, r ≤ 2 and we are ready to classify the codes using mass
formula:

s∑
j=1

24 × 4!

|Aut(Cj)|
= Npe,r(4).

The number of solutions of x2+y2+1 = 0 plays a role in the classification of
self-dual codes of type 12. So we give the number of solutions from [13] without
proof.

Lemma 4.3. Let p be an odd prime and Fq be a finite field with q = pr

elements. For nonzero k ∈ Fq, the cardinality of the set

Sk = {(x, y) ∈ Fq | x2 + y2 = k}
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is given by

|Sk| = q − (−1)(q−1)/2 =

{
q − 1, if q ≡ 1 (mod 4),

q + 1, if q ≡ 3 (mod 4).

In particular, if k = 0, then |S0| = 1 for q ≡ 3 (mod 4) and |S0| = 2q − 1 for
q ≡ 1 (mod 4).

5. Self-dual codes over GR(p, 2) of length 4

The number of self-dual codes of length 4 over GR(p, 2) for odd prime p is
given by

Np,2(4) = 2(p2 + 1).

When p = 2, we take the irreducible polynomial f(X) = X2 + X + 1. Let
ζ be a root of f(X) and An the alternating subgroup of Sn. Then there exist
two inequivalent self-dual codes with generator matrices(

1 0 1 0
0 1 0 1

)
: 〈(13), (1234)〉

and (
1 0 ζ 1 + ζ
0 1 1 + ζ ζ

)
: A4.

When p = 3, we take the irreducible polynomial f(X) = X2 + 2X + 2. Let
ζ be a root of f(X). Then there exist two inequivalent self-dual codes with
generator matrices (

1 0 1 + ζ 0
0 1 0 1 + ζ

)
: 4.〈(13), (1234)〉

and (
1 0 1 1
0 1 2 1

)
: 2.S4.

Theorem 5.1. Let p 6= 2, 3 and A4 be the alternating subgroup of S4. Then
the self-dual code C with generator matrix(

1 0 a b
0 1 −b a

)
over GR(p, 2) denoted by (a, b) is one of the following four classes of inequiv-
alent codes:

Class (a, b) Aut(C)
(i) a2 + 1 = 0, b = 0 4.〈(13), (1234)〉
(ii) a6 = 1, a 6= ±1 2.A4

(iii) a = 1, b2 + 2 = 0 2.〈(13), (1234)〉
(iv) else 2.〈(12)(34), (13)(24)〉

Codes from classes (i), (ii), (iii) are unique up to equivalence if exist. Classes
(ii), (iii) and (iv) are MDS codes. Moreover,
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(i) Class (i) exist for GR(p, 2) for all prime p 6= 2,
(ii) Class (ii) and (ii) exist for GR(p, 2) for all prime p 6= 2, 3,
(iii) Class (iv) exists for GR(p, 2) if and only if p ≥ 7.

Proof. GR(p, 2) ' Fp2 and F∗p2 is also a multiplicative cyclic group of order

p2−1. Thus (i), (ii) and (iii) are proved by the same argument of Theorem 4.5 in
[17] with the fact that p2 ≡ 1 (mod 4) for all prime p 6= 2 and p2 ≡ 1 (mod 24)
for all prime p 6= 2, 3. With the definition of equivalence, the conditions of a
and b in classes (i), (ii) and (iii) ensure the uniqueness.

Class (i), (ii), (iii) and (iv) contributes 12, 16, 24 and 48 codes, respectively,
by the mass formula of |T4|/|Aut(C)|. For p ≥ 7, 12 + 16 + 24 = 52 < 2(p2 + 1)
and a code of class (iv) exists. �

Theorem 5.2. For each prime p 6= 2, 3, there exist unique self-dual codes over
GR(p, 2) of length 4 in each class (i), (ii), (iii). For p ≥ 7, the number of
inequivalent codes of the class (iv) is

p2 − 25

24
.

Proof. By the mass formula,
s∑

j=1

244!

|Aut(Cj)|
= Np,2(4) = 2(p2 + 1).

Let N4 be the number of inequivalent codes of the class (iv). Because codes of
class (i), (ii) and (iii) are unique, the mass formula is obtained as

12 + 16 + 24 + 48N4 = 2(p2 + 1).

Thus

N4 =
p2 − 25

24
. �

In Table 1, we introduce all examples of self-dual codes over GR(p, 2) for
5 ≤ p ≤ 61 and the number inequivalent codes of class (iv).

6. Self-dual codes over GR(p2, 2) of length 4

Using the mass formula, we make the following computations.

Np2,2(4) = σp2(4, 0)p0 + σp2(4, 1)p0 + σp2(4, 2)(p2)1

= 1 + (p2 + 1)2 + 2(p2 + 1)p2

= 3p4 + 4p2 + 2

=
∑
C

24 × 4!

|Aut(C)|
.

Recall that there are three types of self-dual codes over GR(p2, 2) of length
4 as p4, 12 and 11p2.
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Table 1. Self-dual codes of length 4 over GR(p, 2) (5 ≤ p ≤ 61)

p (i) (ii) (iii) (iv)

5 (2, 0) (2ζ + 1, 2ζ + 2) (1, 2ζ + 4)
7 (ζ + 3, 0) (2, 3) (1, 3ζ + 2) 1 code
11 (4ζ + 3, 0) (ζ + 3, ζ + 4) (1, 3) 4 codes
13 (5, 0) (3, 4) (1, 4ζ + 11) 6 codes
17 (4, 0) (5ζ + 14, 5ζ + 15) (1, 7) 11 codes
19 (5ζ + 7, 0) (7, 8) (1, 6) 14 codes
23 (11ζ + 12, 0) (4ζ + 7, 4ζ + 8) (1, 9ζ + 14) 21 codes
29 (12, 0) (14ζ + 8, 14ζ + 9) (1, 7ζ + 26) 34 codes
31 (4ζ + 27, 0) (5, 6) (1, ζ + 30) 39 codes
37 (6, 0) (10, 11) (1, 6ζ + 25) 56 codes
41 (9, 0) (19ζ + 12, 19ζ + 13) (1, 11) 69 codes
43 (4ζ + 41, 0) (6, 7) (1, 16) 76 codes
47 (23ζ + 24, 0) (3ζ + 20, 3ζ + 21) (1, 20ζ + 27) 91 codes
53 (23, 0) (24ζ + 31, 24ζ + 32) (1, 23ζ + 7) 116 codes
59 (3ζ + 28, 0) (13ζ + 52, 13ζ + 53) (1, 23) 144 codes
61 (11, 0) (13, 14) (1, 6ζ + 58) 154 codes

Three terms of Np2(4) in the mass formula show the number of distinct codes
of each 3 types;

σp(4, 0)p0 = 1

is the number of the self-dual code pI4 of type p4 which is the unique trivial
code.

σp(4, 1)p0 = (p2 + 1)2

is the number of the self-dual codes of type 11p2 and

σp(4, 2)p0 = 2(p2 + 1)p2

is the number of the self-dual free codes of type 12.
We need the Hensel’s Lemma to see the relations between self-dual codes

over GR(p2, 2) and self-dual codes over GR(p, 2). For the further study of
Hensel’s Lemma, we refer [12].

Lemma 6.1 (Hensel’s Lemma for Zpe). Let F (X) ∈ Zps+1 [X] where s is a
natural number. Suppose that there exists an α1 ∈ Zps such that

F (α1) ≡ 0 (mod ps), F ′(α1) 6≡ 0 (mod p).

Then there exists a unique α ∈ Zps+1 such that α ≡ α1 (mod ps) and F (α) = 0.
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6.1. Self-dual codes over GR(p2, 2) of type 12p0

Theorem 6.2. Let p 6= 2, 3 and A4 be the alternating subgroup of S4. Then
the self-dual code C with generator matrix(

1 0 a b
0 1 −b a

)
over GR(p2, 2) denoted by (a, b) is one of the following four classes of inequiv-
alent codes:

Class (a, b) Aut((a, b))
(i) a2 + 1 = 0, b = 0 4.〈(13), (1234)〉
(ii) a6 = 1, a 6= ±1 2.A4

(iii) a = 1, b2 + 2 = 0 2.〈(13), (1234)〉
(iv) else 2.〈(12)(34), (13)(24)〉

Codes from classes (i), (ii) and (iii) uniquely exist for p ≥ 5, up to equivalence
and codes from classes (ii), (iii) and (iv) are MDS codes.

Proof. This theorem is directly deduced by Hensel’s Lemma and Theorem 5.1.
�

For the case of p = 2, there are 2 codes over GR(4, 2) of type 12p0,

(ζ, ζ + 1) : 2.A4 and (ζ, ζ + 3) : 2.〈(12)(34), (13)(24)〉.
For the case of p = 3, there are 5 codes over GR(9, 2) of type 12p0,

(1 + ζ, 0) of class (i) and (1, 4) of class (iii),
(3ζ, 1 + ζ), (3, 1 + ζ), (3ζ + 1, 6ζ + 4) of class (iv).

Theorem 6.3. For p 6= 2, 3, there exist unique self-dual codes over GR(p, 2) of
length 4 in each class (i), (ii), (iii). The number of inequivalent codes of class

(iv) is p4+p2−26
24 .

Proof. Recall that σp2(4, 2)p2 = 2(p2 + 1)p2. By the same argument with
Theorem 5.2, the number of inequivalent codes of class (iv) is obtained by

2(p2 + 1)p2 − 12− 16− 24

48
. �

6.2. Self-dual codes over GR(p2, 2) of length 4 and type 11p2

We will use the following notations for subgroups of S4 for self-dual codes
over GR(p2, 1) of type 11p2:

B2 = {(1), (12)(34)},
B3 = {(1), (124), (142)},
B4 = {(1), (12)(34), (13)(24), (14)(23)},
B′4 = {(1), (14), (23), (14)(23)},
B′′4 = {(1), (12)(34), (1324), (1423)},
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Table 2. Self-dual codes of type 12 over GR(p2, 2) (p < 29)

p (i) (ii) (iii) (iv)

3 (1 + ζ, 0) (1, 4) 3 codes

5 (7, 0) (6 + 22ζ, 7 + 22ζ) (5ζ, 7) 26 codes

7 (29ζ + 38, 0) (30, 31) (1, 45ζ + 37) 101 codes

11 (92ζ + 80, 0) (89ζ + 69, 89ζ + 70) (1, 19) 614 codes

13 (70, 0) (146, 147) (1, 43ζ + 89) 1196 codes

17 (38, 0) (226ζ + 218, 226ζ + 219) (1, 24) 3491 codes

19 (252ζ + 102, 0) (68, 69) (1, 63) 5444 codes

23 (34ζ + 357, 0) (441ζ + 398, 441ζ + 399) (1, 515ζ + 382) 11681 codes

B6 = {(1), (12), (14), (24), (124), (142)},
B8 = {(1), (1234), (12)(34), (13)(24), (1432), (13), (14)(23), (24)},
B′8 = {(1), (1324), (13)(24), (12)(34), (1423), (12), (14)(23), (34)}.

Note that there exist two self-dual code over GR(4, 2) of type 11p2.

(1, 1, 1) : 8.S4, (1, 1, 1 + 2ζ) : 8.S4,

and there exist four self-dual code over GR(9, 2) of type 11p2.

(1, 0, 4) : 4.B6,

(0, 0, ζ + 1) : 8.B′4,

(1, ζ + 1, ζ + 1) : 2.B′8,

(ζ, ζ + 1, ζ + 2) : 2.B2.

The following theorem is analogous to Theorem 3.5 in [2],

Theorem 6.4. Let p 6= 2, 3. Then self-dual codes (a, b, c) of rank 3 is equivalent
to one of the following inequivalent codes:

(i) Suppose a = b = 0. Then

(0, 0, c) : 8.B′4.

(ii) Suppose a6 ≡ 1, b = 0 and a2 6= 1, c2 6= 1. Then

(a, 0, c) : 4.B3.

(iii) Suppose a2 = 1 and b = 0. Then

(1, 0, c) : 4.S2.

(iv) Suppose a 6= 0, a3 6= ±1, b = 0, c3 6= ±1 and a2 6= c2. Then

(a, 0, c) : 4.(1).

(v) Suppose a2 ≡ 1 and b2 ≡ c2 6= 1. Then

(a, b, c) : 2.B′8.
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(vi) Suppose a2 ≡ b2 ≡ 1. Then

(a, b, c) : 2.S3.

If a2 ≡ b2 ≡ c2, then the code (a, b, c) is equivalent to the one of the
codes of this class.

(vii) Suppose a2 ≡ 1, b2 6= ±1, c2 6= ±1. Then

(a, b, c) : 2.S2.

If a2 ≡ b2 6= ±1 or b2 ≡ c2 6= ±1 or a2 ≡ c2 6= ±1, the code (a, b, c) is
equivalent to the one of the codes of this class.

(viii) Suppose a2 ≡ −1, b2 6= ±1 and b4 6= −1. Then

(a, b, c) : 2.B2.

(ix) Suppose a2 ≡ −1 and b2 6= ±1 and b4 ≡ −1. Then

(a, b, c) : 2.B′′4 .

(x) Suppose abc 6= 0, a2, b2, c2 6= ±1 and a2, b2, c2 are all distinct. Then

(a, b, c) : 2.(1).

Proof. By Theorem 3.6 and Hensel’s Lemma, we need to classify the self-
orthogonal codes of rank 1 with generator matrix (1, a, b, c) over GR(p, 2).

Automorphisms of class (i), (ii), (iii) and (iv) are easily deduced from the
Theorem 3.7.

Suppose b 6= 0. For τ = σγ ∈ T, σ ∈ S4, k ∈ GR(p, 1),

(1, a, b, c)σγ = k(1, a, b, c)⇐⇒ (1, a2, b2, c2)σ = k2(1, a2, b2, c2).

Thus k2 = 1, a2, b2, c2 and σ can be determined once we know the equalities
among 1, a2, b2, c2.

For the class (v), Theorem 3.7 ensures that (12), (34) ∈ Aut(C) and (13) /∈
Aut(C). Assume a = 1, then the generator matrix is (1, 1, b, b) such that b2+1 =
0. 1

b (b, b, 1, 1) = (1, 1, 1/b, 1/b) and for γ = (1, 1,−1,−1), (1, 1, 1/b, 1/b)γ =
(1, 1, b, b). Thus (14)(23) ∈ Aut(C). Thus Aut(C) = B′8.

The class (vi) case is easily proved by Theorem 3.7. If a2 = b2 = c2, say
a = b = c, then 1

a (1, a, a, a)(14) = (1, 1, 1, 1/a). Thus code (a, a, a) is equivalent
to a code of (1, 1, c).

Let ±i be the solutions of x2 + 1 = 0 over GR(p, 1).
For the class (viii) and (ix), a2 = −1 and b2 6= ±1 implies that c = bi. Thus

(1, i, b, bi) generates the codes of class (vii) and (viii). For γ = (−1, 1,−1, 1),
i(1, i, b, bi)(12)(34)γ = (1, i, b, bi) implies that (12)(34) ∈ Aut(C). Assume b2 =
i and γ = (1, 1, 1,−1), then we have

1

b
(1, i, b, bi)(1324)γ =

1

b
(b, bi, i, 1)γ = (1, i,

i

b
,

1

b
)γ

= (1, i, b,
b

i
)γ = (1, i, b,−bi)γ = (1, i, b, bi).
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Thus if b2 = i, then (1324) ∈ Aut(C) and this proves the case of class (vii) and
(ix). The rest of cases are proved similarly. �

Theorem 6.5. For p 6= 2, 3, let N1, N2, . . . , N10 be the number of class (i),
(ii), . . . , (x) self-dual codes over GR(p2, 2), respectively. These numbers are
determined as follows.

N1 N2 N3 N4 N5 N6 N7 N8 N9 N10

1 1 1 p−25
24 1 1 p2−17

8
p2−9

8 1 (p2+1)2−28p2+216
192

Proof. The number of codes of type 11p2 is σp2(4, 1)×p0 = (p2+1)2 and among
them σp2(3, 1) × p0 = p2 + 1 codes are decomposable, classes from (i) to (iv).
The number of codes in one orbit for each cases is 6,8,12,24, respectively. Thus,

N4 =
p2 + 1− 6− 8− 12

24
.

For class (iii), (v), (vi) and (vii), we must compute the number of solutions
of b2 + c2 = k. In Theorem 4.3, the number of solutions of b2 + c2 = k over Fq

is given by q − 1 for q ≡ 1 (mod 4) and q + 1 for q ≡ 3 (mod 4).
Each number of classes (iii), (v), (vi) and (vii) determined by using the

number of solutions of 2 + b2 + c2 = 0. For class (iii), c2 = 2 has 4 solutions
and for class (v), b2 = c2 = −1 has 4 solutions and for class (vi), 3 + c2 = 0 has
8 solutions. This means that following holds: 4N3 + 4N5 + 8N6 + 8N7 = q − 1
for q ≡ 3 (mod 4) 4N3 + 4N5 + 8N6 + 8N7 = q + 1 for q ≡ 3 (mod 4).

Note that p2 ≡ 1 (mod 4) for all odd prime p. Thus

N7 =
p2 − 17

8
.

Similarly, each number of inequivalent codes of class (i), (viii), (ix) is deter-
mined by the solutions of b2+c2 = 0 which is also given 2q−1 for q ≡ 1 (mod 4)
and 0 for q ≡ 3 (mod 4). For class (ix), there are (±α,±αi) and (±αi,±α)
for i2 = −1, totally 8 solutions. For class (viii), there are 16 solutions. So
16N8 + 8N9 = 2(q − 1)− 8 for q ≡ 1 (mod 4). Therefore,

N8 =
2(q − 1)− 8− 8N9

16
.

For N10, we use the mass formula: 12N1+32N2+48N3+96N4+24N5+32N6+
96N7 + 96N8 + 48N9 + 192N10 = (p2 + 1)2. Thus

N10 =
(p2 + 1)2 − 28p2 + 216

192
.

�
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Table 3. Class (i) to (iii) of self-dual codes of type 11p2 over GR(p2, 2)

p2 (i) (ii) (iii)
Aut(C) 8.B′4 4.B3 4.S2

52 (0, 0, 7) (2ζ + 1, 0, 12ζ + 12) (1, 0, 7ζ + 14)
72 (0, 0, 29ζ + 38) (2, 0, 17) (1, 0, 45ζ + 37)
112 (0, 0, 92ζ + 80) (ζ + 3, 0, 12ζ + 37) (1, 0, 102)
132 (0, 0, 70) (3, 0, 43) (1, 0, 43ζ + 89)
172 (0, 0, 38) (5ζ + 14, 0, 175ζ + 253) (1, 0, 24)
192 (0, 0, 252ζ + 102) (7, 0, 46) (1, 0, 63)
232 (0, 0, 34ζ + 357) (4ζ + 7, 0, 4ζ + 77) (1, 0, 515ζ + 382)

Table 4. Class (v), (vi) and (ix) of self-dual codes of type
11p2 over GR(p2, 2)

p2 (v) (vi) (ix)
Aut(C) 2.B8 2.S3 2.B′′4

52 (1, 2, 12) (1, 1, 6ζ + 12) (2, ζ + 2, 2ζ + 4)
72 (1, ζ + 3, 8ζ + 24) (1, 1, 37) (ζ + 3, 2ζ + 1, 9ζ + 39)
112 (1, 4ζ + 3, 59ζ + 36) (1, 1, 57ζ + 18) (4ζ + 3, 5ζ + 5, 5ζ + 63)
132 (1, 5, 135) (1, 1, 45) (5, ζ + 6, 57ζ + 4)
172 (1, 4, 72) (1, 1, 126ζ + 141) (2, 4, 93)
192 (1, 5ζ + 7, 138ζ + 197) (1, 1, 137) (4ζ + 1, 4ζ + 14, 195ζ + 140)
232 (1, 11ζ + 12, 57ζ + 173) (1, 1, 353ζ + 268) (7ζ + 2, 7ζ + 7, 494ζ + 81)

7. Conclusion

In this paper, we classified the self-dual codes of length 4 over Galois rings
GR(p, 2) and GR(p2, 2) for all primes p up to equivalence and presented ex-
amples of self-dual codes for small primes. Subsequently, we are to classify
the self-dual codes of length 8 for there exist self-dual codes over GR(pe, r)
of a length of a multiple of 4 for any e, r and prime p. However, there are
too many self-dual codes of length 8 to classify which are beyond the limit of
computational approach. Even, there is no optimized algorithm for equivalence
test between codes over GR(pe, r) for a large e or r. Some algorithms of con-
structing self-dual codes of longer length from a smaller one are presented in
[8, 10, 11] and we expect that the results in this paper would be a cornerstone
to classify the self-dual codes of length 8 in the future.
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