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Abstract – Passive dynamic walking exhibits humanoid and energy efficient gaits. However, optimal 
design of passive walker at multi-variable level is not well studied yet. This paper presents a Chaotic 
Particle Swarm Optimization (CPSO) algorithm and applies it to the optimal design of flexible passive 
walker. Hip torsional stiffness and damping were incorporated into flexible biped walker, to imitate 
passive elastic mechanisms utilized in human locomotion. Hybrid dynamics were developed to model 
passive walking, and period-one gait was gained. The parameters global searching scopes were gained 
after investigating the influences of structural parameters on passive gait. CPSO were utilized to 
optimize the flexible passive walker. To improve the performance of PSO, multi-scroll Jerk chaotic 
system was used to generate pseudorandom sequences, and chaotic disturbance would be triggered if 
the swarm is trapped into local optimum. The effectiveness of CPSO is verified by comparisons with 
standard PSO and two typical chaotic PSO methods. Numerical simulations show that better fitness 
value of optimal design could be gained by CPSO presented. The proposed CPSO would be useful to 
design biped robot prototype. 
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1. Introduction 
 
Stable and fast locomotion is one of mobile robots’ 

primary tasks. Biped robots, inspired by human being, 
have received much attention in recent years due to their 
adaptability to work in complex environments [1, 2]. Many 
typical biped robots, such as ASIMO [3], HRP [4] and 
ATLAS [5] have advanced the development of humanoid 
robots. To implement stable bipedal locomotion, several 
biped robots are controlled under zero moment point 
(ZMP) method [6]. By precisely controlling joint angles, 
stable biped walking could be achieved if the ZMP is 
kept within the convex hull of the supporting area [7-9]. 
However, motions achieved by ZMP are inefficient and 
unnatural looking [10]. Another approach inspired by 
passive dynamic walking (PDW) could be utilized to 
produce humanoid and energy efficient biped gaits. 

PDW is one locomotion manner where the robot walks 
down shallow slope without any actuation, powered only 
by gravity [11]. Passive walker fully employs the intrinsic 
dynamics of the robot, exhibiting an energy-efficient and 
humanlike walking gait. However, PDW is sensitive to 
initial conditions and disturbances. Quasi-passive walking, 
where active actuation was introduced for energy input and 
stabilization against large disturbance, has increased the 
versatility of PDW and gained successful application to 
level ground walking [12]. The study of PDW could 

provide a deeper view of the human locomotion and inspire 
a more anthropomorphic biped prototype design. 

Apart from actuation utilized to implement robust PDW 
gait, many efforts based on biomechanics have been made 
to design an anthropomorphic passive walker model, such 
as active leg compliance added in [13], and elastic passive 
joints used in [14]. Flexible passive walker is one kind of 
robot model where artificial compliance is introduced to 
the robot body. Experiments [15] showed that passive 
elastic mechanisms at the hip contribute substantially to 
normal human walking. Comparisons indicated that the 
torsional stiffness incorporated in the hip joint would be 
helpful to reduce the torque cost in bipedal locomotion, 
particularly at a high walking speed [16]. So humanoid and 
energy efficient walking gait can be achieved under a 
proper designed flexible passive biped model [17]. 

Since there are many structural parameters involved in 
the passive walker model, the model design problem is a 
typical multi-variable optimization task. Mass distribution, 
leg length, feet parameter and compliance are key variables 
in the flexible passive walker model. The mass distribution 
of passive biped walker was optimized in [18], and results 
showed that maximal robustness and highest walking speed 
are partly conflicting objectives of optimization. The 
effects of different foot shape (i.e. point-foot, round-foot 
and flat-foot) on passive gaits were investigated in [19]. 
However, most previous optimization works for passive 
walker put emphasis on single model variable. To the best 
of the authors’ knowledge, multi-variable optimization of 
PDW model is rarely considered before. 

Particle swarm optimization (PSO) is one multi-variable 
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optimization method which could be utilized in the optimal 
design of passive biped dynamic walker task. Inspired by 
the observations of social animals, PSO has gained its 
successful applications in many fields, such as power 
systems [20], antenna design [21], and robotics [22]. The 
particles of PSO are placed in the search space of problem 
and evaluated by fitness function. By updating velocities 
and positions, particles move toward optimal solution to 
the problem. Significant benefits of PSO are the simplicity 
of implementation and fast convergence. However, PSO 
often suffers the problem of intrinsic premature (i.e. cause 
a particle to stagnate and may prematurely converge on 
suboptimal solutions that are not even guaranteed to be 
local optimum [23]). This paper proposes a Chaotic 
Particle Swarm Optimization (CPSO) algorithm, based on 
Chaos theory, to improve the performance of PSO. 

Chaos can be described as a highly unstable motion of 
nonlinear deterministic systems in finite phase space [24]. 
Chaotic systems are highly sensitive to initial conditions, 
topologically mixing and dense in periodic orbits [25], 
which exhibit ergodicity, randomicity and regularity. Many 
efforts have been made to combine PSO with chaotic 
systems, which could be mainly classified as two types 
[24]. In the first type, the chaotic sequences were used to 
tune the parameters of velocity update equation, such as 
the inertia weight w determined by Logistic chaotic map 
[26], and random numbers r1 and r2 replaced by chaotic 
numbers in [27]. In the second type, the chaotic search in 
particle space would be conducted when PSO was trapped 
into local optima, such as inactive particles were randomly 
generated and incorporated in the new population [28]. 
However, the dimensionality of chaotic system used in 
previous efforts, is lower than three. The low dimensional 
chaotic system, such as Logistic map and Tent Map, is 
easy to implement, but would be inefficient for high-
dimensional optimization tasks. In this paper, a novel 
CPSO was proposed to improve the performance of PSO. 
The main difference between the presented CPSO and 
other chaos PSO methods could be concluded as: (1) multi-
scroll Jerk chaotic system was used in this paper, rather 
than the low dimensional chaotic map. Three-dimensional 
chaotic sequences could be produced in one time, which 
showed good pseudo-randomness. (2) the original particle 
swarm was initialized by multi-scroll Jerk chaotic sequences, 
to improve the diversity of the swarm. (3) the variance of 
particles was evaluated. And chaotic disturbance would be 
triggered if the swarm is trapped into local optimum. 

This paper aims to perform an optimal design of the 
flexible passive dynamic walker, after investigating the 
parameters’ effects on PDW gait. The main contribution of 
this paper is proposing a novel CPSO algorithm based on 
chaos theory and applying it to the optimal design task of 
planar passive walker. A means for computing the swarm 
diversity is given and chaotic disturbance is proposed to 
improve PSO’s performance in global search. Steady 
walking speed up to 1.8 m/s was found along optimized 

structural parameters. The discussion could be useful to 
guide optimal design of the passive walker prototype. 

The rest of the paper is organized as followed: section 2 
builds up the mathematical model of the passive walking, 
based on hybrid dynamics. Typical period gait was found 
and parametric study was discussed in section 3. Section 4 
conducts optimal design based on CPSO for passive walker. 
Conclusions are drawn in section 5. 

 
 

2. Dynamics 
 
In this section, a hybrid dynamics model for planar two-

link passive biped walker was developed. All motions of 
planar biped are assumed to take place in the sagittal plane. 
There are two successive phases in one bipedal walking 
cycle: swing phase (SP) that only one leg contacts the 
ground, while double support phase (DSP) means that two 
legs touch the ground at the same time. During swing 
phase, the leg contacting the ground is named the support 
leg and the other is called the swing leg. Hybrid dynamics, 
based on the continuous dynamics for swing phase and 
algebraic equation for double support phase, could be used 
to describe the whole motion process of the PDW. 

 
2.1 Swing phase 

 
The proposed flexible passive dynamic walker is 

delineated as the Fig. 1. This model is composed of two 
identical rigid legs with round feet, linked with a 
frictionless hip joint. The mass of torso is concentrated as 
the hip mass mh. To model passive mechanisms in human 
being, torsional spring stiffness khip and damping dhip are 
incorporated in the hip. The mass distribution of leg is 
given by the leg mass ml, moment of inertia Jl, the vertical 
position of the center of mass c, and the horizontal offset 
wl. The passive walker travels downhill on a constant 
slope γ. To get general results, the parameters are 
normalized such that ml=1, normalized time as / /t g l . 
Structural parameters of the proposed model are listed as 
Table 1. 

The generalized coordinate could be defined as 
 

 
Fig. 1. Model of passive dynamic walker 
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Table 1. Structural parameters 

Parameter Meaning Value 
l length of leg 0.5 m 

ml mass of leg 1 kg 
khip torsional spring stiffness 0.95 N·m/rad 
dhip damping of the hip 0.003 N·m·s/rad 
γ slope angle 0.02 rad 
g gravitational acceleration 9.8 m/s2 
kc kc=c/l 0.2 
kr kr=r/l 0.4 
kj kj=Jl/(mll 2) 0.1592 
kw kw=wl/l -0.0005 
β mh=βml 2 

 

 1 2 1 2[ , ] [ , , , ]T Tx q q q q q q= = & &&  (1) 
 

where q is the position variable, and q&  is the velocity 
variable. θ1 is the angular position of the leg with respect to 
vertical of the support leg, and θ2 is the angular position of 
the leg with respect to vertical of the swing leg. 1q& , 2q& is the 
angular velocity respectively. As shown in the Fig. 1, OXY 
is the coordinate fixed on the slope, while Y-direction is 
vertical to the slope [29]. 

The continuous equation of swing phase motion based 
on Lagrange method then becomes 

 
 ( ) ( , ) ( ) fM q q C q q q G q Q+ + =&& & &  (2) 

 
where M(q) is the inertia matrix, C(q, q& ) is the matrix of 
Coriolis and centrifugal terms, G(q) is the gradient of the 
potential energy, and Qf describes the non-conservative 
forces on the generalized coordinates. 

This dynamics equation in state space could be 
described as in (3). 

 

 1 ( )( )[ ( , ) ( )]   
f

q
x g xM q Q C q q q G q-

é ù= =ê ú- -ë û

&
& & &  (3) 

 
2.2 Double support phase 

 
The dynamic of double support phase could be described 

as a rigid and instantaneous impact model under premises 
[30]: (a) the impact takes place over an infinitesimally 
small period of time; (b) the external forces during the 
impact can be represented by impulses; (c) leg neither slips 
nor rebounds on the slope. 

Due to the external forces could be regarded as impulses, 
the configuration of biped walker during DSP keeps the 
same. After impact, the role of swing leg and support leg is 
changed as in (4), where the superscript “+” (resp. “-”) 
refers to the value just after (resp. just prior to) the impact. 

 

 0 1, 1 0q Jq J+ - é ù= = ê úë û
 (4) 

 

The angular velocities after impact could be derived 
under conservation of angular momentum law. Specifically, 
the conservation of angular momentum of the whole 
system to the contact point, and the conservation of angular 
momentum of the support leg to the hip connection, which 
could be derived as in (5). 

 
 ( ) ( )Q q q Q q q- - + +=& &  (5) 

 
Denote 1( ) ( ( )) ( )R q Q q Q q+ - -= , and the status after 

double support phase is derived as 
 

 
0 ( )

0 ( )
q J qx x

R qq q

+ -
+ -

+ -

é ù é ùé ù= = = Dê ú ê úê úë ûë û ë û& &
 (6) 

 
So one algebraic Eq. (6) could be used to describe the 

DSP model. The leg-ground impact happens when the 
swing leg contacts the ground, and the impact condition 
could be derived from geometry as in (7) for symmetric 
legs. For simplicity, the foot-scuffing is neglected in 
simulation. 

 
 1 2: 0S q q- -+ =  (7) 

 
2.3 Hybrid dynamics 

 
The hybrid dynamics for the flexible two-link passive 

biped walker could be derived by combining continuous 
dynamic Eq. (3) and impact Eq. (6). The hybrid dynamics 
written in state-space form are as in (8). 

 

 
( ),

( ),
x g x x S
x x x S

-

+ - -

ì = Ïï
í

= D Îïî

&
    (8) 

 
The calculation process of the hybrid dynamics could be 

delineated as Fig. 2. Starting from the initial value as x=x0, 
the continuous Eq. (3) could be calculated until the impact 
(7) happened. The next status x0

+ after DSP could be 
derived as (6). Then continuous Eq. (3) could proceed with 
x=x0

+. If there is one fixed-point x*, the status after one 
cycle would be x*, and period gait could be gained. 

 

Fig. 2. Hybrid dynamics 
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3. Parametric Study 
 

3.1 Typical gait and stability analysis 
 
Under appropriate structural parameters and initial value 

x0, successful PDW gait could be gained. Period-one gait in 
passive walking corresponds to the fixed-point x* of PDW 
trajectory, which could be derived by Cell Mapping 
method [31]. Cell Mapping method discretizes a region of 
the state space into cells. The dynamics output starting 
from each cell is defined as image cell. By analyzing the 
resulting graph of the cell space, fixed points and basin of 
attraction could be found [32]. 

As for the passive walker shown as Fig. 1, the original 
value x0 calculated by Cell Mapping method to implement 
a period-one locomotion is [0.3285, -0.3285, -1.4206,     
-1.2684]T. The PDW gait staring from x0 under structural 
parameters as Table 1, is depicted as Fig. 3. From Fig. 3, it 
could be seen single period one passive gait could be got. 
The periodicity of gait shows the success of passive 
dynamic walking. 

To evaluate the stability of the PDW gait, maximum 
Floquet multiplier was utilized, which quantifies how the 
system’s states respond to local perturbations discretely 
from one cycle to the next at a single point during the cycle 
[33]. As shown in the Fig. 2, consider a point x in S and a 
trajectory emanating from it. This trajectory may or may 
not intersect S. If it does, let the point of intersection be 
denoted by x-. With regard to the hybrid dynamics of 
passive biped, the impact of DSP could be used as the 
Poincaré section [34], and the status after DSP is x+ as in 
(6).  

The resulting Poincaré map P could be defined as P: 
x→x+. The motions starting from state xi could be derived 
as xi+1 = P(xi) where P stands for Poincaré map. 

Let assume there exists one fixed-point as x* = P(x*) and 
there is small disturbance at x*, i.e. *i ix x x= + D . Then 
partial linearization of the Poincaré map could be derived as 

 1 * * *( ) ( ) ( ) ( )i i i ix P x P x x P x J x x+ = = + D » + D   (9) 
 

where J (x*) stands for Jacobian matrix at fixed-point x*, i.e. 
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So 
 

 1 1 * *( )i i ix x x J x x+ +D = - = D  (11) 
 
If the maximal modulus of eigenvalues λmax of J(x*) is 

small than one, then an exponentially stable fixed point 
could be gained [34]. In short, maximum Floquet multiplier 
could be derived as the maximal modulus of eigenvalue 
λmax in Jacobian matrix of Poincaré map. 

However, due to the hybrid property of biped dynamics, 
it is difficult to get the closed-form of biped’s Poincaré 
map function and Jacobian matrix. The numerical 
approximation of Jacobian matrix could be utilized as [35]: 

 

 

* * * *
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1 2

* *
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( )
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n

P x dx P x P x dx P xJ x
dx dx
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ú
û

， ，，

 (12) 

 
where dx1 = [dx, 0, …, 0]T, dx2=[0, dx, …, 0]T, …, dxn= 
[0,…, dx]T. Every column of the Jacobian matrix is gained 
by calculating the Poincare map P(x*+dxi) starting from 
the disturbed original value x*+dxi (i=1, 2, …, n). 

To evaluate the stability of the PDW gait starting from 
original value x0 = [0.3285, -0.3285, -1.4206, -1.2684]T 
under disturbance dx=10-6, the modulus of eigenvalue of 
the Jacobian matrix are calculated as [0.7969, 0.6316, 
0.0136]. Since the maximum Floquet multiplier (λmax= 
0.7969) is smaller than 1, the gait is stable under small 
disturbance. It is noted that λmax is used as a stability 
descriptor for fitness function in optimal design in section 4. 

 
3.2 Influences of structural parameters 

 
To provide a global search scope for optimal design, the 

influences of structural parameters on PDW gaits were 
investigated. To be specific, the single variable method (i.e. 
only one factor is changed from trial to trial [36]) is used to 
evaluate parameters’ effects on passive gait and provide a 
suitable global searching zone for stable PDW. Three gait 
descriptors were used in this paper to judge walking gait: 
step length Ls defined as the tangential distance between 
the positions where swing leg leaves the ground and 
touches the ground in one walking cycle as shown in the 

 
Fig. 3. Typical single period gait 
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Fig. 4, step period Ps defined as the duration from swing 
leg end leaves the ground to the moment swing leg 
contacts the ground, and step velocity vstep defined as 

 

 s
step

s

L
v

P
=  (13) 

 
The structural parameters of the proposed model include 

hip stiffness khip and damping dhip. Other parameters were 
all nondimensionalized based on leg mass ml and leg 
length l as hip mass β=mh /ml, moment of inertia kj=Jl  
/ mll

 2, horizon mass offset kw=wl / l, vertical position kc=c/l, 
and radius of round feet kr = r /l. Three descriptors are all 
steady value of passive walking under origin value 
x0=[0.3285, -0.3285, -1.4206, -1.2684]T. This paper takes 
interest in stable passive walking, so the unstable parameter 
zone was not considered. 

The influence of structural parameters on PDW gaits 
was summarized as Table 2. As Table 2 shows, the structural 
parameters have different influences on PDW gait. Besides, 
the couple of parameters results in a complex effect on 
passive gait. The parametric study could be used to provide 
global search scopes for optimal PDW model design. Since 
there are seven structural parameters, the optimal design 
of passive walker is a typical multi-variable optimization 
task. 

 
 

4. Optimal Design based on CPSO 
 

4.1 Overview of CPSO 
 
A systematic numerical exploration of the multi-

dimensional parameter space is necessary to perform an 
optimal design for passive walker. As a population-base, 

self-adaptive global search optimization technique, PSO is 
suitable for multi-variable optimization tasks. The swarm 
in PSO is a group of particles, where each particle has its 
position, velocity and fitness value. The position of particle 
stands for the possible solution to the optimization problem, 
which is updated based on velocity. The determination of 
particle’s velocity is based on particle’s ability to maintain 
its old velocity, experience learned from its history and 
experience from the swarm’s history. In general, PSO could 
perform a good search based on exploration of the solution 
space and exploitation of its best history. 

Specifically, the velocity of particles v(i,k) is defined as 
(14). The particles’ velocity update law consists of three 
parts: inertial parameter w which provides the necessary 
momentum for particles to roam across the search space; 
self-learning parameter c1 describing particle’s ability to 
learn from its own experience, which encourages the 
particle to move toward its own best position pbest; social-
learning parameter c2 describing the ability to learn from 
experience of the swarm, which pulls the particles toward 
the global group best particle gbest found so far [37]. 

 

 
1

1 1

2 2

( , ) ( , ) [ ( , ) ( , )]

[ ( , ) ( , )]

t t t t
best

t t
best

v i k wv i k c r p i k x i k

c r g i k x i k

+ = + ´ ´ -

+ ´ ´ -
  (14) 

 
where t stands for the iteration number, i means the ith 
particle, and k stands for the kth dimension of the particle. 
r1 and r2 are two uniformly distributed random numbers in 
the range [0,1] which were separately generated. 

Position of particle x(i,k) is updated according to (15). 
 

 1( , ) ( , ) ( , )t t tx i k x i k v i k+ = +  (15) 
 
The component of v( i , k) and x( i , k) was clamped to the 

range [-Vmax, Vmax] and [-Xmax, Xmax] respectively, to control 
excessive roaming of particles outside the search space. 

In this paper, an optimal design for planar flexible 
passive dynamic walker is conducted based on PSO. Since 
there is no energy compensated into passive walker, the 
energy cost of transport (i.e. energy per unit distance, per 
unit body weight) for passive walker on a given slope γ is 
sinγ [19], which is not related to structural parameters. So 
the energy cost of transport is not used as fitness function. 
Since the flexible biped robot was developed to implement 
humanoid locomotion, stable fast walking was utilized as 
the target of optimization. 

Let f stand for fitness function. The particle best position 
pbest and group best position gbest could be described as 

 

 1 , ( ( , )) ( )
( , ), ( ( , )) (

( , ) ( , )( , )
)( , )

t t
t best best
best t

best

p f x i k f pp
x i k f x i k

i k i ki k
i kf p

+ ì £= í >î
  (16) 

 
1 arg max[ ( ( , )), (( , ) ( ), ) ]t t

best best
x

g f x i k f gi k i k+ =   (17) 
 

where initial values at t=0 were set as pbest =0, gbest =0. 
There are benefits of PSO in global optimization tasks, 

such as simplicity of implementation and rapid convergence 

 
Fig. 4. Step length Ls 

 
Table 2. The effects of structural parameters 

Parameter Scope Step length Step period Step velocity 
β↑ [1, 6.5] ↑ invariant ↑ 

khip↑ [0.91, 1.13] ↓ ↓ ↑ 
dhip↑ [0, 0.007] ↓ ↓ ↑ 
kj↑ [0.08, 0.26] ↑ ↑ ↓ 
kc↑ [0.1, 0.65] ↓ to constant ↓ then ↑ ↑ then ↓ 
kw↑ [-0.007,0.003] ↑ then ↓ ↓ ↑ 
kr↑ [0.40, 0.76] ↑ ↓ ↑ 
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rate. However, the standard PSO (SPSO) suffers from its 
premature problem, where particles loss their diversity and 
fail to get rid of local optima situation. To improve the 
performance of SPSO, a chaotic PSO (CPSO) algorithm is 
proposed in this paper. The key points of the proposed 
CPSO could be concluded as: (1) multi-scroll Jerk chaotic 
system was used to generate pseudorandom sequences. (2) 
the inertial parameter was adjusted in a non-linear way to 
balance the exploration ability and exploitation ability. (3) 
swarm variance was utilized to describe the diversity of the 
particle swarm. Chaotic disturbance was used to make the 
particles to jump out of the local optima. 

 
4.2 Multi-scroll Jerk chaotic system 

 
Low dimensional chaotic system, such as Logistic map, 

was used to generate pseudorandom numbers in previous 
CPSO efforts [24]. However, low dimensional chaotic 
systems could be inefficient for multi-variable optimization 
task, to produce multi-dimensional random numbers. Jerk 
chaotic system was used in this paper, to produce three-
dimensional pseudorandom sequences in one time. 

It is worth noting that Jerk chaotic map exhibits a multi-
scroll shape in state space [38]. With the increase of scrolls, 
improvement of diversity could be gained in multi-scroll 
chaotic systems [39].  

The Euler discretization equation of multi-scroll Jerk 
chaos [39] is utilized as followed. 
 

 
( 1) ( ) ( )
( 1) ( ) ( )
( 1) ( ) [ ( ) ( ) ( ) ( ( ))]

x n x n y n T
y n y n z n T
z n z n x n y n z n F x n Ta

+ = + ×ìï + = + ×í
+ = + - - - + ×ïî

 (18) 

 
where x, y, z is the pseudorandom sequence produced by 
Jerk chaotic system. T is the period. The nonlinear function 
F(x) is described as (19), and α=0.55. 
 

 1

1

( ) ( ( )) ( ( ) 2 )

( ( ) 2 )

N

p
N

q

F x Asgn x n A sgn x n pA

A sgn x n qA

=

=

= + -

+ +

å

å
 (19) 

 
where p, q was variable to control the scroll numbers in 
state space. For instance, N was set to 3 to produce eight-
scroll chaotic sequences, A = 0.5, x ( 0)= 0.02, y (0) =0.01, 
z(0) = 0.12. 

Fig. 5(a) shows the sequence y produced by eight-scroll 
chaotic Jerk dynamic system. From Fig. 5(a), y sequence is 
randomly changed, which shows the pseudo-randomness 
and ergodicity of chaos. The state-phase picture of (x, y) 
sequences is depicted as Fig. 5(b). It could be seen that the 
(x, y) states form eight scrolls, and randomly change in the 
state space, which shows an element of regularity. 

The pseudorandom sequences produced by Jerk chaotic 
system was used to initiate positions and velocities of the 
original swarm. Furthermore, the chaotic disturbance in 

section 4.4 was also based on Jerk chaotic map. 
 

4.3 Adjustment of inertial parameter 
 
Proper control of exploration and exploitation ability of 

PSO is crucial in successfully finding the optimum solution. 
Inertial parameter w is used to balance the ability of global 
search and local search, since a large w is more appropriate 
for exploration (i.e. global search) while a small w 
facilitates exploitation (i.e. local search). 

Inertial weight is adjusted in this paper in a non-linear 
way to balance the local and global search as in (20). In the 
beginning of iterations, the larger w means that particles 
would have higher tendency to maintain its former velocity, 
leading to improve swarm’s exploration ability to the 
whole possible solution space. In the later process, w 
decreased to smaller values, making precise local search. 
The balance of global searching and local searching would 
be helpful to improve the PSO’s overall searching ability. 

 
2

max max

2
( ) ( )i i

i start end start end start
t t

w w w w w w
t t

æ ö
= - × - - × +ç ÷

è ø
 (20) 

 
where tmax is the maximal iteration number, wstart is the 
beginning value of w for global searching and wend is the 
end value for local searching. 

 
4.4 Chaotic disturbance 

 
One feature of PSO is that particles almost all keep the 
same in the later period of iteration. If the swarm is stuck 
in local optimal, it is difficult to jump out of it. Swarm 
variance was used to describe the diversity of the particle 
swarm as in (21). 

 
Fig. 5. The eight-scroll Jerk Chaotic system 
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Fig. 6. Flow chart of CPSO 
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where f  is the mean fitness value of the present swarm. 

If swarm variance was below the threshold value, 
chaotic disturbance would be triggered to make the swarm 
jump out of the local optima. The threshold value was 
manually set by trial-and-error experience. The pseudocode 
for chaotic disturbance is describe as Algorithm 1. 

The flowchart of the CPSO is delineated as Fig. 6. 
Specifically, the swarm variance is evaluated as in (21) 
during iteration, and the chaotic disturbance is triggered if 
swarm is trapped in local optimal. The global fitness value 
is used to produce Jerk chaotic sequences, which were used 
to replace the previous particles. 

 
Algorithm 1. Framework of chaotic disturbance. 
Input: The global best position gbest 
Output: The disturbed particles 
1. normalize the global fitness value f(gbest) to disturbance 

origin value nr Î [0,1]; 
2. chaos series M produced by the multi-scroll Jerk system 

with origin value x(0) =nr; 
3. transfer M series back to variable zone, and calculate the 

corresponding fitness value; 
4. return maximum of fitness particles to the swarm 

4.5 Results 
 
The optimal design of flexible passive dynamic walker 

is a multi-variable parameters optimization problem, which 
could be described as 

 

 

1 2
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There are seven structural parameters as variables in the 

optimal design of planar passive dynamic walker. To get 
more general results, structural parameters are normalized. 
The searching scope is derived from the stable walking 
zone listed in Table 2. 

To implement a fast and stable bipedal locomotion, 
stable step velocity was used in fitness function f. There are 
three parts in fitness function to describe the maximal 
stable velocity. To be specific, flag is used to mark the 
stable status. If biped walker failed, the flag is set to zero. 
The flag is set to one if stable walking could be achieved. 
vstep is the step velocity. λmax is the maximum Floquet 
multiplier, standing for the stability. The walker is more 
stable if λmax is smaller [40]. a1 and a2 are cost weights to 
trade-off proportion of velocity and stability in fitness 
value. 

Optimal design for planar flexible passive walker was 
conducted based on CPSO. Specifically, the population 
size of CPSO is 50, and the dimension of each particle is 7. 
Inertial parameter w is adjusted as in (20) with wstart=0.9, 
wend=0.4. The largest iteration number is set as 50. The cost 
weights in fitness function are a1=5 and a2=5. 

To evaluate the performance of CPSO proposed in this 
paper, comparisons with standard PSO (SPSO) and two 
other chaotic CPSO methods are conducted. Random 
numbers r1 and r2 were replaced by chaotic sequences in 
CPSO1 [27]. And chaotic search is conducted as inactive 
particles were randomly generated and incorporated in the 
new population in CPSO2 [28]. The comparisons are 
delineated as Fig. 7. 

As shown in Fig. 7(a), group best fitness value f(gbest) 
increased with the growth of iteration in four PSO methods. 
The fitness value of CPSO is obviously higher than the 
fitness value of SPSO. Besides, the result of CPSO this 
paper presented is higher than CPSO1 and CPSO2, which 
implies that better optimization results gained by the CPSO 
proposed. The superiority could be attributed to the 
features of the proposed CPSO: nonlinear adjustment of 
the inertial parameter, which balances the exploration and 
exploitation ability, and the chaotic disturbance to make the 
swarm jump out of local optima. 

Fig. 7(b) shows the swarm variance of four PSO 
methods. It could be seen that the swarm variances of other 
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PSO methods are low in the later iteration period, while 
particles of CPSO gained the highest swarm variance, 
which indicates high diversity of CPSO swarm. The swarm 
diversity of CPSO algorithm could be maintained, for the 
chaotic disturbance would be triggered if the swarm 
variance was below the threshold value, to improve the 
diversity of the swarm, while the other PSO algorithms 
would be trapped with the local optima and the swarm lost 
its diversity. The optimized structural parameters gained by 
CPSO are [kj, kw, β, khip, dhip, kc, kr] = [0.1527, -0.0042, 
6.4030, 1.0880, 0.0024, 0.5004, 0.4000]. 

The weights in fitness function are useful to adjust the 
proportion of step velocity and stability in fitness function. 
Since the maximal robustness and highest walking speed 
are partly conflicting objectives of optimization [18], the 
fitness function (22) consists of two parts: velocity and 
stability, where weights parameters a1 and a2 were utilized 
to trade-off the proportions. For instance, to get higher 
velocity, the weight a1 was set to 8 and a2 was set to 3, 
making the velocity a larger proportion in fitness value. 
The optimized structural parameters gained by CPSO are 
[kj, kw, β, khip, dhip, kc, kr]=[0.0809, -0.0010, 6.4940, 0.9550, 
0, 0.1000, 0.6289]. The walking velocities by CPSO and 
PSO are delineated as Fig. 8. From Fig. 8, it could be seen 
that the PDW velocities under PSO methods are higher 
than the origin parameters in Table 1, while the velocity of 
CPSO optimization is higher than the result of SPSO. The 
passive gaits are found by CPSO, in which the stable 
velocity is up to 1.8 m/s. 

The parameter a2 marks proportion of stability in fitness 
function. For instance, the corresponding limit cycle 

formed in state space of PDW gait is delineated as Fig. 9(a), 
under the structural parameters gained by CPSO (a1 = 8 and 
a2 = 3) [kj, kw, β, khip, dhip, kc, kr]=[0.0809, -0.0010, 6.4940, 
0.9550, 0, 0.1000, 0.6289]. Since there are some adjust 
gaits, the limit cycle may converge to the steady cycle after 
adjustment cycles, which implies the velocity of PDW 
could be increased at the cost of stability. Fig. 9(b) shows 
the limit cycle of gaits under parameters as [kj, kw, β, khip, 
dhip, kc, kr] = [0.1527, -0.0042, 6.4030, 1.0880, 0.0024, 
0.5004, 0.4000], which were gained under balanced cost 
weights (a1=5 and a2=5) in CPSO. Due to there are few 
adjustment gaits, the limit cycle in Fig. 9(b) implies that 
period-one PDW gait would be gained. 

 
 

5. Conclusion 
 
This paper presented a Chaotic Particle Swarm 

Optimization (CPSO) algorithm and applied it to the 
optimal design of the flexible passive dynamic biped 
walker. First, the hybrid dynamics were built for flexible 
passive walker, in which the hip torsional stiffness and 
damping were introduced to imitate the elastic mechanisms 
in human being. Then the typical period passive gait was 
discussed. Parametric study was conducted to investigate 
the effects of structural parameters on PDW gaits and 
provide the global search scope for the multi-variable 
optimal model design. To improve PSO’s performance 
and avoid the premature problem, CPSO was proposed. 

 
Fig. 7. The iteration results of CPSO and SPSO 

 
Fig. 8. The velocity results 

 

 
Fig. 9. The limit cycles 



Yao Wu, Daojin Yao and Xiaohui Xiao 

 http://www.jeet.or.kr │ 2501

The benefits of CPSO proposed in this paper could be 
concluded as: (1) three-dimensional chaotic sequences 
could be produced in one time, and the multi-scroll Jerk 
chaotic system was introduced to improve the diversity of 
the original swarm. (2) chaotic disturbance was employed 
to make the particle swarm escape from the local optimal. 
Optimal design based on CPSO for flexible passive 
dynamic walker was conducted, in terms of maximizing 
stable walking velocity. Effectiveness of the proposed CPSO 
algorithm has been demonstrated through comparisons 
with SPSO and other two typical Chaotic PSO, where the 
fitness values of CPSO are higher than the fitness values of 
other methods. Walking speeds up to 1.8 m/s are found via 
increasing the velocity weight a1 in fitness function, at the 
cost of stability. The proposed method would be useful for 
the optimal prototype design of humanoid robots such as 
PDW walker. 
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