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A NON-RECURSIVE APPROACH TO
NEVANLINNA-PICK INTERPOLATION PROBLEM

JEONGOOK Kim

Abstract. A solution for Nevanlinna-Pick interpolation problem
with low complexity is constructed via non-recursive method. More
precisely, a stable rational function satifying the given interpolation
data in the complex right half plane is found by solving a homoge-
neous interpolation problem related to a minial interpolation prob-
lem for the given data in the right half plane together with its
mirror-image data.

1. Introduction

A minimal interpolation problem for scalar rational functions is the
following: given distinct points z1,--- , 2, in the complex plain C and

given complex numbers {w;; }f 7 1;.1:1, find a rational function y(z) in the
form of
n(z)
1.1 =" d(n,d) =1
(1) W)= 55 gedn.d)
such that
(12) y(l_l)(zj):wl]’ lzl, s Mg s j:17 y 1

and has the minimal complexity, where gcd means the greatest common
divisor of polynomials. As a measure of the complexity of a scalar ratio-
nal function, we use the McMillan degree. The McMillan degree of y(z)
in (1.1) is defined by

0(y) := maz {degn(z), degd(z)}.
Some special cases of this (minimal) interpolation problem were studied
by Belevich([6]) and Donoghue([7]) and the general case was understood
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by Antoulas and Anderson([1]). In the latter approach, the Loewner
matriz is a key notion. For simplicity, if we assume, in (1.2), pu; = 1,

i=1,--- ,nand n = 2m + 1 for some nonnegative integer m, then the
associated Loewner matrix is given by
w i —W;
(1.3) L= |t .
mAI+HITE [ 1<i<im, 1<j<m+1

Let L be an (n —q — 1) x (¢ + 1) Loewner matrix defined by

(1.4) L= [—"——icign—q-1, 1<j<q+1,
Pqtlti T Zj

where ¢ = rank L. Due to [1], it is known that r x [ Loewner matrix

constructed from the same data for L with » > ¢, [ > ¢ has the same

rank. Thus,

(1.5) rankL = q.
Let c:=[c1, -+, cq+1)T be a (¢+1)-dimensional nonzero vector satisfying
(1.6) Le=0
equivalently
g+1 w w
E— %
( ) chzk_zj ’ Q+ 7q+ ’ y T
7j=1
Let
g+1 q+1

(1.8) diz):=> ¢ [ -2

i=1i=li#j

q+1 q+1

(1.9) n(z) = Z cjw; H (z — %)
j=1 i=1 ,ij

and f(z) be a rational function satisfying

(1.10) f(2)d(z) = n(z).

Now we are ready to state the main result of [1] :

Theorem 1.1. Let L be an m x (m + 1) Loewner matrix given by
(1.3) and d(z) and f(z) be given as in (1.8)-(1.10).
(a) If d(z) has no zeros at z;, j = 1,--- ,n, then the minimal possible
McMillan degree for the solutions of (1.1) is rank L and f is the unique
such solution.
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(b) Otherwise, n — rank L is the minimal possible McMillan degree and
there are more than one solution of McMillan degree n — rank L.

For the proof, readers are referred to [1] or [9]. In [9], a generalization
of Theorem 1.1 to a tangential interpolation problem for rational matrix
functions is considered. But, this classical approach to rational matrix
functions seems to give very limited results. There are two main diffi-
culties in extending [1] directly to tangential interpolation problems for
rational matrix functions: one is, unlike the scalar case, the McMillan
degree of a function does not coincide with the rank of the Loewner ma-
trix of the interpolation data generated by that specific function. The
second main difficulty for rational matrix interpolation problem is the
interpolating data cannot be freely rearranged to change the size of the
Loewner matrix as we did in generating L from L in (1.3) and (1.4).

This paper is consisted of two sections other than this introductory
one. The next section understands Theorem 1.1 from a new perspective
so that the result is stated without Loewner matrix and the foremen-
tioned two difficulties in extending Theorem 1.1 to rational matrix fuc-
tions can be avoided. The result is related to a matrix polynomial with
certain null pair and column reduced ( at infinity). The third section
is about another type of interpolation problem, called Nevanlinna Pick
interpolation problem where one is seeking a rational function interpo-
lating a given array of points in the complex right half plane (RHP) and
stable in the RHP. Here the stability is definded as the boundedness in
the RHP. All the solutions of this problem were parametrized in [10] by
using recursive algorithm. Antoulas and Anderson of [2] tried to solve
this problem via a non-recursive method. But, the solution by [2] is
misleading and a counter-example was presented in [5]. The main con-
tribution of this paper is to consturct a Nevanlinna Pick solution with
sufficiently small McMillan degree by a non-recursive method. More
precisely, the author develops a solution of a homegeneous interpolation
problem induced by a minimal interpolation problem for the given data
in RHP and together with its associated so called mirror-image array
and uses it as a main tool in the last section.

2. Minimal solutions and homogenous interpolation

The aim of this section is to understand Theorem 1.1 from another
point of view. Suppose the interpolation data is given by (1.2) and the
Loewner matrix in (1.3) has rank g. To construct a solution of McMillan
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degree n — ¢, we introduce L, (g—1) x (n—qg+1) Loewner matrix given
by

(21) I: _ Wn—g+1+i — wj]

<i<q— <j<n-— :
Zn—qt+1+4i — Zj 1<i<g—1,1<j<n—q+1

Since the dimension of the null space of L is at least 2, we can choose a
(n — ¢ + 1)-dimensional vector ¢ satisfying

(2.2) Lé=0.

and

(2.3) d(z) := > 4 11 ‘(z—zi)

Jj=1 1=1,i#£]
has no zeroes at z;, j = 1,--- ,n, where
¢:= [617 T 7én—q+1]T-
Let
n—q+1 n—q+1
(2.4) a(z) = Y gw; [[ (z-2)
i=1 i=1 i
and
. n(z,¢é)
f(z) o= ==
d(z,¢)
Here we note that wheather f(z) in (1.10) is a solution of (1.2) or not,

~

we can find such n(z), d(z) satisfying
(2.5) d(2)n(z) — (z)d(z) # 0.

By Theorem 1.1 (b) and by its construction, the McMillan degree of f
has to be n — ¢q. Since the choice of ¢ is not unique, there are more than
one solutions of degree n — q.

Let

21 0 1 —w1

(2.6)

&
i
o
I

0 Zn 1 —Wn

Then (A¢, B) is a full range pair.
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Theorem 2.1. Let
(2.7 6= 1) i)

where 7i(z),d(z),n(z)d(z) are polynomials given by (1.8), (1.9), (2.3)
and (2.4). Then,

~

(2.8) ©(z) has (A¢, B) as its 0 — null pair

(2.9) O(z) is column reduced ,
where o = {z;}I' ;.

Proof. Remember that the polynomials of the components of @(z)
are constructed so that

(2.10) (a)wid(z) = 7i(z), (b)wid(z) =n(z), i=1,---,n
and
(2.11)  (a) the index of [Zgg] < g, (b) the index of [ggiﬂ <n-—gq,

where the indez of a vector polynomial means the highest polynomial de-
grees of the components. It is straight forward from (2.10) that (A¢, B)

is a corestriction of a left null pair of O(z).
Now, to prove (2.9), it is enough to show

(2.12) deg det ©(z) = the sum of the column indices.

Then, (2.12) also implies that (A¢, B) is in fact precisely a left null pair
for ©(z). From (2.11), deg det©®(z) < n, but the condition (2.5) and

(2.10) imply that the nonzero polynomial det ©(z) has at least n zeroes.
Hence,

(2.13) det ©(z) = n

and, in turn,

(2.14) the index of [Zﬁég] =gq
(2.15) the index of [Z((jg] =n-—q

This completes the proof. O
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It is known that the column indices of a column reduced matrix poly-
nomial, a; > a9, are the controllability indices of its (left) null pair.
Hence, we have

(2.16) rank L = ¢ = oo,

For the definition of a controllability indices, a full range pair and o-
null pair, the readers are referred to [4]. The notion of a controllability
indices of a full range pair (A¢, B) does not involve the related Loewner
matrix.

The next theorem restates Theorem 1.1 without using the notion of
Loewner matrix which is the main barrier in extending the results of [1]
to rational matrix functions.

Theorem 2.2. Let n x n matrix A¢, n x 2 matrix B be given by
(2.6) and

_1©11 O12
0(z) := [@21 922}

be any 2x 2 matrix polynomial satisfying (2.8) and (2.9) with the column
indices in decreasing order, a1 > o.

(a) If ©92(2;) # 0 for i = 1,--- ,n, then the minimal possible McMillan

degree of the solutions of (1.2) is as and f(z) := 8;28 is the unique

solution of McMillan degree as.
(b) Otherwise, o is the minimal McMillan degree of solutions of (1.2)
and there are more than one solutions of McMillan degree a;.

Proof. Since ©(z) given by (2.7) and ©O(z) have the same null pair
and both are column reduced, there exists a 2 x 2 unimodular matrix
V(z) == [Un(z) Ulz('z)] satisfying ©(z) = ©(2)V(z). By an unimod-

Ugl(z) UQQ(Z)
ular matrix, one means a matrix polynomial whose determinant is a
nonzero constant. By the predictable degree property of a column re-
duced matrix polynomial (see [8]) and by (2.14)(2.15),

(2.17) the column index of [312] > q + degvgo, unless vao # 0
22

(2.18) the column index of {8;2] > (n — q) + deg v12, unless via # 0,

since ap = ¢, a1 = n — as = n — q. Because the column index of
[@12

o } = ay = ¢ and (n — ¢) > ¢ in this case, (2.18) forces vi2 = 0 and
22
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(2.17) and the unimodularity of V'(z) forces vy is a nonzero constant c
and v1; is a nonzero constant ¢. By plugging ves = ¢, v12 = 0, we have

(2.19) n(z) = %@12(@,

(2.20) d(z) = %@22(2).

Upon substituting (2.19)(2.20) in Theorem 2.1, the proof is completed.
O

The next Corollary follows from the proof of Theorem 2.2.

Corollary 2.3. If©1(z) and ©3(z) are 2 X 2 matrix polynomials hav-
ing the same left null pair and column reduced with decreasing column
indices i1 > i2. Then the second columns of ©1(z) and O2(z) are the
same up to a nonzero constant multiplication.

3. A non-recursive approach to Nevanlinna-Pick problem

A different sort of interpolation problem arsing in systems theory
which is called Nevanlinna-Pick interpolation problem is the following.
For given {z1, 22, ...., Zm+1} be an (m + 1) distinct points in the RHP

and {wi, w2, ...., w11} be an (m+1) tuple of nonzero complex numbers,
one is asked to find a rational function y satisfying
(3.1) y(z) =w;, fori=1,2....m+1
and
(3.2) ly(z)| <~, forze€ RHP,

where v > 0 is some preassigned tolerance level. Pick showed that
solutions exist if and only if the so-called Pick matrix
2 _ s

(33) A= o]
itz hi<ijema
is positive definite.

Here we introduce the Nevanlinna-Pick algorithm which is due to
Nevanlinna. It is recursive and described as follows (The unit disk in
Nevanlinna’s algorithm is replaced by the right half plane here). With

k
(3.4) yk(z) = Z’“éz;’ k=0,1,...,m,m+1,
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consider for £k =1,..., m,m + 1 the relationship

w1 (2) ] [n'%z) ]
3.5 _ = 0Oz ,
( ) [’ydk 1(2) k( ) vdk(z)
where

1 v '] [z — 2 0
(3.6) Or(z) = ek )
kf 1 0 zZ+ Z

and where y¥ ! := y*=1(z;), y°(2) = y(z). When A in (3.3) is positive

definite, due to Nevanlinna, all the solutions of (3.1) and (3.2) can be
obtained as the form of y°(z) through the recursive process given by
(3.5) and (3.6) upon choosing y™*1(2) satisfying (3.2) with y"™*1(2) in
place of y(z). Nevanlinna obtained a solution yyp as the result of the
above recursive process upon choosing y™1(2z) = 0 in (3.5). Then, it is
easily seen

(3.7) d(ynp) < m.

Now, to understand the Nevanlinna’s process through non-recursive
approach, the author introduces the matrix ©(z) defined by

O11(z) @12(2)]
@21(2’) @22(2’) '

The following Lemma is a restatement of the Nevanlinna’s results in
terms of O(z).

(38)  ©1(2)02(2) ... Omii(z) == B(2) = [

Lemma 3.1. yo(z) defined by (3.4) is a solution of (3.1) and (3.2) if
and only if
no(z) | = n™mt1(z)
(9) o] = i)

where y™1(2) given by (3.4) satiesfies the condition (3.2) with y™!(z)
in place of y(z). Moreover,

_ Ona(2)
(3.10) ynp(z) = 7(:)22(2).

The next lemma is about its symmetric property of (:)(z)

Lemma 3.2. O(z) given by (3.8) satisfies the following property:

(3.11) O(—z) = (-1 JO(2)J,
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01
=1
and O(z) is the matrix obtained from O(z) by taking the complex con-
jugate of each component of ©(z).

where

Proof. 1t is enough to show

(3.12) @k(—g) = — J@k(z)J
for each £k =1,2,...,m+ 1. Since
(3.13) Ok (2) = Yy Di(z)
with
1 ' Z— 2 0
(3.14) Y := i v and Dg(z) := ,
kf 1 0 zZ+ zi
(3.12) is directly obtained upon noticing Dy(—2) = —JDg(z)J and
Yy, J = J Yy, which are straightfoward from (3.14). O
Theorem 3.3. Let
@11(2) @12(2’)
3.15 O(z) :=
(3.15) @)= on) 2.
with @Zl(z) = éil and @Q(Z) = z+zl* o (:)12(2’) for i = 1, 2. Then,
Ac 0 0 B
(a) ©(2) has (| 0 zpme1 O | ) as its (left) null pair

0 0 -Af] |B

(b) ©(z) is column reduced with the column indices ay = m + 1,

Qo =1,
where
T
A 1 1 ... 1 1
B:[_m _ w2 _ Wm _me] ’
0l vyt v 0l
. 1 1 ... 1717
B:==|_~+ _ v _
wy wy U Wi

and A¢ is given by (2.6) with m in place of n, and «; is the j'* column
index of ©(z) .
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Proof. To prove (a), first we show that for £k =1,2,...,m+ 1,
(3.16) 1 —%](©102---0)(21) =0

Since, by the definition of ©y(z) in (3.13), the first column of
(0103 - - - O )(z) is zero and hence the first component of (3.16) is zero,
and

the 2" column of (105 - -- Oy)(z1)

k—1
Yk

v
1

= (0102 Ok_1)(zx) (2x + Z1)

nk=1(» z zZ
= (0105 O 1) (2) Ld“((fz)] M

_ {no(zk)} (2k + 2k)
v (zi) | ydb=1(z)
| (ot 2 ()
- 1 dk_l(Zk)

Noting that y°(z;) = wy, we find the 2" column of (0105 - --O)(zk)

multiplied by [1 —%] on its left side is simply zero. Hence, we have

(3.17) 1 —2:]0(z) =0, k=1,2,---, m+1.

Here we note that d*~1(z;) # 0 by its construction for 1 < k < m + 1.
Now we show

(3.18) [1 —J—k} O(—2) =0, k=1,2,---,m.

For k =1,2,---,m, since the second column of ©(—z}) is zero, so is
the second column of (010 ---0;)(—z;) and hence so is the second
component of (3.18). By applying (3.12), we have

the 1°% column of (0103 - - O)(—2;)

= the 1! column of (=1)¥.J (010 ---O)(2zx) J

= the 2" column of (—1)*.J (0,0, ---0})(z)

k—1

(3.19) = (-1)*J(©,0,---Op_1)(z) [y'} (zk + 2}).
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In the previous page, the part under the big overline in (3.19) is reduced

Wk

to a constant multiple of [”17] . Upon multiplying by J on the left, (3.19)

1
is reduced to a constant multiple of |:Wk*:| . Thus,

(1 —55](©102---0y)(~2) =0

and, in turn, (3.18) is proved. By (3.17) and (3.18), ©(z) has at least
(2m + 1) zeros. But, the fact that a3 < m , ag < m + 1 by the
construction forces deg (detO(z)) < 2m + 1 which means ©(z) can have
no more zeros. This forces (a) and deg(detO(z)) = 2m + 1 and in turn
a1 =m+ 1, ag = m. Thus, ©(z) is column reduced. O

To expolit Theorem 3.3, we assume the interpolation data is given by

(3.20) y(z) =2 1<i<m+1
Y

(3.21) Y(Zma14i) = % = Wit ldi, G=1,---,m

[
with the symmetric property that z,,114; = —2, where z; € RHP and
wj is nonzero for 1 <4 < m + 1. Then, the Loewner matrix L in (1.3)
and A in (3.3) have the following relationship:

(3.22) [I,0]A = DL,

where D is an m x m diagonal matrix having —yw} as its (¢,)- compo-
nent. This suggests a connection between the Nevanlinna-Pick problem
and the minimal McMillan degree interpolation problem with symmetric
data.

Now we suppose A is positive definite. Then, by (3.22), rankL = m.
The next theorem recovers yyp in a non-recursive way.

Theorem 3.4. Given are the conditions (3.1) and (3.2) with positive
definite A in (3.3). Then,
n(z)
d(z)’
where 7i(z), d(z) are constructed as in (1.8) and (1.9) with L = L, g = m
for the given interpolation data (3.20) and (3.21).

(3.23) Ynp ="y

Proof. For the given interpolation data (3.20) and (3.21), we con-
struct L, n(z),d(z) and n(z),d(z) according to (1.3), (1.8), (1.9), (2.3)

and (2.4) . Due to (3.22) rankL = m. Then, O(z) given by (2.7) and
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©(z) by (3.15) both are column reduced with the same left null pair
Ac 0 0 B

(10 zme1r 0 |, ) with decreasing column indices m+1 and
0 0 —Af B

m. By Corollary 2.3,
L] =afoe].

for some nonzero constant o. By (3.10) and the relationship [@12] =

22
O12 .
|:@22:| <Z+Zm+l)7

Ynp = 7% = 7@(2)
O99 (2)

Corollary 3.5. The followings are equivalent.

(a) (ynp) =m

(b) %pr is a unique minimal solution for (3.20) and (3.21)
(c) d(z) in Theorem 3.4 has no zeroes at {—z|i=1,--- ,m}.

In [2], it is asserted (in the equivalent context where the right half
plane is replaced by the unit disk) that, if the Pick matrix A is positive
definite, then a minimal degree solution of (3.20) and (3.21) automat-
ically is analytic with modulus at most v on RH P and coincides with
%pr. But, the following example shows that it is not true.

Example 3.6. Let 21 = 1/2, 29 =1, w1 =1/2, we =1/2, v = 1.
Then, the Nevanlinna-Pick interpolation conditions are
(3.24) y(1/2)=1/2, y(1)=1/2
while the minimal degree interpolation problem with symmetric data
involves the extra interpoaltion condition

(3.25) y(—1/2) = 2.

For this case one easily sees that yyp constructed by (3.5) is the costant
function ynp = 1/2 which does not meet the extra interpolation condi-

tion (3.25). Since L = [-3/2 —1], if we choose [z;] = [_23] in kerL,

then by (1.8) (1.9), d(z) = —(2+1/2) and i(z) = —1/2(2+1/2) so that
(3.23) holds. On the other hand, the minimal McMillan degree of the



A non-recursive approach to Nevanlinn-Pick interpolation 835

solutions satisfying (3.24) and (3.25) is 3 — rankL = 2 by Theorem 1.1,

1

since d(z) has a zero at —3. So, for this problem, any minimal solution
for (3.24) and (3.25) cannot be ynp whose McMilla degree is 0.
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