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PRIMITIVE IDEALS AND PURE INFINITENESS OF
ULTRAGRAPH C*-ALGEBRAS

HOSSEIN LARKI

ABSTRACT. Let G be an ultragraph and let C*(G) be the associated C*-
algebra introduced by Tomforde. For any gauge invariant ideal I gy of
C*(G), we approach the quotient C*-algebra C*(G)/I(f ) by the C*-
algebra of finite graphs and prove versions of gauge invariant and Cuntz-
Krieger uniqueness theorems for it. We then describe primitive gauge
invariant ideals and determine purely infinite ultragraph C*-algebras (in
the sense of Kirchberg-Rgrdam) via Fell bundles.

1. Introduction

In order to bring graph C*-algebras [7] and Exel-Laca algebras [6] together
under one theory, Tomforde introduced in [16] the notion of ultragraphs and as-
sociated C*-algebras. An ultragraph is basically a directed graph in which the
range of each edge is allowed to be a nonempty set of vertices rather than a sin-
gle vertex. However, the class of ultragraph C*-algebras are strictly lager than
the graph C*-algebras as well as the Exel-Laca algebras (see [17, Section 5]).
Due to some similarities, some of fundamental results for graph C*-algebras,
such as the Cuntz-Krieger and the gauge invariant uniqueness theorems, sim-
plicity, and K-theory computation have been extended to the setting of ultra-
graphs [16,17]. In particular, by constructing a specific topological quiver Q(G)
from an ultragraph G, Katsura et al. described some properties of the ultra-
graph C*-algebra C*(G) using those of topological quivers [10]. They showed
that every gauge invariant ideal of C*(G) is of the form I(y p) corresponding
to an admissible pair (H, B) in G.

Recall that for any gauge invariant ideal /(z gy of a graph C*-algebra C*(E),
there is a (quotient) graph E/(H, B) such that C*(E)/I g5y = C*(E/(H, B))
(see [1,2]). So, the class of graph C*-algebras contains such quotients, and
results and properties of graph C*-algebras may be applied for their quotients.
For examples, some contexts such as simplicity, K-theory, primitivity, and topo-
logical stable rank are directly related to the structure of ideals and quotients.
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Unlike the C*-algebras of graphs and topological quivers [13], there are no
known ways in the literature for describing quotients of an ultragraph C*-
algebra by structure of the initial ultragraph. So, many graph C*-algebra’s
techniques could not be applied for the ultragraph setting, causing some obsta-
cles in studying these C*-algebras. The initial aim of this article is to analyze
the structure of the quotient C*-algebras C*(G)/I(y,p) for any gauge invariant
ideal I g gy of C*(G). For the sake of convenience, we first introduce the no-
tion of quotient ultragraph G/(H, B) and a relative C*-algebra C*(G/(H, B))
such that C*(G)/Iy ) = C*(G/(H,B)) and then prove the gauge invariant
and the Cuntz-Krieger uniqueness theorems for C*(G/(H, B)). The uniqueness
theorems help us to show when a representation of C*(G)/I g, gy is injective.
We see that the structure of C*(G/(H, B)) is close to that of graph C*-algebras
and we can use them to determine primitive gauge invariant ideals. Moreover,
in Section 6, we consider the notion of pure infiniteness for ultragraph C*-
algebras in the sense of Kirchberg-Rgrdam [11] which is directly related to the
structure of quotients. We should note that the initial idea for definition of
quotient ultragraphs has been inspired from [9].

The present article is organized as follows. We begin in Section 2 by giving
some definitions and preliminaries about the ultragraphs and their C*-algebras
which will be used in the next sections. In Section 3, for any admissible pair
(H, B) in an ultragraph G, we introduce the quotient ultragraph G/(H, B) and
an associated C*-algebra C*(G/(H, B)). For this, the ultragraph G is modified
by an extended ultragraph G and we define an equivalent relation ~ on G. Then
G/(H, B) is the ultragraph G with the equivalent classes {[4] : A € ?0}. In
Section 4, by approaching with graph C*-algebras, the gauge invariant and the
Cuntz-Krieger uniqueness theorems will be proved for the quotient ultragraphs
C*-algebras. Moreover, we see that C*(G/(H, B)) is isometrically isomorphic
to the quotient C*-algebra C*(G)/I(a,p)-

In Sections 5 and 6, using quotient ultragraphs, some graph C*-algebra’s
techniques will be applied for the ultragraph C*-algebras. In Section 5, we
describe primitive gauge invariant ideals of C*(G), whereas in Section 6, we
characterize purely infinite ultragraph C*-algebras (in the sense of [11]) via
Fell bundles [5,12].

2. Preliminaries

In this section, we review basic definitions and properties of ultragraph C*-
algebras which will be needed through the paper. For more details, we refer
the reader to [10] and [16].

Definition 2.1 ([16]). An ultragraph is a quadruple G = (G°, G, rg, sg) con-
sisting of a countable vertex set G, a countable edge set G', the source map
sg : G — G, and the range map r¢g : G1 — P(G°) \ {0}, where P(G?) is
the collection of all subsets of G. If rg(e) is a singleton vertex for each edge
e € G, then G is an ordinary (directed) graph.
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For our convenience, we use the notation G° in the sense of [10] rather than
[16,17]. For any set X, a nonempty subcollection of the power set P(X) is
said to be an algebra if it is closed under the set operations N, U, and \. If G
is an ultragraph, the smallest algebra in P(G) containing {{v} : v € G°} and
{rg(e) : e € G'} is denoted by G°. We simply denote every singleton set {v}
by v. So, G° may be considered as a subset of G°.

Definition 2.2. For each n > 1, a path « of length |a| = n in G is a sequence
a = ej...e, of edges such that s(e;+1) € r(e;) for 1 < ¢ < n—1. If also
s(e1) € r(en), a is called a loop or a closed path. We write o for the set
{sg(e;) : 1 < i < n}. The elements of G° are considered as the paths of
length zero. The set of all paths in G is denoted by G*. We may naturally
extend the maps sg,7g on G* by defining sg(A) = rg(A) = A for A € G, and
rg(a) =rg(en), sg(a) = sg(eq) for each path a = ey - --ey,.

Definition 2.3 ([16]). Let G be an ultragraph. A Cuntz-Krieger G-family is
a set of partial isometries {s. : e € G'} with mutually orthogonal ranges and a
set of projections {pa : A € G°} satisfying the following relations:

(UA1) pyp =0, pap = panp, and paup = pa + pp — panp for all A, B € G°,
(UA2) s¥se = prg(e) for e € Gl

(UA3) seshy < psge) for e € G!, and

(UA4) py =37, (¢)=0 SeSe Whenever 0 < s (v)] < oc.

The C*-algebra C*(G) of G is the (unique) C*-algebra generated by a universal
Cuntz-Krieger G-family.

By [16, Remark 2.13], we have
C*(G) = span {sapAsz ta,f€G A€ G and rg(a)Nrg(B)NA # Q)} ,
where So 1= 8¢, -+ Se, fx=1e1-- ey, and s, :=pa if a = A.

Remark 2.4. As noted in [16, Section 3], every graph C*-algebra is an ultra-
graph C*-algebra. Recall that if E = (E°, E',rg, sg) is a directed graph, a
collection {s.,p, : v € EY, e € E'} containing mutually orthogonal projections
Py and partial isometries s, is called a Cuntz-Krieger E-family if

(GAL) sksc = Dpyy(e) forall e € B,

(GA2) st < Psye) for all e € E*, and

(GA3) po = 3, (¢)=0 Sese for every vertex v € E° with 0 < [s5' (v)] < oc.
We denote by C*(E) the universal C*-algebra generated by a Cuntz-Krieger
E-family.

By the universal property, C*(G) admits the gauge action of the unit circle
T. By an ideal, we mean a closed two-sided ideal. Using the properties of
quiver C*-algebras [10], the gauge invariant ideals of C*(G) were characterized
in [10, Theorem 6.12] via a one-to-one correspondence with the admissible pairs
of G as follows.
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Definition 2.5. A subset H C G° is said to be hereditary if the following
properties holds:

(H1) sg(e) € H implies 7g(e) € H for all e € G.

(H2) AuBe H forall A,Be H.

(H3) f Ac H, B€ G’ and B C A, then B € H.
Moreover, a subset H C G is called saturated if for any v € G° with 0 <
|s§1(v)| < oo, then {rg(e) : sg(e) = v} C H implies v € H. The saturated
hereditary closure of a subset H C GO is the smallest hereditary and saturated
subset H of G° containing H.

Let H be a saturated hereditary subset of G°. The set of breaking vertices
of H is denoted by

By ={weG": |s§1(w)| =o00 but 0 < |rg(5§1(w)) N(G°\ H)| < oo} .
An admissible pair (H, B) in G is a saturated hereditary set H C G° together

with a subset B C Bpy. For any admissible pair (H, B) in G, we define the
ideal I g, gy of C*(G) generated by

{pA:AGQO}U{pgszB},
where pf = p,, — ng(e):w, ro(e)¢H sesy. Note that the ideal I py is gauge

invariant and [10, Theoerm 6.12] implies that every gauge invariant ideal I of
C*(G) is of the form I g, py by setting

H:={A:pyel} and B := {wEBH:pgel}.
3. Quotient ultragraphs and their C*-algebras

In this section, for any admissible pair (H, B) in an ultragraph G, we intro-
duce the quotient ultragraph G/(H, B) and its relative C*-algebra C*(G/(H, B)).
We will show in Proposition 4.6 that C*(G/(H, B)) is isomorphic to the quo-
tient C*-algebra C*(G)/I(u,p)-

Let us fix an ultragraph G = (G%,G% rg, sg) and an admissible pair (H, B)
in G. For defining our quotient ultragraph G/(H, B), we first modify G by an
extended ultragraph G such that their C*-algebras coincide. For this, add the
vertices {w’ : w € By \ B} to G° and denote A := AU{w' : w € AN(By \ B)}
for each A € G°. We now define the new ultragraph G = (G0,G ', 7g,3g) by

G =G 'U{w :we By \ B},
G =g,
the source map

So(c) = { (sg(e)) if sg(e) € By \ B and rg(e) € H
A sg(e) otherwise,

and the rang map Tg(e) := rg(e) for every e € G'. In Proposition 3.3 below,
we will see that the C*-algebras of G and G coincide.
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Example 3.1. Suppose G is the ultragraph

where (00) indicates infinitely many edges. If H is the saturated hereditary
subset of G° containing {v} and A, then we have By = {w}. For B := 0,
consider the admissible pair (H, () in G. Then the ultragraph G associated to
(H, D) would be

Indeed, since By \ B = {w}, for constructing G we first add a vertex w’ to G.
We then define

For the source map Sg, for example, since sg(f) € By \ B and rg(f) € H,
we may define 5g(f) := w’. Note that the range of each edge emitted by w’
belongs to H.

As usual, we write ?0 for the algebra generated by the elements of @’ u
{Fgle) 1 e € ?1} Note that A = A for every A € H, and hence, H would
be a saturated hereditary subset of GO as well. Moreover, the set of breaking
vertices of H in G coincides with B (meaning BY = B).

Remark 3.2. Suppose that C*(G) is generated by a Cuntz-Krieger G-family
{Se,pa : A€ G%e e G'} If a family M = {S.,P,,P;: v € G, A€ G’ e €
?l} in a C*-algebra X satisfies relations (UA1)-(UA4) in Definition 2.3, we
may generate a Cuntz-Krieger G-family N = {S., P4 : A € Go,e € ?1} in
X. For this, since ?O is the algebra generated by {v,w’,7g(e) : v € G°,w €
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By \ B,e€ ?1}, we may use the definitions
Panc := PaPc,
Pauc := Pa+ Pc — PaFc,
Pyc = Pa— PaFc,
to generate each projection Py, A € ?0, by finitely many operations. Then N

would be a Cuntz-Krieger G-family in X, and the C*-subalgebras generated by
M and N coincide.

Proposition 3.3. Let G be an ultragraph, and let (H, B) be an admissible pair
in G. If G is the extended ultragraph as above, then C*(G) = C*(G).

Proof. Suppose that C*(G) = C*(te,qa) and C*(G) = C*(se, pe). If we define

P, :=q, for ve G\ (By \ B),
P, = Zs@(e):w tetz for w € By \B,
rg(e)¢H
Py = qu — Y sg(e)=w teti  for w € By \ B,
rg(e)¢H L,
Pi:=qa for Ae G,
Se =1, for e E?l,

then, by Remark 3.2, the family
{Po P Pur, P18 :0 € GO\ (By \ B), we By \ B, A€G', c€G'}
induces a Cuntz-Krieger G-family in C*(G). Since all vertex projections of

this family are nonzero (which follows all set projections P4 are nonzero for

h+£Ae ?0), the gauge-invariant uniqueness theorem [16, Theorem 6.8] implies
that the *-homomorphism ¢ : C*(G) — C*(G) with ¢(p.) = P, and ¢(s.) = S.
is injective. On the other hand, the family generates C*(G), and hence, ¢ is an
isomorphism. O

To define a quotient ultragraph G/(H, B), we use the following equivalent
relation on G.

Definition 3.4. Suppose that (H, B) is an admissible pair in G, and that G is
the extended ultragraph as above. We define the relation ~ on ?O by

A~C <= 3V € H such that AUV =CUV.
Note that A ~ C' if and only if both sets A\ C and C'\ A belong to H.

The following lemma may be proved by a tedious, but straightforward com-
putations.

. . . . —0
Lemma 3.5. The relation ~ is an equivalent relation on G . Furthermore, the
operations

[AJulC]:=[Auc], [AIN[C]:=[ANC], and [A]\[C]:= [A\ C]
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are well-defined on the equivalent classes {[A] : A € ?0}.

Definition 3.6. Let G be an ultragraph, let (H,B) be an admissible pair
in G, and consider the equivalent relation of Definition 3.4 on the extended
ultragraph G = (éo,gl,ngg). The quotient ultragraph of G by (H, B) is the
quintuple G/(H, B) = (®(G°), ®(G°), ®(G'),r, s), where

e :7Tg(e) ¢H},
and 7 : ®(G1) — ®(GY), s : ®(G') — ®(GO) are the range and source maps
defined by
r(e) :=[rg(e)] and  s(e) := [sg(e)].
We refer to ®(GP) as the vertices of G/(H, B).

Remark 3.7. Lemma 3.5 implies that ®(G°) is the smallest algebra containing
{[v],[w]:ve G\ Hywe By \ B} U {[Fg(e)] te€ al} .

Notation.
(1) For every vertex v € g’ \ H, we usually denote [v] instead of [{v}].
(2) For A,C € EO, we write [A] C [C] whenever [A] N [C] = [A].
(3) Through the paper, we will denote the range and the source maps of
G by rg, sg, those of G by ¢, Sg, and those of G/(H, B) by r, s.
Now we introduce representations of quotient ultragraphs and their relative
C*-algebras.

Definition 3.8. Let G/(H, B) be a quotient ultragraph. A representation of

G/(H, B) is a set of partial isometries {T, : e € ®(G')} and a set of projections

{Qa) : [A] € ®(G°)} which satisfy the following relations:

(QA1) Qg = 0, and for [A],[C] € ®(G°), Quanc] = QaQ[c) and Qauc] =
Qra) + Qo) — Qrancy-

(QAZ) T:Tf = 6e,er(e) for e, f € @(gl)

(QA3) T.T7 < Qq for e € ®(G).

(QA4) Q) = X y(e)=pp) TeTe', whenever 0 < |s~H([v])] < oc.

We denote by C*(G/(H, B)) the universal C*-algebra generated by a repre-

sentation {te,qa) : [A] € ®(G°),e € ®(G')} which exists by Theorem 3.10

below.

Note that if @ = e;---e, is a path in G such that 7g(a) ¢ H, then the
hereditary property of H yields 7g(e;) ¢ H, and so e; € ®(G!) forall 1 <i < n.
In this case, we denote ty :=t., - - - te,. Moreover, we define

(6/(H,B)" == {[A]: [A] # [0} U {a €T i r(a) £ [0]}
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as the set of finite paths in G/(H, B) and we can extend the maps s,r on
(G/(H, B))* by setting

s([A]) :=r([4]) := [4] and s(«) := s(e1), r(a) :=7r(en).

The proof of next lemma is similar to the arguments of [16, Lemmas 2.8 and
2.9].

Lemma 3.9. Let G/(H, B) be a quotient ultragraph and let {T,,Q4)} be a
representation of G/(H, B). Then any nonzero word in Te, Q4), and T} may
be written as a finite linear combination of the forms ToQa)T; for o, €

(G/(H,B))* and [A] € ®(G°) with [A] Nr(a) Nr(B) # [0].

Theorem 3.10. Let G/(H, B) be a quotient ultragraph. Then there exists a
(unique up to isomorphism) C*-algebra C*(G/(H, B)) generated by a universal
representation {te,qpa) : [A] € ®(G°),e € ®(G")} for G/(H,B). Furthermore,
all the te’s and qpay’s are nonzero for [0] # [A] € ®(G°) and e € ®(G*).

Proof. By a standard argument similar to the proof of [16, Theorem 2.11],
we may construct such universal C*-algebra C*(G/(H, B)). Note that the
universality implies that C*(G/(H, B)) is unique up to isomorphism. To show
the last statement, we generate an appropriate representation for G/(H, B) as

follows. Suppose C*(G) = C*(sc,pa) and consider I(y p) as an ideal of C*(G)
by the isomorphism in Proposition 3.3. If we define

Q[A] =pA +I(H,B) for [A] S (I)(QO),
T, := sc + I(u,B) for e € ®(G1),

then the family {T%, Q4 : [A] € ®(G°), e € ®(G')} is a representation for
G/(H,B) in the quotient C*-algebra C*(G)/I(g,p). Note that the definition
of Q4)’s is well-defined. Indeed, if Ay UV = A, UV for some V € H, then
PA, TPv\A, = Pa, +Pv\4, and hence pa, + Iy By = pa, + I(u ) by the facts
V\A;,V\ Ay € H.

Moreover, all elements Q4 and T, are nonzero for [§] # [A] € ®(GY),
e € ®(G'). In fact, if Qua; = 0, then py € Iy p) and we get A € H by
[10, Theorem 6.12]. Also, since Ty T, = Qy(c) # 0, all partial isometries T, are
nonzero.

Now suppose that C*(G/(H, B)) is generated by the family {t., q4) : [4] €
®(GY%), e € ®(G")}. By the universality of C*(G/(H, B)), there is a *-homo-
morphism ¢ : C*(G/(H, B)) — C*(G)/I(u,p) such that ¢(t.) = T. and ¢(qa))
= Q[a), and thus, all elements of {t.,qa) : [0] # [A] € ®(G°), e € D(G)} are

(I

nonzero.

Note that, by a routine argument, one may obtain

C*(G/(H,B)) = span{taquayt : o, 8 € (G/(H, B))", r(e) N [A]Nr(B) # [0]}.
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4. Uniqueness theorems

After defining the C*-algebras of quotient ultragraphs, in this section, we
prove the gauge invariant and the Cuntz-Krieger uniqueness theorems for them.
To do this, we approach to a quotient ultragraph C*-algebra by graph C*-
algebras and then apply the corresponding uniqueness theorems for graph C*-
algebras. This approach is a developed version of the dual graph method of [14,
Section 2] and [16, Section 5] with more complications. In particular, we show
that the C*-algebra C*(G/(H, B)) is isomorphic to the quotient C*(G)/I(x,p),
and the uniqueness theorems may applied for such quotients.

We fix again an ultragraph G, an admissible pair (H,B) in G, and the
quotient ultragraph G/(H, B) = (®(G°), ®(G°), ®(G1),r, s).

Definition 4.1. We say that a vertex [v] € ®(G) is a sink if s~ ([v]) = 0. If
[v] only emits finitely many edges of ®(G!), [v] is called a regular vertez. Any
non-regular vertex is called a singular verter. The set of singular vertices in
®(GY) is denoted by

D (GY) := {[v] € ®(G") : s~ ([v])| = 0 or co}.

Let F be a finite subset of @y, (G°) U ®(G!). Write FO := F N ®y,(G°) and
Fl .= FN®(G') = {e1,...,e,}. We want to construct a special graph Gp
such that C*(Gp) is isomorphic to C*(te,q : [v] € F° e € F'). For each
w=(w1,...,wn) €{0,1}"\ {0}, we write

r(w) = ﬂlr(ei) \ UO r(e;) and R(w) W\ U b 0
Note that (w) N :(1/_) = [0] fo:istmct w,v € {0,1}\ {0"}. [;]:F
o := {w e {0,1}"\ {07} : 3[vn], ..., [vm] € B(G®) such that
w) = G[Ui] and 0 # s7!([v;]) € F* for 1 <i < m},
we consider the finite set h
[':={we {0,1}"\{0"} : R(w) # [0] and w ¢ T'o} .

Now we define the finite graph Gp = (G%, GL,rp, sp) containing the ver-
tices G% := FOU F! UT and the edges

Gl = {(e, eleFl- s(f) Sr(e)}
U{(e,[v]) € F* x F": [v] C r(e)}
U{e,w EleF:wizlwhene:ei}

with the source map sp(e, f) = sp(e, [v]) = sp

TF(e’f) = f7 TF(ev [’U]) = [v]a TF(eaW) = w.

—~

e,w) = e, and the range map
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Proposition 4.2. Let Q/ (H, B) be a quotient ultragraph and let F be a finite
subset of Bge(G) U D(G). If C*(G/(H, B)) = C*(te,qpa)), then the elements

Qe = tetZa Q[v] = q[v](l - ZeeFl tetZ)a Qw = QR(w)(l - ZeeFl tet:)
T(e,f) = tle7 T(e,['u}) = teQ[v}7 T(e,w) = teQw

form a Cuntz-Krieger G p-family generating the C*-subalgebra C* (e, qp, : [v] €
FYee FY) of C*(G/(H, B)). Moreover, all projections Q. are nonzero.

Proof. We first note that all the projections Qe, Q[,), and @, are nonzero.
Indeed, each [v] € F is a singular vertex in G/(H, B), so Q[v) is nonzero.
Also, by definition, for every w € I' we have w ¢ I’y and R(w) # [}]. Hence,
for any w € T, if there is an edge f € ®(G!) \ F! with s(f) € R(w), then
0 # tt5 < Q. If there is a sink [w] such that [w] € R(w) = r(w)\ U F?, then
0 # qru) < qR(w)(1 =X ccpr tetl) = Qu. Thus Q,, is nonzero in either case. In
addition, the projections Qe, Q[,], and @), are mutually orthogonal because of
the factor 1 — > i tet) and the definition of R(w).

Now we show the collection {T:, Q4 a € G%, 2 € GL} is a Cuntz-Krieger
Gp-family by checking the relations (GAI)—(GAS) in Remark 2.4.

(GA1): Since Q[y), Qu < gr(e) for (e, [v]), (e,w) € G, we have

Tl Ty = QrteteQp = tytyare)tsty = tyar sty = Qy,
T iop Tie, ) = QuuiteteQpy = Qpuidr(e) Q) = Qs

and
T iy Tiew) = QuteteQu = Quir(e)Quw = Qu-
(GA2): This relation may be checked similarly.
(GA3): Note that any element of FOUT is a sink in Gg. So, fix some e; € F'*
as a vertex of G%. Write qpo := > (jero dpv)- We compute

(i) Ar(e;) Z Qf = Gr(e) Z tft? = Qr(ey) Z tft;;

fer! fer? fer?
s(f)Cr(es) s(f)Cr(es)
QT(e Z Q - QT (eq) Z q[v](l - Z tet:)
[v]eFO, [v]eFO e€F1
[v]Cr(es)

= Grienaro(1— > tet?)

ecF!
() D> Qu= > drw(l— > tetd) = Y qre(l— Y tet)),
w€el,w;=1 wel,w;=1 ecF1 w;=1 ecF!

because Ewi:l qR(w) = Qr(e;) (1 — qpo).
We can use these relations to get

(4.1) > Teop+ > Teowh+ Y, Tlew)

s(f)Cr(es) [W]€FO, [lCr(e:) weT, wi=1
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= te, <(Ir(e7;) Z tety + qr(ei)qFO( Z tete) + qr(ei)(l — qro)( Z tet:))

ecF! e€F1 ecF?
:teiqr(e,;) (Z tet:+(QF0+1_QF0)(1_ Z tet:))

ecF1 ecF1
=t...

Now if e; is not a sink as a vertex in Gr (i.e., [{z € GL : sp(z) = ¢;}| > 0),
we conclude that

Z T(ei,f)T(Zi,f) + Z T(ei,[v])T(*elv,[v])
FEFT, s(f)Cr(es) [v]€FO, [v]Cr(e:)

D Tew Tl

wel, w;=1

= Zteith; + Ztm‘@[v]t; + Z teith:,;
= teq', Q’r(ei)(z Qf + Z Q[v] + Z Qw)t:i

= t€7t:,t = Qeiv

which establishes the relation (GA3).
Furthermore, equation (4.1) in above says that t., € C*(Tx, Q) for every
e; € F1. Also, for each [v] € F°, we have

Q) + Z Qe =t (1 - Z tete) + Z tete

e€F1 s(e)=[v] ecF1 e€F1 s(e)=[v]
=t b ) tett ity Y bt
ecF1 e€F1!
= -

Therefore, the family {1}, Qq : a € G%,z € G} generates the C*-subalgebra
C*({te,qp) : € € F',[v] € F°}) of C*(G/(H, B)) and the proof is complete. [

Corollary 4.3. If F is a finite subset of ®s5(G°) U ®(G'), then C*(GF) is
isometrically isomorphic to the C*-subalgebra of C*(G/(H,B)) generated by
{te,qu) : [v] € FO,e € F'}.

Proof. Suppose that X is the C*-subalgebra generated by {t,qq] : [v] €
FY e € Fl'} and let {T,,Q. : a € G%,x € GL} be the Cuntz-Krieger G-
family in Proposition 4.2. If C*(Gp) = C*(sz,pa), then there exists a -
homomorphism ¢ : C*(Gr) — X with ¢(p,) = Q. and ¢(s,) = T, for every
a € G%, z € GL. Since each Q, is nonzero by Proposition 4.2, the gauge
invariant uniqueness theorem implies that ¢ is injective. Moreover, the family
{T:,Q.} generates X, so ¢ is an isomorphism. O
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Note that if F; C F} are two finite subsets of @, (G°)U®(G') and X;, X, are
the C*-subalgebras of C*(G/(H, B)) associated to G, and Gp,, respectively,
we then have X; C X5 by Proposition 4.2.

Remark 4.4. Using relations (QA1)-(QA4) in Definition 3.8, each gp4) for [A] €
®(GY), can be produced by the elements of

{qp) : [v] € ‘I’sg(GO)} U{te:ec ®(G")}
with finitely many operations. So, the x-subalgebra of C*(G/(H, B)) generated
by

{qp) : [v] € ‘I’sg(GO)} U{te:ec ®(G")}
is dense in C*(G/(H, B)).

As for graph C*-algebras, we can apply the universal property to have a
strongly continuous gauge action v : T — Aut(C*(G/(H, B))) such that

Yz (te) = 2t and v.(qra)) = qra)

for every [A] € ®(G°), e € ®(G'), and z € T. Now we are ready to prove the
uniqueness theorems.

Theorem 4.5 (The Gauge Invariant Uniqueness Theorem). Let G/(H, B) be
a quotient ultragraph and let {Tc,Qa1} be a representation for G/(H, B) such
that Q[A] # 0 for [A] # [0]. If mro : C*(G/(H,B)) — C*(T&Q[A]) is the
*-homomorphism satisfying 7r.q(te) = Te, m1,q(qra)) = Qla), and there is a
strongly continuous action B of T on C*(T¢, Q1a)) such that B.omr,q = T1,Qo7->
for every z € T, then mr g is faithful.

Proof. Select an increasing sequence {F),} of finite subsets of ®,(G®) U ®(G')
such that U F, = ®4(G%) U ®(G'). For each n, Corollary 4.3 gives an
isomorphism

Tt C*(Gr,) = C*({te ) < [1] € F¥,e € 1Y)

that respects the generators. We can apply the gauge invariant uniqueness
theorem for graph C*-algebras to see that the homomorphism

Tr,Q CTn : C*(GFn) — C” (Te7 Q[A])

is faithful. Hence, for every F,,, the restriction of 77 o on the *-subalgebra of
C*(G/(H,B)) generated by {tc,qp) : [v] € F),e € F,} is faithful. This turns
out that 77 g is injective on the *-subalgebra C*(t.,qp.,) : [v] € Dy (GY) e €
®(G1)). Since, this subalgebra is dense in C*(G/(H, B)), we conclude that 7r,¢
is faithful. O

Proposition 4.6. Let G be an ultragraph. If (H, B) is an admissible pair in
G, then C*(G/(H,B)) = C*(G)/I(x,p)-
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Proof. Using Proposition 3.3, we can consider Iy p) as an ideal of C*(G).

Suppose that C*(G) = C*(s¢,pa) and C*(G/(H,B)) = C*(te,qpa)). If we
define
Te :=se + I(g,p) and Qa) := pa + Iy B)

for every [A] € ®(G°) and e € ®(G!), then the family {Te,Qr4)} is a rep-
resentation for G/(H,B) in C*(G)/I(g,p). So, there is a x-homomorphism
¢ : C*(G/(H,B)) = C*(G)/I(n p) such that ¢(t.) = Te and ¢(qpa)) = Qa)-
Moreover, all Q4 with [A] # [0] are nonzero because pa + Ig,py = I(u,p)
implies A € H. Then, an application of Theorem 4.5 yields that ¢ is faithful.
On the other hand, the family {T., Q4] : [4] € ®(G"),e € ®(G')} generates
the quotient C*(G)/I(x,p), and hence, ¢ is surjective as well. Therefore, ¢ is
an isomorphism and the result follows. O

To prove a version of Cuntz-Krieger uniqueness theorem, we extend Condi-
tion (L) for quotient ultragraphs.

Definition 4.7. We say that G/(H, B) satisfies Condition (L) if for every loop
a=e;- e, in G/(H,B), at least one of the following conditions holds:

(1) r(e;) # s(ejr1) for some 1 < i < n, where e;11 := e; (or equivalently,
r(en) \ s(eirn) 2 O).

(ii) « has an exit; that means, there exists f € ®(G') such that s(f) C r(e;)
and f # e;41 for some 1 <1i <mn.

Lemma 4.8. Let F be a finite subset of ®5o(G°)UP(G). IfG/(H, B) satisfies
Condition (L), then so does the graph G.

Proof. Suppose that G/(H, B) satisfies Condition (L). As the elements of F°U
I' are sinks in Gp, every loop in G is of the form & = (e1,ez2) - (en,e1)
corresponding with a loop a = e;3---¢e, in G/(H,B). So, fix a loop a =
(e1,€2) -+ (en,e1) in Gp. Then o = ey ---¢e, is a loop in G/(H, B) and by
Condition (L), one of the following holds:

(i) r(e;) # s(eiq1) for some 1 < i < n, where e;41 := ey, or

(ii) there exists f € ®(G!) such that s(f) C r(e;) and f # e;yq for some

1<i<n.

We can suppose in the case (i) that s(e;+1) C r(e;) and r(e;) emits only the
edge e;41 in G/(H, B). Then, by the definition of T, there exists either [v] € FY
with [v] C r(e;) \ s(e;41), or w € I with w; = 1. Thus, either (e;, [v]) or (e;,w)
is an exit for the loop @ in G, respectively.

Now assume case (ii) holds. If f € F!, then (e;, f) is an exit for . If f ¢ F*,
for [v] := s(f) we have either [v] ¢ F° or

Jw € T with w; = 1 such that [v] C R(w).

Hence, (e;, [v]) or (e;,w) is an exit for &, respectively. Consequently, in any
case, & has an exit. O
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Theorem 4.9 (The Cuntz-Krieger Uniqueness Theorem). Suppose that
G/(H,B) is a quotient ultragraph satisfying Condition (L). If {T.,Qa} is
a Cuntz-Krieger representation for G/(H, B) in which all the projection Q[
are nonzero for [A] # [0], then the x-homomorphism nr.q : C*(G/(H,B)) —
C*(Te, Qua)) with w1 q(te) = Te and 7r,q(q4)) = Q[a) is an isometrically iso-
morphism.

Proof. It suffices to show that 77 ¢ is faithful. Similar to Theorem 4.5, choose
an increasing sequence {F),} of finite sets such that U2, F,, = @4, (G)UP(G").
By Corollary 4.3, there are isomorphisms 7, : C*(GF,) — C*({te,qq @ [v] €
FV e € F!}) that respect the generators. Since all the graphs G, satisfy
Condition (L) by Lemma 4.8, the Cuntz-Krieger uniqueness theorem for graph
C*-algebras implies that the *-homomorphisms

TT,Q O Tp - C*(GFH) — C*(T&Q[A])

are faithful. Therefore, 77 g is faithful on the subalgebra C*(t.,qp,) : [v] €
Dy (GY), e € ®(G')) of C*(G/(H,B)). Since this subalgebra is dense in
C*(G/(H, B)), we conclude that 77 ¢ is a faithful homomorphism. O

5. Primitive ideals in C*(G)

In this section, we apply quotient ultragraphs to describe primitive gauge
invariant ideals of an ultragraph C*-algebra. Recall that since every ultragraph
C*-algebra C*(G) is separable (as assumed G° to be countable), a prime ideal
of C*(G) is primitive and vice versa [3, Corollaire 1].

To prove Proposition 5.4 below, we need the following simple lemmas.

Lemma 5.1. Let G/(H,B) = (®(G°),®(G°%), ®(G'),r,s) be a quotient ultra-
graph of G. If G/(H, B) does not satisfy Condition (L), then C*(G/(H,B))
contains an ideal Morita-equivalent to C(T).

Proof. Suppose that v = ey ---¢, is a loop in G/(H, B) without exits and
r(e;) = s(eip1) for 1 < i < n. If C*(G/(H,B)) = C*(tc, q(a]), for each i we
have

t:itei = Qr(e;) = s(eir1) = tei+1t2i+1'
Write [v] := s(v) and let I, be the ideal of C*(G/(H, B)) generated by gj,.
Since 7 has no exits in G/(H, B) and we have

Gs(e;) = (tei T ten)Q['U] (tzn to t;) (1 <i< TL),
an easy argument shows that
L, = span {taqth : o, B € (G/(H,B))*, [v] S r(a) Nr(B)} .
So, we get
41} gy = SPan { (ty)"q) (£3)™ = m,n > 0},

where ()0 = (tfy)o = q[v)- We show that g, I, q[y) is a full corner in I, which is
isometrically isomorphic to C'(T). For this, let E be the graph with one vertex



PRIMITIVE IDEALS AND PURE INFINITENESS 15

w and one loop f. If we set Q, := qpv) and Ty :=t, (= tyqpy)), then {T},Q,}
is a Cuntz-Krieger E-family in qp,)I,qj,). Assume C*(E) = C*(sy,pw). Since
Q. # 0, the gauge-invariant uniqueness theorem for graph C*-algebras implies
that the x-homomorphism ¢ : C*(E) — g1, g with p, = Q and sy — T}
is faithful. Moreover, the C*-algebra q[,I,q},] is generated by {1, Q. }, and
hence ¢ is an isomorphism. As we know C*(E) = C(T), qj,]1,q[u) is isomorphic
to C(T). Moreover, since g}, generates I, the corner qp,I,qp, is full in I,.
Thus, I, is Morita-equivalent to g,/ = C(T) and the proof is complete. [

Lemma 5.2. If G/(H, B) satisfies Condition (L), then any nonzero ideal in
C*(G/(H,B)) contains projection qa) for some [A] # [0].

Proof. Take an arbitrary ideal J in C*(G/(H, B)). If there are no g4 € J
with [A] # [0], then Theorem 4.9 implies that the quotient homomorphism
¢:C*(G/(H,B)) = C*(G/(H,B))/J is injective. Hence, we have J = ker ¢ =
(0). O

Definition 5.3. Let G be an ultragraph. For two sets A,C € G°, we write
A > C if either A D C| or there exists a € G* with |a| > 1 such that s(a) € A
and C' C r(«). We simply write A > v, v > C,and v > w if A > {v}, {v} > C,
and {v} > {w}, respectively. A subset M C GV is said to be downward directed
whenever for every Ay, Ay € M, there exists () # C' € M such that Ay, Ay > C.

Proposition 5.4. Let H be a saturated hereditary subset of G°. Then the ideal
I, By in C*(G) is primitive if and only if the quotient ultragraph G/(H, By)
satisfies Condition (L) and the collection GO\ H is downward directed.

Proof. Let Iy p,) be a primitive ideal of C*(G). Since C*(G)/I(u,B,) =
C*(G/(H, Bp)), the zero ideal in C*(G/(H, By)) is primitive. If G/(H, By)
does not satisfy Condition (L), then C*(G/(H, By )) contains an ideal J Morita-
equivalent to C(T) by Lemma 5.1. Select two ideals Iy, Iy in C(T) with I;NI; =
(0), and let Jy, J be their corresponding ideals in J. Then J; and Jy are two
nonzero ideals of C*(G/(H, By )) with JyNJ2 = (0), contradicting the primness
of C*(G/(H, By)). Therefore, G/(H, B) satisfies Condition (L).

Now we show that M := G° \ H is downward directed. For this, we take two
arbitrary sets A1, Ao € M and consider the ideals

J1 = C"(G/(H, Bn))qa,)C*(G/(H, Bu))
and
Jo = C*(G/(H, Bn))qa,)C"(G/(H, Br))

in C*(G/(H, By )) generated by qpa,] and q(a,), respectively. Since A;, Ay ¢ H,
the projections q(4,],q[4,] are nonzero by Theorem 3.10, and so are the ideals
J1, J2. The primness of C*(G/(H, By)) implies that the ideal

J1Jy = C*(G/(H, Br)) qa ) C7 (9/(H, Brr)) 414,)C" (G/(H, Br))
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is nonzero, and hence q(4,1C*(G/(H, Br))qpa,) # {0}. As the set
span {taq[D]tE ca,8€(G/(H,B))*, r(a)N[D]N7r(B) # [@]}

is dense in C*(G/(H, By)), there exist o, 8 € (G/(H, By))* and [D] € ®(G°)
such that g(a,)(taqp)ts)qa,) # 0. In this case, we must have s(a) C [A;] and
s(8) C [A2] and thus, A1, Ay > C for C := rg(a) N D Nrg(B). Therefore,
GY\ H is downward directed.

For the converse, we assume that G/(H, Byy) satisfies Condition (L) and the
collection M = G° \ H is downward directed. Fix two nonzero ideals Jp, Jo
of C*(G/(H,Bg)). By Lemma 5.2, there are nonzero projections qpa,) € Ji
and qpa,) € Jo. Then Ay, Ay ¢ H and, since M is downward directed, there
exists C' € M such that A;, Ay > C. Hence, the ideal J; N J> contains the
nonzero projection qic). Since J; and J; were arbitrary, this concludes that
the C*-algebra C*(G/(H, By)) is primitive and Iy p,,) is a primitive ideal in
C*(G) by Proposition 4.6. O

The following proposition describes another kind of primitive ideals in C*(G).

Proposition 5.5. Let (H, B) be an admissible pair in G and let B = By \ {w}.
Then the ideal Iy gy in C*(G) is primitive if and only if A > w for all A €
GY\ H.

Proof. Suppose that Iz p) is a primitive ideal and take an arbitrary A € GO\H.
If A:= AUu{v : v € An(By \ B)}, then qrx) and qp,) are two nonzero
projections in C*(G/(H, B)). If we consider ideals Jz; := (qz)) and Jp) =
(qru) in C*(G/(H, B)), then the primness of C*(G/(H,B)) = C*(G)/In B
implies that the ideal

) = C*(G/(H, B))agayC* (G (H, B)) gy C*(G/(H, B))

is nonzero, and hence q7C*(G/(H, B))qpr) # {0}. So, there exist o, 8 €
(G/(H,B))" such that gggtatjqus # 0. Since [w'] is a sink in G/(H, B), we
must have qgtaqu) # 0. If |a = 0, then [w'] C [4], w' € A and w € A.
If || > 1, then s(a) C [A] and [w'] C r(a), which follow sg(a) € A and
w € rg(a). Therefore, we obtain A > w in either case.

Conversely, assume A > w for every A € G\ H. Then the collection G°\ H
is downward directed. Moreover, for every [0] # [A] € ®(GY), there exists
a € (G/(H,B))* such that s(a) C [A] and [w'] C r(a). As [w] is a sink
in G/(H, B), we see that the quotient ultragraph G/(H, B) satisfies Condition
(L). Now similar to the proof of Proposition 5.4, we can show that Iy p) is a
primitive ideal.

Recall that each loop in G/(H, B) comes from a loop in the initial ultragraph
G. So, to check Condition (L) for a quotient ultragraph G/(H, B), we can use
the following.
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Definition 5.6. Let H be a saturated hereditary subset of G°. For simplicity,
we say that a path o = ej - - - e, lies in G\ H whenever rg(a) € G°\ H. We also
say that o has an exit in G\ H if either 7g(e;) \ sg(eiy1) € G°\ H for some i,
or there is an edge f with rg(f) € G\ H such that sg(f) = sg(e;) and f # e,
for some 1 < i < n.

It is easy to verify that a quotient ultragraph G/(H, B) satisfies Condition
(L) if and only if every loop in G \ H has an exit in G \ H. Hence we have:

Theorem 5.7 (See [1, Theorem 4.7]). Let G be an ultragraph. A gauge in-
variant ideal I g gy of C*(G) is primitive if and only if one of the following
holds:
(1) B = By, G°\ H is downward directed, and every loop in G\ H has an
exit in G\ H.
(2) B= By \ {w} for some w € By, and A > w for all A€ G°\ H.

Proof. Let Iy p) be a primitive ideal in C*(G). Then

C*(G/(H,B)) = C*(9)/In,p)
is a primitive C*-algebra. We claim that |By \ B| < 1. Indeed, if wy,wy are
two distinct vertices in By \ B, similar to the proof of Propositions 5.4 and 5.5,
the primitivity of C*(G/(H, B)) implies that the corner gj,,;)C*(G/(H, B))qjuy)
is nonzero. So, there exist o, 8 € (G/(H, B))* such that g, tat;qpuy) # 0. But
we must have |a| = |3] = 0 because [w]], [wh] are two sinks in G/(H, B). Hence,
Qfw; 19wy 7 0 which is impossible because qu1qw;] = q{w!|}n{wy}] = 0] = 0
Thus, the claim holds. Now we may apply Propositions 5.4 and 5.5 to obtain
the result. O

Following [10, Definition 7.1], we say that an ultragraph G satisfies Condition
(K) if every vertex v € G either is the base of no loops, or there are at least
two loops «, 8 in G based at v such that neither « nor § is a subpath of the
other. In view of [10, Proposition 7.3], if G satisfies Condition (K), then all
ideals of C*(G) are of the form I p). So, in this case, Theorem 5.7 describes
all primitive ideals of C*(G).

6. Purely infinite ultragraph C*-algebras via Fell bundles

Mark Tomforde in [17] determined ultragraph C*-algebras in which every
hereditary subalgebra contains infinite projections. Here, we consider the no-
tion of “pure infiniteness” in the sense of Kirchberg-Rgrdam [11], and generalize
[8, Theorem 2.3] to ultragraph setting. In view of Proposition 3.14 and The-
orem 4.16 of [11], a (not necessarily simple) C*-algebra A is purely infinite if
and only if for every a € AT \ {0} and closed two-sided ideal I < A, a + I
in the quotient A/I is either zero or infinite (in this case, a is called properly
infinite). Recall from [11, Definition 3.2] that an element a € A1\ {0} is called
infinite if there is b € AT \ {0} such that a ®b < a ® 0 in the matrix algebra
Ms(A).
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So, the notion of pure infiniteness is directly related to the structure of ideals
and quotients. In this section, we use the quotient ultragraphs to characterize
purely infinite ultragraph C*-algebras. Briefly, we consider the natural Z-
grading (or Fell bundle) for C*(G) and then apply the results of [12, Section 4]
for pure infiniteness of Fell bundles.

6.1. Condition (K) for G

To prove the main result of this section, Theorem 6.6, we need to show that
an ultragraph G satisfies Condition (K) if and only if every quotient ultragraph
G/(H, B) satisfies Condition (L).

Notation. Let @ = e - - - e, be a path in an ultragraph G. If § = egegy1---¢
is a subpath of «, we simply write 8 C a; otherwise, we write 8 € a.

First, we show in the absence of Condition (K) for G that there is a quotient
ultragraph G/(H, B) which does not satisfy Condition (L). For this, let G
contain a loop 7 = ey - - - €, such that there are no loops a with s(a) = s(v),

a v, and v € a. If 19 := {sg(e1),...,sg(e,)}, define
X = {rg(a) \'yo € Gt |al >1,s56(a) € 70},

Y = {UAi:Al,...,An eX,neN},
i=1
and set

Hy ::{BEQO:BQAforsomeAEY}.
We construct a saturated hereditary subset H of G° as follows: for any n € N
inductively define

Sy i={weG’:0< |s§1(w)| < 0o and rg(sgl(w)) CHy1}

and
H,:={AUF:A€ H, 1 and F C S, is a finite subset} .
Then we can see that the subset

o0 o0
H:UH :{AUF:AeHoanng USnisaﬁnitesubset}
n=0 n=1

is hereditary and saturated.

Lemma 6.1. Suppose that v = ey ---e, is a loop in G such that there are no
loops o with s(a) = s(v) and a € v, v € . If we construct the set H as above,
then H is a saturated hereditary subset of G°. Moreover, we have AN~° = ()
for every A € H.

Proof. By induction, we first show that each H, is a hereditary set in G. For
this, we check conditions (H1)-(H3) in Definition 2.5. To verify condition (H1)
for Hy, let us take e € G* with sg(e) € Hy. Then sg(e) € X and there is a € G*
such that sg(a) € 7° and sg(e) € rg(a) \ 7v°. Hence, sg(ae) = sg(a) € ~°.
Moreover, we have rg(ae) Ny° = () because the otherwise implies the existence
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of a path 8 € G* with sg(8) = sg(v) and 8 € v, v € B, contradicting the
hypothesis. It turns out

rg(e) = rg(ae) = rg(ae) \ ¥ € X C H,.

Hence, Hy satisfies condition (H1). We may easily verify conditions (H2) and
(H3) for Hy, so Hy is hereditary. Moreover, for every w € S,,, the range of each
edge emitted by w belongs to H,_; by definition. Thus, we can inductively
check that each H,, is hereditary, and so is H = U;2H,. The saturation
property of H may be verified similar to the proof of [17, Lemma 3.12].

It remains to show AN~° = () for every A € H. To do this, note that
ANAY = for every A € Hy because this property holds for all A € X. We
claim that (US21S,) N~° = 0. Indeed, if v = sg(e;) € 4° for some e; € 7, then
rg(e;) Ny° # 0 and rg(e;) ¢ Ho. Hence, {rg(e) : e € G, sg(e) = v} € Hy
that turns out v ¢ S;. So, we have S; Ny = ). An inductive argument shows
S, Ny =0 for n > 1, and the claim holds. Now since

H=U?H,={AUF : A€ Hyand F CU;2 S, is a finite subset},
we conclude that AN~° = for all A € H. O

Proposition 6.2. An ultragraph G satisfies Condition (K) if and only if for
every admissible pair (H,B) in G, the quotient ultragraph G/(H,B) satisfies
Condition (L).

Proof. Suppose that G satisfies Condition (K) and (H, B) is an admissible pair
ing. Leta=e;---e, bealoopin G/(H, B). Since « is also a loop in G, there
isaloop 8= f1- fim in G with sg(a) = sg(pB), and neither « C 5 nor 8 C a.
Without loos of generality, assume e; # f1. By the fact sg(«) = sg(8) € rg(8),
we have rg(8) ¢ H, and so rg(f1) ¢ H by the hereditary property of H.
Therefore, fi is an exit for o in G/(H, B) and we conclude that G/(H, B)
satisfies Condition (L).

For the converse, suppose on the contrary that G does not satisfy Condition
(K). Then there exists a loop v = e; - - €, in G such that there are no loops
a with s(a) = s(v), « € v, and v € . As Lemma 6.1, construct a saturated
hereditary subset H of G and consider the quotient ultragraph G/(H, By) =
(®(G°), (G, ®(GY),r,s). We show that v as a loop in G/(H, By) has no
exits and r(e;) = s(ej41) for 1 <4 < n. If f is an exit for v in G/(H, By)
such that s(f) = s(ej) and f # e;, then rg(f) ¢ H and rg(f) N~° # 0 (if
rg(f) N A% = 0, then rg(f) = rg(f) \¥* € X C H, a contradiction). So,
there is e; € «y such that sg(e;) € rg(f). If we set o := eq1---ej_1fe;---en,
then « is a loop in G with sg(a) = sg(7), and @ € v, v € «, that contradicts
the hypothesis. Therefore, v has no exits in G/(H, Bg). Moreover, we have
r(e;) N [y°] = s(e;j11) for each 1 < i < n, because the otherwise gives an exit
for v in G/(H, By ) by the construction of H. Hence,

r(es) \ s(eiv1) = r(ei) \ [v°] = 0]
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and we get r(e;) = s(e;+1) (note that the fact rg(e;) \ 7° € H implies r(e;) \

[Y°] = [rg(e;) \ 7°] = [0]). Therefore, the quotient ultragraph G/(H, By) does
not satisfy Condition (L) as desired. O

6.2. Purely infinite ultragraph C*-algebras via Fell bundles
Every quotient ultragraph (or ultragraph) C*-algebra

C*(G/(H,B)) = C"(qra) tc)

is equipped with a natural Z-grading or Fell bundle B = {B,, : n € Z} with the
fibers
By, :=span {t,qat; : p,v € (G/(H,B))*, |u| — [v| =n}.

These Fell bundles will be considered in this section. The fiber By is the fixed
point C*-subalgebra of C*(G/(H, B)) for the gauge action which is an AF C*-
algebra. An application of the gauge invariant uniqueness theorem implies that
C*(G/(H, B)) is isomorphic to the cross sectional C*-algebra C*(B) (we refer
the reader to [5] for details about Fell bundles and their C*-algebras). More-
over, since Z is an amenable group, combining Theorem 20.7 and Proposition
20.2 of [5] implies that C*(G/(H, B)) is also isomorphic to the reduced cross
sectional C*-algebra C¥(B).

Following [4, Definition 2.1], an ideal in a Fell bundle B = {B,} is a family
J = {Jn}nez of closed subspaces J, C B,, such that B,J, C J,, and
InBm C Jpm for all m,n € Z. If J is an ideal of B, then the family B/J :=
{Bn/Jn}nez is equipped with a natural Fell bundle structure, which is called
a quotient Fell bundle of B, cf. [5, Definition 21.14].

Definition 6.3 ([12, Definition 4.1]). Let G/(H, B) be a quotient ultragraph
and B = { By, }nez is the above Fell bundle in C*(G/(H, B)). We say that B is
aperiodic if for each n € Z\ {0}, each b,, € B,,, and every hereditary subalgebra
A of By, we have

inf {||abyal :a € AT, [lal| =1} = 0.

Furthermore, B is called residually aperiodic whenever the quotient Fell bundle
B/J is aperiodic for every ideal J of B.

The following lemma is analogous to [12, Proposition 7.3] for quotient ultra-
graphs.

Lemma 6.4. Let G/(H, B) be a quotient ultragraph and let B = {B, }nez be
the Fell bundle associated to C*(G/(H, B)). Then B is aperiodic if and only if
G/(H, B) satisfies Condition (L).

Proof. We may modify the proof of [12, Proposition 7.3] for our case by replac-
ing elements s,sj and s,s;, with taqpath and ¢,qajt},, respectively. Then the
proof goes along the same lines as the one in [12, Proposition 7.3]. O
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Corollary 6.5. Let G be an ultragraph and let B = {By, }necz be the described
Fell bundle of C*(G). If G satisfies Condition (K), then B is residually aperi-

odic.

Proof. Suppose that G satisfies Condition (K). In view of [10, Proposition 7.3],
we know that all ideals of C*(G) are graded and of the form Iy p). So, each
ideal J = {Jn}nez of B is corresponding with an ideal I(z, gy with the ho-
mogenous components J,, := Iy gy N By,. Moreover, the quotient Fell bundle
B/J :={By/Jn : n € Z} is a grading (or a Fell bundle) for C*(G)/I( g5y =
C*(G/(H, B)). Therefore, quotient Fell bundles B/J are corresponding with
quotient ultragraphs G/(H, B). Since such quotient ultragraphs satisfy Condi-
tion (L) by Proposition 6.2, Lemma 6.4 follows the result. O

Theorem 6.6. Let G be an ultragraph. Then C*(G) is purely infinite (in the
sense of [11]) if and only if G satisfies Condition (K), and for every saturated
hereditary subset H of G°, we have
(1) BH = @, and
(2) every A € GO\ H connects to a loop o in G\ H, which means A > sg(«)
(see Definition 5.5).

Proof. First, suppose that C*(G) is purely infinite. If G does not satisfy Con-
dition (K), by the second paragraph in the proof of Proposition 6.2, there
is a quotient ultragraph G/(H,B) containing a loop a € (G/(H,B))* with
no exits in G/(H,B). The argument of Lemma 5.1 follows that the ideal
J = (qs(a)) L C*(G/(H, B)) is Morita-equivalent to C(T). Hence, the pro-
jection py(4) is not properly infinite which contradicts [11, Theorem 4.16].

Now assume that H is a saturated hereditary subset of G°. We consider
the quotient ultragraph G/(H,0) and take an arbitrary [A] € ®(G°) \ {[0]}.
If there is no loops a € r;l(go \ H) with A > sg(a), then the ideal Ij4) :=
(qra)) < C*(G/(H,0)) is AF. Thus gp4) is not infinite and C*(G) contains a
non-properly infinite projection, contradicting [11, Theorem 4.16]. Moreover,
we notice that for any w € By, [w'] is a sink in G/(H, ) and the projection
q[w) is not infinite, which is impossible.

Conversely, suppose that G satisfies Condition (K) and the asserted prop-
erties hold for any saturated hereditary set H. To show that C*(G) is purely
infinite we apply [12, Theorem 5.12] for the pure infiniteness of Fell bundles. Let
B = {B, } nez be the natural Fell bundle in C*(G). Corollary 6.5 says that B is
residually aperiodic. Moreover, every projection in By is Murray-von Neumann
equivalent to a finite sum > | 784, B S, of mutually orthogonal projections
such that [a;| = |8 for 1 < i < n. Note that each projection sa,pp,s},
is Murray-von Neumann equivalent to (s.,p5,)" (pB,ss,) which equals to zero
unless a; = ;. Hence, in view of [12, Lemma 5.13], it suffices to show that
every nonzero projection of the form s,ppsj, is properly infinite.

Let I(47,9) be an ideal in C*(G) such that s,pps;, & I(1,9). Then BNrg(p) €
GO\ H. Assume C*(G/(H,0)) = C*(te,qra)) and let ¢ : C*(G) — C*(G/(H, 1))
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be the canonical quotient map by Proposition 4.6. Then q(sMsz:;) = tuqB)t,
# 0. By hypothesis, there are a path A and a loop a € rg_l(go \ H) such that
sg(A) € BNrg(u) and sg(a) € rg(A). Since G satisfies Condition (K), « has
an exit f in r~1(G°\ H). Thus we have

(taQS(a)) (tQQS(a))* =+ tft; < ds(a)>

and since

(tQQS(a)) (tOzQS(a))* ~ (taq:;(a))* (taQS(a)) = ds(a),

it turns out that gy, is an infinite projection in C*(G/(H,0)) = C*(G)/I a,p)-
On the other hand, the fact

(turds(a) " tudimity, (turds() = ds(a)

says that qs() 3 tuq(pt;, (see [15, Proposition 2.4]), and thus ¢,q(p)t;, is infinite
by [11, Lemma 3.17]. It follows that supBS,, is a properly infinite projection.
Now apply [12, Theorem 5.11(ii)] to conclude that the C*-algebra C*(G) =
C}(B) is purely infinite. O
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