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THE IDEAL OF WEAKLY p-NUCLEAR OPERATORS AND
ITS INJECTIVE AND SURJECTIVE HULLS

JU MYuNG Kim

ABSTRACT. We introduce a larger ideal Nyp of the ideal of p-nuclear
operators. We obtain isometric representations of the injective and sur-
jective hulls of My and study them.

1. Introduction

Let 1 < p < oo. For a Banach space X, let £,(X) (respectively, £;/(X)) be
the Banach space with the norm | - ||, (respectively, || - [|;) of all X-valued ab-
solutely (respectively, weakly) p-summable sequences. Let ¢o(X) (respectively,
e (X)) be the Banach space with the norm || - || of all X-valued norm (re-
spectively, weakly) null sequences. For the dual space X* of X, let c})"* (X*) be
the Banach space with the norm || - ||, of all X*-valued weak* null sequences.

For 1 < p < oo, recall the operator ideal [N, || - ||, ] of p-nuclear operators
(cf. [1,4,11-13]). The ideal N,(X,Y) is defined as all operators T which have
a representation

w
p*?

o0
T=3 oy and [T, == ot @l )
n=1
where (z},)n € £p(X*) (co(X*) when p = 00) and (yn)n € £-(Y) (co(Y) when
p=1). Here 1/p+1/p* =1 and z}®y,, is an operator from X to Y defined by
(xk @yn) () = z} (2)yn, and the infimum is taken over all such representations.
When 4,,(-) and £;.(-) in the above notion are interchanged with each other,
we denote the operator ideal consisting of such operators by [N?, || - [|a].
We need an another space of vector valued sequences to introduce a weaker
notion of the p-nuclear operator. The closed subspace £;;(X) of £;’(X) consists
of all sequences (z,), in X satisfying that

100, 0,y g1, - )y — 0

as m — oo (cf. [1, Section 8.2] and [6,7]). Note that % (X) = ¢o(X). The
ideal of p-compact operators (cf. [1,6,7,12]) is denoted by [Ry, | - ||«,]. The
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ideal R,(X,Y) is defined as all operators T" which have a representation

o0
T=Y @8y, and ||T|g, = inf [[(2})ally 1| (yn)nlly-
n=1
where (z},), € £,(X*) and (y,)n € £5(Y), and the infimum is taken over all
such representations.
A more general notion of the p-nuclear operator is the o-nuclear operator
[12]. It is represented as

T= i xRy, and

n=1
1Tl o= inf { sup { 3 I @)y (w)] : all < L. Jly"ll < 1},
n=1

where 27 € X* and y,, € Y such that Y | #%®y, unconditionally converges
in the operator norm, and the infimum is taken over all such representations.

Naturally, one may consider the class of operators T' = ZZOZI ) ®yy, such
that "7 | a7 (z)y,, unconditionally converges in Y for every x € X. Our main
concern in this paper is a special subclass of this class. For 1 < p < oo, we say
that an operator T': X — Y is weakly p-nuclear if it is represented as

o0
T= Z x;@yru
n=1

where (z},)n € £, (X*) (c¥™(X*) when p = c0) and (yn)n € L (Y) (g (Y)
when p = 1). We denote the space of all weakly p-nuclear operators from X to
Y by Nyup(X,Y) and define a norm on N,,,(X,Y) by

1Tl wp = I ()l W ()l

where the infimum is taken over all such weakly p-nuclear representations of
T. Then [Nuyp,| - ||ln,,] is a Banach operator ideal (see Theorem 2.1). In this

paper, we study the ideal NV, and its injective and surjective hulls based on
the investigation related with the ideals &, and N, [3,5,8-10].

2. The ideal of weakly p-nuclear operators

Let us recall the definition of a Banach operator ideal [A, || - ||.4] as follows.
For each pair (X,Y") of Banach spaces, let (L(X,Y),||-|) be the Banach space
of all operators from X to Y. An operator ideal is an association to each pair
of Banach spaces X and Y, of a subset, A(X,Y), of L(X,Y") such that

(01) A(X,Y) is a linear subspace of £(X,Y) and (A(X,Y),|| - [|4) is a

Banach space.

(02) z*@y € A(X,)Y) and [|[z*®y||la = ||z*||||y|]| for every z* € X* and

yev.
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(03) STReA(Xo,Yy) and ||STR|| 4 <|IS|IIT]| allR]| for every Re L(Xo, X),
TeAX,Y)and S € L(Y,Y)).

Theorem 2.1. For 1 < p < o0, [Nup, || - |an,,] i a Banach operator ideal.

Proof. The properties (02) and (O3) of [Ny, || - |a7,,] may be easily verified.
So we only show that (O1) holds. Let X and Y be Banach spaces.

The case p = oo: It is easily seen that o7 € N,oo(X,Y) C L(X,Y),
laTlxy. = allTlx,. and [IT] < [T, for every T € Nopoo(X, ) and
scalar . Let T, R € Nyoo(X,Y) and let € > 0 be given. Let

o o
T= Z x;n—1@y2n—1a R = Z x;n@yQTL

n=1 n=1
be weakly co-nuclear representations such that
[(Y2n—1)nlli” =1 = [[(y2n)nllY

and

[(23n—1)nlloc < X+ T INpo: 1(@20)nlloc < (14 &) | R]|Ny o -
Then

oo * *
Lopn—1 * Lon

T+ R= (T2l kllootzn 1 + T

Z ||($2k71)k||007 2k t/Rfloedan ||($2}c)kHoo

€ Nyoo(X,Y)

&Il )ellocyn )

n=1

and

1T + Rl < NU(@55—1)kllcoy2n—1 + [1(224)k llccyan)nll¥
< (1) (1Tl + 1Rl Ao )-

Consequently, (Nyoo(X,Y), | - [lA7,..) is @ normed linear subspace of £(X,Y).
To show that (Nyoeo(X,Y), || - [[A,.) is complete, let (T} )i be a sequence

in Nyoo(X,Y) with > 72 [|Tklla. < co. Then > 27, |ITk]| < oo and so

Y peq Ti converges in £(X,Y). We will show that > Tk € Nyoo(X,Y) and

1> e Tellveee < >pey ITklINwoe- Let € > 0 be given. For each k > 1, let

(x)n € ca”*(X*) and (Ygn)n € €Y (Y) such that Ty, = ZZO:1 z}, @Yk, and

5

(@ )nlloo <1, [[(Yrn)n [ < Tk ok

Nupoo T

Then, since oo ; [|(ykn)n||¥ < oo, there exists a sequence (B ) of real numbers
such that

oo

Jm Sy = o0, By > 1, > Bellrn)nlly < @ 42) Y [ wan)nll¥-

k=1 k=1
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Now, we consider the following sequence of rectangular array:

(1/81)25: 9Py —  (1/B1)x7@P1y12 (1/B1)213@B1ys -+ (1/B1)21,8B1yin -
{ + 4

(1/B2)25,@Payar  «  (1/B2)w552P2y20 (1/B2)733@Boy03 -+ (1/B2)x5,@Boy2n - -
{ 1

(1/83)r5,@B3y31 <+ (1/83)r3,0P3Y32 — (1/B3)x33003y33 -+ (1/B3)23,8B3Y3n - -

1
(1/ﬁn)x:ﬂ@ﬁnynl — (1/ﬁn)x;2@ﬁnyn2 o (1/ﬁ7w,)x2(n,1)@ﬁnyn(n—l) — (1/ﬁn)xim@ﬁnynn o

Let (z%,)m and (2, )m, respectively, be the sequences consisting of the left parts
and right parts, respectively, of the above sequence.
Since lim sup; [[(1/8x)ag;]| < lim 1/, = 0 and ((1/8k)z};); € ¢ (X7)

o]
for every k, we see that (2),)m € ¢ (X*). Also, since Y ||(Bryrn)n|P < 00,

k=1
(2m)m € LY (Y). Consequently, > 2% @z, € Nypoo(X,Y).
m=1
o0
Note that if Z W @wy, € Nyoo(X,Y), then for every x € X, Y wi(z)wy,

n=1
uncondltlonally converges in Y. Hence for every x € X,

k=1

k=1n=1 m=1
and

oo
X

< 1zm)mlloo | (zm)m[[i < (1 +¢) Z | (Wkn)nllY

oo

<(1+9)Y (I7

k=1

Nuwos T Qk)

Since € > 0 was arbitrary, we have the desired conclusion. Also, for each [ € N,
we can apply the above argument to »,-,Tx to complete the proof for the
case p = 00.

The case p = 1: We can adopt the proof of the case p = oo by interchanging
the roles of the sequences (z3,,)r and (ygn)n with each other.

The case 1 < p < oco: We can use the proof of [4, Theorem 5.25] or [13,
Proposition 8.9] for this case. O

For every n, let e and e,, respectively, be the standard unit vector bases
in £,- (co when p =1) and ¢, (co when p = o).

Proposition 2.2. Let 1 <p<ocoandletT : X — Y be a linear map. Then
T € Nup(X,Y) if and only if there exist R € L(X,{p) and S € L(£,,Y) (£ is
replaced by co if p = 00) such that T'= SR. In this case, |T||x,, = inf | S|[||R],
where the infimum is taken over all such factorizations.
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Proof. Let T € Nyp(X,Y). Let (};)n € £ (X*) and (yn)n € £3.(Y) such that

T=Y z&yn
n=1

Consider the maps U : X — £, v — (z}(z)), and V : £, = Y, (o) —

> @nYn. Then we see that [|U|| = [(z3,)nlly and [V]] = [(yn)nlly-, and the

following diagram is commutative.

va

Since the weakly p-nuclear representation of T was arbitrary, inf || - ||| - || <

[T A -
Let T have the following factorization.

va

Consider the sequences (e R), in X* and (Se,), in Y. Then it is easily seen
that [|(e;, R)n|l;) = [|R] and [[(Sen)nlly- = [IS||. Tt follows that

i erReSe, =SR=T.

n=1

Since the factorization of T was arbitrary, || 1|, <inf| - || -]- O

'wp—

Lemma 2.3. Let 1 < p < co. Then for every Banach space X, Nyp(X,lp)
(respectively, Ny (L, X)) is isometrically equal to L(X,¢,) (respectively, L({,,
X)). Here £, is replaced by co when p = oo

Proof. Let T € L(X,£,). Consider the sequences (e;T), in X* and (e,)n
in £,. Then we see that (e;T), € £;(X*) and (en)n € £.(£,). Moreover,
(enT)nlly = IT]| and [[(en)nly- = 1. Hence T'= 3 enT®en € Nup(X, £p)
and |T|x,, = IT]).

To show the other part, let S € £(¢,,X). Consider the sequences (e}), in
¢y« and (Sey), in X. Then it is easily seen that

I(er)nlly = 1 11(Sea)nlly: = 1511, S = er@Sen.

Hence S € Nyp(£p, X) and ||S]|n,

wp

= [I5]- 0
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Remark 2.4. Lemma 2.3 does not hold in general for the case p = 1. Indeed, if
N1 (£, £1) would be equal to £(1,¢1), then, since weakly 1-nuclear operators
are weakly compact, by Schur’s property, the identity map on ¢; would be
compact. This is a contradiction.

From Proposition 2.2 and Lemma 2.3, we have:

Corollary 2.5. Let l <p< oo andletT : X — Y be a linear map. Then
T € Nup(X,Y) if and only if there exist R € Nyp(X,€,) and S € Nyp(€,,Y)
(€, is replaced by co if p = 00) such that T = SR.

Remark 2.6. For 1 < p < oo, we see that weakly p-nuclear operator is not
always compact considering the fact that Ny (€p, ¢,) is equal to L(€y,£,) by
Lemma 2.3. Also weakly 1-nuclear operator is not compact in general. In-
deed, let (z,), be a weakly null sequence in a Banach space Z such that the
set {z,}22, is not compact. Consider the weakly 1l-nuclear operator T' =
fo’:l en®z, from ¢; to Z, where each e, is the standard unit vector in co.
Then T cannot be compact.

3. The injective and surjective hulls of the ideal of weakly p-nuclear
operators

Sinha and Karn [14] introduced a ideal KCp, of ‘new’ p-compact operators and
its weak version. Let 1 < p < co. A subset K of a Banach space X is called
p-compact if there exists (@), € £,(X) (co(X) when p = 00) such that

K Cp-co(xp)n := {Z anZy : (ap) € By, }
n=1
We denote the unit ball of X by Bx and replace By,. with B, if p =1. For
alinear map T : 'Y — X, T € K,(Y, X) if T(By) is a p-compact subset of
X. Delgado, Pifieiro, and Serrano [2] defined a norm on the space C,,(Y, X) as
follows. For T' € IC,,(Y, X), let

Tk, := inf {||(a:n)n||p :(zn)n € £p(X) and T(By) C p—co(xn)n}.

Then [/C,, ||-[/k,] is a Banach operator ideal [3]. The ideal [W,, ||-|lw,] of weakly
p-compact operators is defined by replacing £,(X) and co(X), respectively, by
£2(X) and ¢ (X) in the definition of [/Cp, || - [Ix,]-

The surjective hull [A, || - || 4]5“" of an operator ideal [A, || - || 4] is defined as
follows;

AM(X,)Y):={T € L(X,Y) : Tqx € A({1(Bx),Y)},
where ¢x : ¢1(Bx) — X is the canonical quotient map, and ||T|| gsur =

ITgx |4 for T € A%*"(X,Y) (see [1, p. 113] and [12, Section 8.5]). The follow-
ing lemma is well known (cf. [12, Proposition 8.5.4]).
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Lemma 3.1. Let [A, ] - ||4] be a Banach operator ideal and let X and Y be
Banach spaces. A linear map T € A" (X,Y) if and only if there exist a
Banach space Z and an S € A(Z,Y) such that T(Bx) C S(Bz). In this case,

I

avur = inf 1S,
where the infimum is taken over all such inclusions.

Theorem 3.2. Let 1 < p < oo and let X and Y be Banach spaces. A linear
map T' € Ngi"(X,Y) if and only if T € Wp-(X,Y). In this case, |T||ngur =
1T (I, -

Proof. Let T € N3 (X,Y). Then Tqx € Nyp(1(Bx),Y). Let

Tax =Y (G)a®Yn
n=1

be a weakly p-nuclear representation. Then

T(Bx) = {3 ¢y s 2 € Bx | € p"-col(¢E)a )kl )

Hence T' € Wy (X, Y) and ||T||w,. < [[((¢)z)nlly [[(¥n)nlly-- Since the repre-
sentation was arbitrary, |T||w,. < |Texln,, = IT[lazur-

wp

In other to show the converse, let T € W,«(X,Y). Let € > 0 be given. Then
there exists (yn)n € £ (Y) With [[(yn)nlly- < [IT]|w,. + € such that

T(Bx) C p-co(yn)n-
Consider the map S : ¢, =Y (co = Y when p = 00) defined by

S = Z e:,@yn7
n=1
where (e},), is the sequence of standard unit vectors in £p,- (e}, € ¢y C £oo When
p=1). Then we see that S € Ny,(£,,Y) and
T(BX) C p*'co(yn)n = S(Blp)
Hence by Lemma 3.1, T € i (X,Y) and
1Tl < 1IS]

wp

Ny SN @n)nllp- < Tllw,- + e

Since € > 0 was arbitrary, we complete the proof. O

It was shown in [3, Proposition 3.11] that [N?, || ||a=]**" = [ICp, || - [Ik,]. We
may use the proof of Theorem 3.2 to show that result. The ideal [KCyp, || - [/, ]
of unconditionally p-compact operators is defined by replacing £,(X) by £;(X)
in the definition of [ICp,| - [[x,]. It was shown in [5, Theorem 4.5] and [10,
Proposition 3.1] that [, || - [l&,]**" = [Kup, [| - e, ]-

Persson and Pietsch [11] introduced a weaker notion of the p-nuclear opera-
tor. For 1 < p < oo, a linear map T : X — Y is called quasi p-nuclear if there
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exists (z3)n € £p(X™*) (co(X*) when p = oo) such that |Tz|| < ||(zf(2))nllp

n
for every x € X. We denote the space of all quasi p-nuclear operators from

X to Y by N2(X,Y). For T € N2(X,Y), let |7l o = inf [|(2},)nllp, where

the infimum is taken over all such inequalities. Then [N, || - || \-] is a Banach
P
operator ideal [11]. The ideal [N, || - ||y ] of quasi weakly p-nuclear opera-
2,

tors is defined by replacing £,(X™) and co(X™), respectively, by £’(X™) and
c¥”(X*) in the definition of V- ”Nﬁ]
The injective hull [A, || - || 4] of an operator ideal [A, || - || 4] is defined as
follows;
AMI(X)Y) = {T € L(X,Y): yT € A(X, {0 (By-))},

where Iy : Y — ls(By~) is the canonical isometry, and ||7T|
for T € A" (X,Y) (see [1, p. 112] and [12, Section 8.4]).

Aini = HIYTHA

Theorem 3.3. Let 1 < p < oo and let X and Y be Banach spaces. A linear
map T € N (X,Y) if and only if T € NZ,(X,Y). In this case, ||T|| yyini =
1Tl -

Recall that a Banach space Z is called injective if for every Banach space W
and every subspace Wy of W, any T' € L(W), Z) has an extension T' € L(W, Z)
with |T']| = ||T]|. It is well known that ¢,-spaces are injective.

Lemma 3.4. Let 1 <p < co. Suppose that'Y is injective. If T € ng(X, Y),
then T € Nuwp(X,Y) and | T, = [IT] ye -

wp

Proof. Note that if T € Nyp(X,Y), then T € NZ(X,Y) and [T <
||T||pr'

Now, let T € N (X,Y) and let € > 0 be given. Let (z},) € £¥(X*) be such
that for every x € X, [|Tz| < [|(z},(2))nllp and [[(z},)nll;) < HT”NEP +e. Let
us consider the linear subspace

Z:={(z;(x))n:x € X}

of ¢, (co when p = oco0) and the map J : Z — Y via (z},(2))n — T2. Then
it follows that J is well defined and linear, and ||.J|| < 1. Since Y is injective,
there exists an extension J : £, — Y of J with ||J|| = ||.J||. Define the operator
U:X — 4, by Uz = (2} (x)),. Then the following diagram is commutative.

T Y
gp

Hence by Proposition 2.2, T € Ny, (X,Y) and ||T|n.,, < U1 < [ (@5)nlly

wp =
< ||T||N3p + . Since € > 0 was arbitrary, |1, < |T||N3,,' O

X
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Proof of Theorem 3.3. If T € N/ (X,Y), then Iy T € Nyp(X, los(By-)). We
see that T' € N, (X,Y) and

1Tl < IvT)

Now = T
Conversely, if T € NZ,(X,Y), then IyT € N&,(X,ls(By-)). By Lemma
3.4, IyT € pr(X, loo(By+)) and
1T (| nins = My Tllav, = 1T 1l v - O

The above argument also shows that [N, || - [|lx;,]™ = [N, | - [ xel- The
ideal [N

up?
replacing £,(X*) by £4(X*) in the definition of [NQ, || - || ye]. Tt was shown in

[5, Theorem 4.4] that [],, ]| - ||g,]" = N

up’” ‘

|- l\re ] of quasi unconditionally p-nuclear operators is defined by
up

NGl

We now consider the duality relationship between J\/Z};,j and N;;;T as in
[3, Corollary 3.4].
Lemma 3.5. For every Banach space X, we have:

(a) For 1 <p < oo, if (v,)n € £, (X), then the set p-co(xy), is balanced,
convex and weakly compact.

(d) If () € cP(X) (respectively, (x%), € c¥ (X*)), then the set
{30 anzy t (o) € Be,} (respectively, {377 | anal @ (an) € Be, })
is equal to the closed balanced convex hull beo{x, }2; (respectively, the
weak* closed balanced convex hull beo” {%}22,) of {@,}2, (respect-
wely, {7,}721)-

Proof. (a) Clearly the set p-co(zy), is balanced and convex. Let

)
(Z aﬁxn)l?;l
n=1

be a sequence in {Y 7, oy : (o) € Be,. }. By the diagonal process, there
exist a subsequence (377, aftz, )2, of (307, afz,)2, and (8,) € By,. such
that for each n, ¥ — B, as | — co. Then for every z* € X*, we have

oo
* k
x ( atT, — E ﬁnfcn)
1 n=1

8

n

< Z ail — Ballz" ()| + Z |a§’|\x*(xn)| + Z |Bnl|z" (2]
n<N n>N n>N
1
< 3 ok = Bullet ) +2( 3t @a)l?)”
n<N n>N

Hence it follows that

oo oo oo
Z oﬂ:Ll x, weakly converges to Z Brnxy € { Z Ty : () € ng* }

n=1 n=1 n=1
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as | — oo.

(b) We only show the case ¢ (X*). Clearly the set {>°° | a,z% @ (o) €
By, } is contained in beo” {x%}2,, and that set is balanced and convex. So
we only need to show that the set is weak* compact.

Now, let (3°0°, afzk) be a net in {Y oo anxl : () € By, }. By Ty-
chonoff’s Theorem, we may assume that for every n, there exists a scalar 3,
such that lim. o = 3,. Also we see that (8,), € Be,. Then for every z € X,

| (ni_ojl o, - i_oj Busy ) (@)
< 3 lag = Ballsi@] + Y lagllzi @)+ Y 1Ballh @)l

n<N n>N n>N

Since (27}, is a weak* null sequence, Y7 | oz weak* converges to Y. Bnak
and so we complete the proof. ([l

By [3, Propositions 3.1 and 3.2] including the case p = co and Lemma 3.5,
we have:

Corollary 3.6. Let 1 <p<oo andletT : X — Y be a linear map.

(a) If (yn) € €(Y), then T(Bx) C p-co(yn)n if and only if |T*y*|| <
1" (yn))nllp for every y € Y.

(b) If (yn) € cg(Y), then T(Bx) C 00-co(yn)n if and only if | T*y*|| <
(" (Yn))nlloo for every y* € Y*.

(c) If (zy,) € £ (X*), then T*(By~) C p-co(x},)n if and only if | Tx| <
|(z% (x))nllp for every x € X.

(d) If (x1) € c§” (X*), then T*(By~) C co-co(x), if and only if | Tz| <

I(zk(z))nllco for every x € X.
From Corollary 3.6, we have:

Theorem 3.7. Let X and Y be Banach spaces and let T : X — Y be a linear
map.
(a) For 1 <p <oo, T € N&(X,Y) if and only if T* € W,(Y*,X*). In
this case, | T o = [T, -
wp
(b) If T* € Woo(Y*, X¥), then T € NZo(X,Y) and | T|| o < IT*[Iw., -
(c) For 1 < p < oo, if T € Wy(X,Y), then T* € NZ (Y*, X*) and
1T (|2, < 1Tl -

wp

4. The maximal hull and minimal kernel of the ideal of weakly
p-nuclear operators

A Banach operator ideal [A, || - ||.4] is said to be associated to a tensor norm
«a if the canonical map from A(M, N) to the tensor product M*®, N for every
finite-dimensional normed spaces M and N is an isometry.
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A tensor norm « is called right-injective if for every isometry I : Y — Z,

the operator
dx @I : X R,Y > X Q472

is an isometry for all Banach spaces X, Y, Z, where idx is the identity map on
X. If the transposed tensor norm ! of « is right-injective, then the tensor
norm « is called left-injective. It is well known that there exist the unique
largest right-injective tensor norm o\ and left-injective tensor norm /a smaller
than a tensor norm « (cf. [1, Theorem 20.7]).

Let 1 <p <oo. Forue X ®Y, define

wp(u) = inf {1} )5 1211 3)s 5 =D w5 @ yym € N}
j=1
Then w, is a finitely generated tensor norm (cf. [1, Section 12]) and K, is
associated to w, (cf. [1, Sections 17.12 and 22.3]).
Recall that £)(N) = £3(N) (1 < p < o0) and cg'(N) = co(N), W (N*) =
co(N*) for every finite-dimensional normed space N.

Proposition 4.1. Let 1 < p < co.

(a) The ideal [Nyp, || - |n,] is associated to the tensor norm wy.
(b) The ideal [Ny, || - |n,,]°"" is associated to the tensor norm [w,.
(¢) The ideal [Ny, || - |n,, )™ is associated to the tensor norm wpy\.

Proof. (a) For every finite-dimensional normed spaces M and N, we have the
following isometries;

M* @y, N = 8,(M,N) = Np(M, N).
(b) From Theorem 3.2 and [10, Proposition 3.3], we have the conclusion.
(c) Let 3 be a finitely generated tensor norm associated to [Ny, ||« a7, ]
Then by [8, Lemma 3.2(b)], 8 is right injective. We use [1, Proposition 20.9(2),

(3)] to show that § = w,\. Let M be a finite-dimensional normed space and
let n € N. Then we have the following isometries;

M ®p 02, — N (M*02) = Nopp(M*,02)) = M @y, 12 .
Hence 8 = wp)\. O
Let [A, || - || 4] be a Banach operator ideal. For T € L(X,Y), let
|T|| amax = sup{|lg.TIrr]| 4 : M is a finite-dimensional subspace of X

L is a cofinite-dimensional subspace of Y},

where Ips : M — X is the inclusion map and ¢7, : Y — Y/L is the quotient
map, and let

AHI&X(X’ Y) = {T c ;C(X, Y) . ||TH_Amax < OO}

Then we call [A, || - || 4]™™ := [A™®*, ] - || amax]| the mazimal hull of [A, || - || 4].
IE[A [ - [la] = [A - [La]™, then [A, ]| - [.a] is called mazimal.
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The minimal kernel of [A, ]| - || 4] is defined by
LA la]™ = [F o Ao F, || - 7o a0

where F is the ideal of approximable operators. [A, || - ||.4] is called minimal if
LA Il = TA - [La]™™

A Banach operator ideal [A, || - ||.4] is called right-accessible if for all finite-
dimensional normed space M, Banach space Y, T € L(M,Y) and € > 0, there
exist a finite-dimensional subspace N of Y and an S € L(M,N) such that
T =IyS and [|S]4 < (14€)||T]a-

[A, ||-]].4] is called left-accessible if for all Banach space X, finite-dimensional
normed space N, T € L(X,N) and € > 0, there exist a cofinite-dimensional
subspace L of X and an S € L(X/L, N) such that T'= Sqz, and ||S||l4a < (1 +
e)||IT||a- A left- and right-accessible Banach operator ideal is called accessible.

[A, || - |l4] is called totally accessible if for all Banach spaces X and Y, finite
rank 7' € L(X,Y) and € > 0, there exist a cofinite-dimensional subspace L
of X, finite-dimensional subspace N of Y and an S € L(X/L,N) such that
T = IySqs and [1S)a < (1+ )Tl

Corollary 4.2. Let 1 <p < o0.
(@) Nups I, ™2, Wasps [, ] and N, [|-[|lac,, )™ are all accessible.

(b) (Wap, I+ v 7)™, Wap, |+ v, 157 and (Wap, [+ lla,, J747) ™"
are all totally accessible.

(©) (Wup, |- la, 1), Wap, |+ [, 17 and (Wap, [1- L, ]79) ™ are
all totally accessible.

Proof. (a) By Proposition 4.1(a) and [1, Proposition 21.3, Theorem 21.5(a) and
Ex. 21.2(b)].

(b) By Proposition 4.1(b) and [1, the symmetric version of Proposition
21.1(2)].

(¢) By Proposition 4.1(c) and [1, Proposition 21.1(2)]. O

We denote the ideal of p-factorable operators by L, (see [1, Section 18]).
Then £, is maximal and it is associated to w, (see [1, Section 17.12]).

Corollary 4.3. Let 1 <p < o0.
(@) Wap, | Ia, 1™ = [Lp, | - I, ] and (Nup, ||+ v, ™™ = (8, |1 - 15, ]-
(b) (WNaps [| - lla, 7)™ = [Lps || i, 17 and (Ngy")™™ (X, Y) s dso-
metric to X*®/,,,Y for all Banach spaces X andY.
(©) (Waps [[+lln,, 1777 = [Lo, |-, ] and (Ny}? )™ (X, Y') ds isomet-
ric to X*®wP\Y for all Banach spaces X and Y.

Proof. (a) By uniqueness of maximal and minimal operator ideals associated
to finitely generated tensor norms.

(b) and (c): By Proposition 4.1(b), (c) and [1, Theorem 20.11(1), (2)], the
first parts hold. By [1, Corollary 22.2], the second parts hold. O
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