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ELLIPTIC OBSTACLE PROBLEMS WITH MEASURABLE
NONLINEARITIES IN NON-SMOOTH DOMAINS

YoOUCHAN KIM AND SEUNGJIN RyU

ABSTRACT. The Calderén-Zygmund type estimate is proved for elliptic
obstacle problems in bounded non-smooth domains. The problems are
related to divergence form nonlinear elliptic equation with measurable
nonlinearities. Precisely, nonlinearity a(¢, z1,2’) is assumed to be only
measurable in one spatial variable 1 and has locally small BMO semi-
norm in the other spatial variables z’, uniformly in £ variable. Regarding
non-smooth domains, we assume that the boundaries are locally flat in the
sense of Reifenberg. We also investigate global regularity in the settings of
weighted Orlicz spaces for the weak solutions to the problems considered
here.

1. Introduction and main result

Let © be a bounded domain in R™ (n > 2) with a non-smooth boundary 9€2.
Given an obstacle ¢ € H'(2) with 1) < 0 a.e. on 99, we define the admissible
set for the test functions:

A={p€ Hi(Q):¢>1 ae. inQ}.

We are interested in functions u:  — R belonging in A and satisfying the
following variational inequality:

(1.1) /a(Du,a?)-D(¢—u)dx > /F~D(¢—u)dw

Q Q
for all ¢ € A, where F = {f;} € L?*(;R"). Here, the symbol - represents
the standard inner product in R™. Such a function u is called a weak solution
to the variational inequality (1.1). Throughout this paper, we assume that
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nonlinearity a = a(§,z) : R” x R" — R” is measurable in x and differentiable
in &, and satisfies the following strict monotonicity and uniform boundedness:

{ Ng—=nl* < [a(§,2) —a(n, )] - (€ —n),
a(&;x)| + [€] | Deal€, x)| < Al¢]

for all z,&,7 € R™ and some constants 0 < A < 1 < A < co. With these
basic continuity assumptions, we further assume that for each point and for
each scale, nonlinearity a(, z1,2’) is allowed to be merely measurable in one
spatial variable z; and has locally small BMO semi-norm in the other spatial
variables z’ while the boundaries are trapped between two narrow strips.

According to the classical theory of the variational inequalities ([5,7,20]),
there exists a unique weak solution u € A of (1.1), with the estimate

1Dull gy < € (1Pl + 1%l oz ) -

where the positive constant ¢ is depending only on A, A, n, and |Q2|. We further
refer the reader to the texts written by Kinderlehrer-Stampacchia [20], Fried-
man [18] and Rodrigues [28] for further discussions about the classical theory
and its application of variational inequalities.

In this paper we consider an optimal Calderén-Zygmund type estimate for
the weak solution to the variational inequality (1.1). We are interested in
studying how the integrability of F and D1 is reflected to the integrability of
the gradient of solutions, under minimal regularity assumptions on the nonlin-
earity a({,z) and the smoothness requirement on the domain 2. In general,
the following WP estimates:

(13) 1Dl ooz < € (1F L poomny + 1060 o ine

holds true only for p € (2 —¢€,2+€), where € is a small positive constant. Here,
the constant ¢ is independent of u, F'; and D, see [1]. On the contrary, to hold
(1.3) for any value of p in the range [2 + €, 00) requires additional assumptions
on both a(£,x) and . In that sense, it provides a natural extension of the
previous result [8] which studied divergence form nonlinear elliptic equations
without obstacles.

There are many other results in the literature regarding the optimal Calderén
-Zygmund type estimate of nonlinear elliptic and parabolic obstacle problems.
(See, for instance, [2,4,5,7,10,11,30-33].) In this paper, the nonlinearity
a(§,x1,2') is assumed to be only measurable in x; variable and has locally
small bounded mean oscillation in 2’ variables. (See Definition 1.1 for details.)
We would like to emphasize that, from the previous results [9,14-16,22-24], it
can be inferred that this measurable assumption is optimal.

In order to state the additional hypotheses on a(¢, z) and 992 we introduce
the following notation:

(1) 2’ = (va,...,2,) €ER* P and x = (21,2),y = (y1,7') € R x R*~L,
(2) Bu(y") ={a' e R"™ 1 o' —y/| <r}and Qr(y) = (y1—r,y1+7)xBL(Y).

(1.2)
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(3) @r=0Q-(0), Qf =Q,N{zy >0} and Q; = Q, N{z; <0}.

(4) Qr(y) = Q2N Qr(y) and 92 (y) = Qr(y) N ON.

(5) fpgde = ﬁ [ gdx, where g € L'(E) and E is a measurable subset
in R™ with positive volume |E|

(6) ger(x1) = f5 921, 2")da" = |E/‘ S5 9(@1,2")da’, where E’ is a bounded
measurable subset of R"~! and |E’| stands for the (n — 1)-dimensional
Lebesgue measure of E’.

To measure the oscillation of a(¢,x1,2’) in xq-variable on Q,(y1,v’), uni-
formly in £ € R"\{0}, we consider a function 6 defined by

(1.4) 9(37 Qr(y))(m) = sup |a(§, x1,T ) - aB' (f,ml)‘7
£eR™\ {0} €]

where
éBé(y’)(faxl):][ ( )a(g,xhz/)dz’.
-y

We introduce the main assumptions on the nonlinearity a and the domain
Q.

Definition 1.1. We say that (a(&, z),Q) is (9, R)-vanishing of codimension 1
if for every y €  and for every number r € (0, R] with

dist(y, 0Q) = mm dist(y, z) > V2r,

there exists a coordinate system depending on y and r, whose variables are still
denoted by x = (z1,2), so that in this coordinate system y is the origin and

][ 16(a, Q,)(a)|? du < &2,

while, for every y €  and for every number r € (0, R] with
dist(y, 9Q) = HE%% dist(y, z) = dist(y, z0) < V2r
z

for some zy € 0f), there exists a coordinate system depending on y and r, whose
variables we still denote by © = (x1,2’), so that

(1.5) QF C Q:NQ C Q-N{(x1,2"): 11 > —26r}
and

][ 0(a, @) (x)]* dx < 6.

r

We have a few comments about this definition.

Remark 1.2. (1) If (a(&, x),Q) is (6, R)-vanishing of codimension 1, then
for each point and for each small scale, there is a coordinate system such
that a(&, z1,2') might have big jumps in z; variable but a(§, z1,2') is
in the class of BMO in z’ variables with small semi-norm.
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(2) The geometric condition (1.5) means that 2 satisfies the so-called
(6, R)-Reifenberg flat condition. (See [26,35].) Moreover, it guarantees
the measure density, that is, there is a constant c, = c«(d,m,8) > 0
such that

e« |Qr(20)] < |Qr(20) N < (1 —¢i)|Qr(20)]

for each cylinder @, (zp) with r € (0, R) and z, € 9. Note that, in
fact, the constant c, can be uniformly bounded by choosing § small
enough.

(3) Due to the scaling invariance property (see Lemma 2.3 below), one can
take for simplicity R = 1 or any other constants bigger than 1. On the
other hand, the constant § is invariant under the scaling. It will be
determined later to belong to (0,1/8).

Our main result is following:

Theorem 1.3. Let u € A be the weak solution to the variational inequality
(1.1). For any given p € (2,00), suppose that F € LP(Q;R"™) and Dy €
LP(Q;R™). Then there exists a constant § = §(A\,A,n,p) € (0,1/8) such that
if (a(&,x),Q) is (6,25R)-vanishing of codimension 1, then Du € LP(Q;R™)
with the estimate (1.3). Here, the positive constant c in (1.3) depends only on
ANAn,p, R, and |Q].

The paper is organized as follows. In the next section we present some
auxiliary tools which play an important role in the rest of the paper. In Section
3 we give the W-2-approximation. In Section 4 we derive the required W!-?-
estimate based on the Hardy-Littlewood maximal operator and the Calderén-
Zygmund-Krylov-Safonov-type covering lemma. In Section 5 we establish the
weighted Orlicz regularity estimates for the variational problems considered
here.

2. Preliminaries and auxiliary results

In this section, we summarize some results that will be crucially used in later
sections. These results are well-known or otherwise we provide appropriate ref-
erences. The main ingredients of our approach are the Hardy-Littlewood max-
imal operator, the Calderén-Zygmund-Krylov-Safonov type covering lemma,
and the global Lipschitz regularity for the so-called limiting equation.

We start this section by recalling the Hardy-Littlewood maximal operator
M. Given a locally integrable function g defined in R”, the maximal function
Mg of g is

(Mo)w) =sup [ Jgla)| e
Qr(y)

r>0
If g is defined on a bounded subset of R™, then

Mg = M?a
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where g is the zero extension of g from the bounded set to R™. The following
weak type (1, 1) estimate

(2.1 e R (M) > N < S [ gt ay,

is well-known for the maximal operator M. Moreover, strong type (p, p) esti-
mate holds for p > 1; that is, for g € LP(Q2) there is a constant ¢ = ¢(n,p) > 0
such that

1
(2.2) EHQHLP(R") < | MgllLe@wny < cllgllor@ny-
We will need also the following standard measure theory results.

Lemma 2.1. Givenp € (1,00), suppose that g is a nonnegative and measurable
function defined on a bounded subset Q) of R"™. Let yn > 0 and 6 > 1 be constants.
Then
geLP()) — S:= ZG’”’ HzeQ:g(z) > u&k}| < o0
E>1
and 1
ES < lglizo) < eI +5)
with a positive constant ¢ depending only on u,0,n, and p.

The following Calderén-Zygmund-Krylov-Safonov-type covering lemma plays
an important role in this paper. It may be proved in much same way as [8,27].

Lemma 2.2. Let Q be a bounded domain in R™ satisfying (8, R)-Reifenberg
flat condition (1.5). Let C' and D be measurable sets with C C D C ). Suppose
that there exists a small constant € € (0,1) such that

(1) for every y € Q, |CNQr(y)| < €lQr(y)l,
(2) for each y € Q and r € (0, R) one has that

Qr(y)NQC D whenever |CNQ-(y)| > €l@r(v)|

20v2 )"
IC] < (1—6) €[D].

The obstacle problem considered here is invariant under scaling and normal-
ization, which follows by a direct computations.

Then

Lemma 2.3. Let u € A be the weak solution to the variational inequality (1.1).
Assume that (a(§,x),Q) is (8, R)-vanishing of codimension 1. Fiz M > 1 and
0 < p <1, and define the rescaled maps

< a(Mg, pz) u(px) Flpz) - Y (px)

= = F = =

6.0 = 25, aw) = P = T i = G
and the setﬁ:{%m:weﬁ}.

Then
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(1) a(g, x) satisfies the basic condition (1.2) with the same constants A and

A.
(2) (a(¢, =), (NZ) is (0, %)—vam’shing of codimension 1.
B)aec A= {(,ZNS € HX(Q): ¢ > ¥ ae. in ﬁ} is the weak solution to the

variational inequality:
/~5(5,x)~D(g57ﬂ> dxz/~F~D(ngﬂ) dx, Vo€ A
Q Q
We need the following comparison estimates. The proof can be found in
[7, Lemma 3.5].

Lemma 2.4. Suppose that v,o € H'(Q) satisfy

—diva(Dv,z) < —diva(Do,z) in €,
v<D on OfL.

Then we have that v < ¥ a.e. in ).

The next lemma is the Lipschitz regularity of the so-called limiting equations
with zero Dirichlet boundary data. It may be driven by [8, Lemma 4.10] with
slight modifications. For the further references about the regularity results in
obstacle problems, we refer to [3,12,13,19] for the gradients Holder continuity
results and [25] for the gradient continuity result.

Lemma 2.5. Let v be a weak solution of

—divap; (Dv,z1) =0 n QF,
v=0 on Q3. N{x; =0},

where (1.2) is assumed on ap;, (§,71). Then we have the following Lipschitz

estimate:
1
2
2
”DUHLOO(Q;;) <c (é* | Dv| da:) ,

3r

where the constant c is depending only on A, A, and n.

From now on, we will use the letter ¢ to denote a constant that can be
explicitly computed in terms of known quantities such as A\, A, n, p, R, and |Q|.
This constant may vary in different occurrences.

3. Wl2.approximation lemmas

We start with an interior approximation lemma.

Lemma 3.1. Let u be the weak solution of the variational inequality (1.1) and
Q4 C Q. Suppose that for a small positive constant &

][ 10(a, Qu)|? dz < 62,
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][ |Dul? dz < 1, ][
Q47‘ Q47‘

hold. Then there exist a constant ny = ni(n,\,A) > 1 and a function W €
L>(Q2r) such that

and
|F|? do < 62, ][ |Dap|? da < 62
Qar

WL (@) <m1 and ][ |Du — W |*dx < coTFoT
Qar

for some universal constant o1 > 0.

The proof of this lemma will be omitted as it is very similar to that of
Lemma 3.2. We also refer to the proof of Lemmas 4.4 and 4.3 in [7].
We next prove an approximation lemma near the boundary.

Lemma 3.2. Let u be the weak solution to the variational inequality (1.1).
Suppose that for a small positive constant §

(3.1) QF C Qs C Qs N {xy > —1007},

(3.2) ][ 10(a, Qs,)|? dz < 62,

and "

(3.3) ]{2 |Dul?dx < 1, ]{2 |F|?dx < 62, ]{z |Dap|? da < 62

hold. Then there exist a constant ny = na(n,\,A) > 1 and a function V €
L>(Qa,) such that

VLo (@) < M2 and ][ |Du — V|2 dz < 57
Qo

for some universal constant oo > 0.

Proof. The proof will be divided into several steps. Note that Step 4 might not
be required when we prove interior cases.
Step 1. We first consider the following nonlinear elliptic equation.
—diva(Dk,z) = —diva(Dy, ) in Qs
k=u on  00s5,.
Since u € A, we see that k > 9 a.e. in Q5,, by Lemma 2.4. Without loss of

generality, we may assume that k = u (> ) in Q\ Qs, and so k > ¢ a.e. in Q.
It follows from taking ¢ = k in (1.1) that

(3.5) /Q

By (1.2) and (3.4)-(3.5) we see that

(3.4)

a(Du,x) - D (u—k)dx S/ F-D(u—k)dx.
Qs

][ |D(u — k)|? da < c][ [a(Du,x) — a(Dk,z)] - (Du — Dk) dz
Qs Qs
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Sc]{) [F — a(Dv, )] - D(u— k) do
§c][ [\F\2+\D¢|2}dx+%]{l |D(u — k)|? da.

57 5r

The last inequality follows from (1.2) again and Young’s inequality. Thanks to
(3.3), we have that

(3.6) ][ ID(u— k)2 dz < c][ IF? + DY) de < c5?
SZ5T 57
and then
(3.7) ][ Dk dz < c <1+][ |Du|2dx> <e
Qs Qs
Step 2. We next compare k to the unique weak solution w of
—diva(Dw,z) = 0 in Qs

(3.8) { w=k on  0Qs,.

Then it follows that

][ |D(w — k)[*dx < c][ [a(Dw, z) — a(Dk,w)] - D(w — k) dx
Qs Qs

< c]{%w [—a(Dk,w)] - D(w — k) dz.

Since w — k € H}(Q5,), we take w — k as a test function of (3.4). It follows
from (1.2) and Young’s inequality that

][ (—a(Dk,)] - D(w — k) do = ][ —a(Dv, )] - D(w — k) da
Qs

Qs

1
< c][ \DY[? dz + 7][ \D(w — k)2 da.
Qs 2 Qs
Thus we have that, by (3.3),
(3.9) ][ ID(w — B) dz < c][ \DY|? dz < 8
957« Q57‘

and that, by (3.7),

(3.10) ][ |Dw|*dz < ¢ (1 + ][ |Dk|? dm) <ec.
Q57- 957'

Step 3. Let h be a unique weak solution of

{ —diVéBér(Dh,,’El) =0 in Q4'm

(3.11) h=w on 0Ny,
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Then we have
][ |D(w — h)|* dx
Qur
(312) S C][ [éBiT(D’LU,Z‘l) _éBir(Dh’xl)] D(w—h) dx
Q4

< c][ ap, (Dw,r1) - D(w — h)dx.
Qay

Since w—h € HE(Q4,), we may assume that w—h = 0 in Q\Qq,.. Consequently
we see that

(3.13) /Q a(Dw,z) - D(w — h)dx = /Q a(Dw,x) - D(w — h)dx =0,

by taking the test function w — h € Hg(Qs,) in the problem (3.8). It follows
from (3.12), (3.13) and (1.4) that

][ |D(w — h)|*dx < c][ [ap, (Dw,z1) —a(Dw,z)|- D(w — h)dx
Qu,

ar

< c][ 0(a, Qqr) |Dw| |D(w — h)|dx

r

1
< c][ 16(a, Qu,) || Dw|?dx + 7][ |D(w — h)|? dx
Q47- 2 Q47'
and so
(3.14) ][ |D(w — h)|?dz < c][ 10(a, Qu,)|?| Dw|? dz.
Q4T Q4r

Thanks to the Reifenberg flatness condition (3.1), €24, satisfies the measure
density condition (see Remark 1.2) and thus the local version of Sobolev’s
inequality and Poincaré’s inequality hold true on the Reifenberg flat domain
(see [6,7]). Moreover, the weak solution w of the homogeneous equation (3.8)
has the property of self-improving integrability, because w = 0 on 3,95,
Precisely, there exists a small positive constant o = o(n, A\, A) such that

1

P 3
(3.15) (][ | Dw|*t dac) <ec (][ |Dw|2dx)
Q4T QST

and consequently it follows from (3.10) that

(3.16) ][ |Dw|*T7 dx < e
Qur
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With this self-improving property, we estimate the right hand side of (3.14) as

follows:
- pEe
| opeupioer i < (o= a)
Q4 .

s
X <][ | Dw|*T dx) .
Qu,
By (1.2), (1.4) and (3.1)-(3.2), it follows

(3 18) <]{2 \Q(a, Q4r)|@ dfC) e <ec <][ |Q(a7 Q4r)|2 dm) 247

<
Hence, it follows from (3.14), (3.17), (3.16), and (3.18) that

(3.17)

20
(3.19) ][ |ID(w —h)|>dz < 677 .
Qur

Step 4. Define n = n(z;) € C*(R) with
(3.20) =0 in (—1067,0), n=1 in R\ (—126r,2dr), and |Dng| < é
Then we consider a unique weak solution v of

—divag, (Dv,z1) =0 in Q1.
(3.21) { ’ v=nh on  0Q7F.

It directly follows that
/ ap, (Dv,z1)- D(v—nh)dr =0
Q3.
and, by (3.20),
(3.22) / ap, (Dv,1) - D(@ — nh) dz =0,
QST

where © is the zero extension of v from Q3. to Q3,. Due to (3.11) and n(v—nh) €
H{}(3,), we have that

(3.23) / ap; (Dh,71) - D[n(v —nh)]dz = 0.
Qs
Combining (1.2), (3.22), and (3.23) yields
)\][ |D(v — nh)|* dx
Q3

< ][ (A, (D0,21) — ag, (D(nh), 21)] - D(® — nh) de
Qs

_ ]{l (A, (Dh.z1) — ag, (D(gh),z1)] - D(v — h) de
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— ][ ap, (Dh,z1) - D(v —nh)dx
Q3 "
_ ][ (@, (Dh,z1) — ag, (D(gh),z1)] - D(v — h) de
Qs
+ ][ 5327.(Dh,x1) - Dn (v —nh)dx
Q3

+ ][ ap, (Dha1) - D(5—nh) (n— 1) da
937‘

and so, by (1.2) again,

][er D@ — )P de < (][ |Dh — Dnh)| |D(v — nh)|dx

3r

(3.24) + ][ |Dh||Dn||o — nh| dz
Q3

+ ][ |Dh||D (v — nh)| |1 ndx).

r

We first note that, from the self-improving property (see, for example, (3.15)),
there exists a constant oy > 0 such that

1 1
2Fog 2
<][ Dh|2+"°dm> “<e (f |Dh|2d:c>
Q3. Qar

and thus, by (3.10) and (3.19),

Ty
(3.25) <][ Dh|2+00dx> <e.
Q3

We now estimate the first integral on right-hand side of (3.24). From
Hoélder’s inequality, we see

(3.26) ]{2 \Dh — D(yh)||D(5 — nh)| do

1

i (ﬁ |D(v — nh)|2da;> °

<c(f 1= aPion? + 1DaPinPas )
QST
Since it follows from (3.25) that
1 2
(3.27) |Dh|*dx
|Q37“ Q3,.N{z1<26r}

1 ey
C <][ |Dh|2+o'odx> 2+o0 (ler N {.’L'l < 26}|> 2(2F00)
o |Q3r|

70
< 062(24-”0)’

IA
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we have that, by (3.20),

I :
(][ |1 — 77|2Dh2d:r,> S e |Dh|2dx
(328) Qs |Q3r| Qs,N{z1 <267}

0
< 20

~ Let h be the zero extension of h from Qs, to Qs,. Since h = 0 on 9,3,
h € HY(Q3,) and it follows

/ Ih(z)2de
Qs,-N{z1 <267}

20r B 2
<[ [ D) | da
Qar-N{z1<26r} —1267

<
3.29
( ) 26r B
< 0(57"/ / |D1h(y1,2')|?dy, | dx
QsrN{z1<26r} —126r
<

0(67“)2/ | Dy h(y1,2")|*dyrda’.
Qgrﬁ{ml <25T‘}

Thus, it follows from (3.20) and (3.29) that

Cc

Do e < s [ h[2d
/Qg,r (6T)2 Qz,.N{z1 <267}

< e, / |Dh|?dz,
Qz,.N{x1<26r}

where the constant ¢, is independent on ¢ and r. Combining (3.30) and (3.27)
implies

3 1
<][ Dn|2|h|2dx> <c |Dh|?dx
(3.31) Qs 13| Jay,n{ar <260}

90
< ¢ 2@Fe0)

Thanks to (3.26), (3.28), and (3.31), thus, we have

(3.30)

2

332 [ IDh=D@h)| Dbl de < 57T <][ lD(@—nh)Zdﬂ"’)
Q3 Q

3r

We next estimate the second integral on right-hand side of (3.24). From
(3.20) and Holder’s inequality,

(3.33) ][ |Dh||Dn||v — nh| dz
Qs

K} -1
c(0r) / \Dh| |6 — nh| dz
‘93r| Q3-N{z1 <267}
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1
or)~! ’
< om) / |Dh|2dz / |5 — nh|2d
‘Q3r| Qs,.N{z1 <267} Qs,N{z1 <267}

Since  — nh = 0 on Q3, N {1 = 0}, on the other hand, it follows

N

207
I@—UMWNS[;\DKE—Wwaﬂwl

in Q3 N {r; < 26r} and by Holder’s inequality

207
(@ am)@P <2 [ 1Dy~ nh) .o
0
in Q3. N{z1 < 26r}. From the fact that ¥ —nh = 0 on Q3, \ Q3., we have that

/ | — nh|?dx < 0(57“)2/ |D1 (v — nh)|*da
Q3,.N{x1<26r} Qz,.N{z1 <207}

and thus

1 : B
3.31) [ —— 15— nhf2dz | < cor ( ][ D@ — nh)|2dm> .
|Q37’| Qgrﬁ{l’l <25T} Q3

Combining (3.33), (3.27), and (3.34) yields that

2

(3.35) ][ \Dh| |Dn| |5 — nh| dz < 67 o0 <][ |D(v — nh)|2daz>
937\ 937'
The last integral on right-hand side of (3.24) is estimated as follows:

f;IDMUX@—UMHl—md$
3r

1 : z
(9 Dh|2da:> <][ |D(17—77h)|2dx>
37'| Q3-N{x1<27r} Q3

1
- 2
6 T o0) <]{2 |D(v — nh)|2dx) ,
3r

where we used Holder’s inequality, (3.20), and (3.31). Therefore, combining
(3.24), (3.32), (3.35), and (3.36), we have

(3.36)

IN

(3.37) ][ D — yh)|? dz < c675%.
3r
A direct calculation yields that
][ D@ — B2 da < 2][ \D(5 — yh)|% + |D(nh) — Dh? do
Q37- Q37‘
and
][ |D(nh) — Dh|*dz < 2][ |1 — n|?|Dh|? + | Dn|?|h|? dz.
QBT

3r
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Consequently, by (3.37), (3.28), and (3.31), we obtain that
(3.38) ]{z D@ — h)[2 d < 5755

ar
and that, by (3.1) and (3.25)

(3.39) ][ Dof? dz < c][ D2 dz < e,
Q1. Qs

because ¥ is the zero extension of v from Q3 to Q3.
Step 5. Now, we combine (3.6), (3.9), (3.19), and (3.38) to derive

][ |Du—D17\2da?§c(§2+62+52%f +52(+7730) < o7
927‘

for some o5 > 0. Applying Lemma 2.5 with (3.21) and (3.39) yields that

S

— 2
| DV| oo (0,,) < c||Dv||Lm(Q;l) <c <]£2+ | Dv| dx) <ec

3r

Finally, we complete the proof of this lemma by taking V = D®v. O

4. Global WP estimates

In this section, we obtain the optimal WP regularity for the weak solution
to the variational inequality (1.1) based on Lemma 2.2. So, let u € A be the
weak solution to (1.1). For a given p € (2, 00), assume that F, Dy € LP(Q;R™).

Now, in order to apply Lemma 2.2 to our situation, we need the following
result.

Lemma 4.1. There exists a constant N = N(X\, A,n) > 1 such that for each
€ € (0,1) one can select a small § = §(e, \,A,n) € (0, %) such that for such a
small 8, if (a(&, x),Q) is (J,25R)-vanishing of codimension 1 and Q,(y) with
y € Q and r € (0, R) satisfies
(4.1) [ {z € Q: M (IDul?) > N?} NQ.(y)| = €]Qr(y)],
then we have
42) Q(y) C {z € Q: M(|Duf’) > 1}U{z € Q: M (|F]?) > 6°}

' U{z € Q: M (DY) > §%}.

Proof. We prove the lemma by contradiction. Thus, assume that Q. (y) satisfies
(4.1) and the claim (4.2) is false. Then there exists a point y; € Q,.(y) =
Q- (y) N Q such that for every p > 0 one has

1

|Qp(yl)| Q,(y1)

1 1
(4.3) 7/ |F|?dr <62, and 7/ |Dep|? da < 62
1Qp(y1)] Q,(y1) 1Qp(y1)] Q,(y1)

|Dul? dz < 1,
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We first consider the interior case: Qg ﬁr(y) C Q. Without loss of generality,
we may assume that y = 0. Then

(44) Q4\/§r C Q5\/§r(y1) - QG\/ir c Q.

Since (a(, z), Q) is (4, 25R)-vanishing of codimension 1, there exists a new
coordinate system such that

(4.5) Qs4r CQ  and ][ 10(a, Qur)|* dz < 62
Qar

It follows from (4.3), (4.4), and (4.5) that

][ | Dul*dz < @52 |Dul?dx < c.
o |Qarl Jay s, )

Similarly, we have that
][ |F|?dz < ¢6*  and ][ |Dap|2da < b,
4r ar

Applying Lemma 3.1, one can find W € L*°(Qs,) and n; = ni(n,\,A) > 1
such that

(4.6) ”W”LN(QW) <mng and ][ |Du — W|2d3: < 05217}’1
2r

for some universal constant o; > 0. Now we set N; = max{4n?,2"}. Since
Q- C Q, we have that

[{z € @: M(|Du*) > N7} N Q|

< Hz €@ : M(|Du—WP) >ni}|+ [{z € Qr : M(W|?) > ni}|
<= |Du7W\2dz<c52+"1|Q |
nt Jo,

by (4.6) and weak type (1, 1) estimate (2.1). Since y = 0, we find that, in the
original coordinate system, for N > N;

[{z € Q: (IDuf?) > N} N Q. (y)] < ed77 Q. (y)].

This is a contradiction to (4.1) and completes the proof of the interior case.
We next consider the boundary case: Q4 5,.(y) ¢ Q. Since (a(,z),Q) is
(6, 25R)-vanishing of codimension 1, there exists a coordinate system such that

(47) Q;%T C 9257» C Q257- n {1‘1 > —50(5’/‘} and |0(a, Q25r)|2d$ < 52.
Q25r

Since o5, C Q25\/§r - leﬂr(y) - Q32\/§r(yl)a

(4.8) ][ Duftds < [Qezva 0l |Duf?de < ¢
Qo5 |Q25T| Q32\/§T(y1)
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by (4.3). Similarly, we have
(4.9) ][ |F|?dz < ¢6®  and ][ |Dap|2da < b2,
QQ57~ QZSr

It follows from Lemma 3.2 with (4.7), (4.8), and (4.9) that there exist V €
L>(Q10,) and ng = na(n, A, A) > 1 such that

[VllLe(@0,) <n2 and ][ |Du — V|*dz < b7
Ql()r

for some universal constant oo > 0. Now, letting No = max {4n§,4"}, we
estimate as follows:

[{z € Q: M(|Dul?) > N3} N Q1o
{z € Qor : M(|Du—V?) > n3}| + [{z € Qior : M([V[?) > n3}|

IN

IN

c/ |Du — V|2 dx < c6Tres |Q10r]-
Qior

Owing to that Q,(y) C Q1or, in the original coordinate system, for N > N,
{z € Q: M(IDu*) > N*} N Q,(y)|
[{z € Quor : M(|Du—V[?) > n3}|

57553 [Quor| < 6772 |Qn(y)].

IA

N

This is a contradiction to (4.1) and completes the proof of the boundary case.
O

Now fix € > 0 and take d and NV as given in Lemma 4.1. Based on Lemma 2.2,
we have the following power decay estimates.

Lemma 4.2. Let u be the weak solution to the variational inequality (1.1).
Suppose that (a(§,x),Q) is (0, 25R)-vanishing of codimension 1 and suppose
that for every y €

(4.10) {z € @: M(IDu*) > N*} N Qr(y)| < €|Qr|.
n
Finally, set e, = (%) €. Then for each positive integer k, we have

Hx € Q: M(|Dul?) > N%}’

k
< & [{z e Q: M(IDul?) > 1} + Y {x €Q: M(IFP) > 52N2<k—i>}(
=1

k

+Zei

i=1
Proof. Define

{x e Q: M(|Dy|?) > 52N2<k—i>}‘ .

C = {z € Q: M(|Du?*) > N?}
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and
D ={z e Q: M(|Dul*) > 1} U{z € Q: M(|F|?) > §*}
U {z € Q: M(|Dy|*) > 6*}.

Clearly C' € D C Q and the first condition of Lemma 2.2 is the assumption
(4.10). Moreover, the second one of Lemma 2.2 is a direct consequence of
Lemma 4.1. So, applying Lemma 2.2 yields the claim in the case £ = 1 and
the proof is completed by iteration. ([

Finally, we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. We first take the universal constant € € (0,1) so that
1
(4.11) NP80" e < 3

and then find a corresponding § = (e, A\, A,n) € (0, 1) from Lemma 4.1.
We consider the renormalized maps:

§|Qr|V?u

(4.12) i— ,
[ Fllr2(0) + DY 22(0)
and
_ § 1/2 F - ) 1/2

(4.13) F = Qx| , and ¢ = (@r[ v :

[F[[z20) + 1DV 22(0) [Fz20) + |1 DY 220
Then, thanks to Lemma 2.3 with M = ”FHLz((;gjll?/fHLz(m and L? estimates,
we have that
(4.14) / \Daifdz < c/ (172 + |DGP] dar < |

Q Q

and so
(4.15)  [{z € Q: M(IDaf*) > N?}| < c/ |Dii|?dz < ¢6%|Qr| < €|Qrl,
Q
where the last inequality will be held by further selecting a smaller § depending
d=0(e,\,A,n,p) € (0,1/8).

On the other hand, due to Lemma 2.1 with ¢ = M(62|F|?), # = N and
u =1, we have that

ZNp(k—i)Hx c Q- M(|F|2) > 52N2(k—i)}| < cHM((S_2|F|2)
k=i

ya
2
L% ()

and that, by strong type (p, p) estimate (2.2) and (4.14),
- P - P ~ 1P
HM(6‘2|F|2) P <e H5—2|F|2] P <e H5—1F .
LE(Q) LE @ Lr(Q)
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Thus it follows that

(4.16) ZNW 2

=1

{zeﬂ M(|F?) > 62N2k ”}]<c1 H5 1F]

Lr(Q)

Similarly, we have

(4.17) ZNW R

{er M(|IDJ|?) > 62N 1>H<cz Ha 1D¢H

Lr(Q

Note that the universal constants ¢; and ¢y are independent of .
Set €, = (%) e. It follows from (4.11) that

1
(4.18) NPe, < NP8Q"e < 3
Combining Lemma 4.2 with (4.15), (4.16)-(4.17), and (4.18) yields that

oo

ZNkp |{z € Q: M(|Dul?) > N?*}|

k=1

< Y N |{z e Q: M(|Duf?) > 1}]
k=1

o k
+> NS e |{re i mFR) > 2N
k=1 i=1
oo k
LN e
i=1

o
E Npe*
k=1

{x €0 M(IDY|?) > 52N2(k*i)}‘

IN

i

Il
-

+

(NPe,)’ (Z N k=P

k=i

{x €Q: M(FP) > 52N2<’f—i>}‘>

3

i

+3 (Ve (i N2 o e @ M(IDYI) > 52N2<ki>}|>

=1 k=1

(il 0 ) S0

vo)

Therefore, we have proved that combining strong type (p, p) estimate (2.2)
and Lemma 2.1, Da € LP(€;R™) with the estimate
o).

I /\

I /\

o101+ 5, + o723

Lr(Q)

~ 1 ~|IP
D1 0y < e (100 + |5 BT  + 703
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We recall that € = e(A,A,n,p) € (0,1) is a constant taken in (4.18), and the
corresponding constant § = d(e, \, A, n,p) € (0,1/8) is chosen by Lemma 4.1
and (4.15). Therefore, by the definitions of @, F, and ¢ and Holder’s inequality,
we have that

1Dul gy < € ((124/1QRDE +1) (1F I gy + 1PN ey )

where the constant ¢ depends only on A, A, n, and p. This completes the
proof. O

5. Weighted Orlicz regularity estimates

In this section, we derive regularity estimates for the weak solution to the
variational inequality (1.1) in the weighted Orlicz spaces. We first recall the
definition of the Muckenhoupt classes A, of weights. A positive locally inte-
grable function w on R™ is said to be a weight. For a given 1 < p < oo, the
weight w = w(x) belongs to the Muckenhoupt class A, if

= s (o / wo)ae) (5 [ wor dx) <o,

where the supremum is taken over all cubes () C R™. Note that A, class can
be defined in another way; that is, w € A, if and only if

(5.1) (g7 [ 1000e) < o5 | G wioas

holds for all positive f and all cubes Q. The smallest constant ¢ for which (5.1)
is valid equals the constant [w],. As a direct consequence of (5.1), we have

w (al) = o

whenever w € A, for some p € (1,00) and E is a measurable subset of Q.
Here, we used the notation w(E) = [, w(z)dz. In addition, the reverse Holder
inequality which is an essential property of A,-weight yields that

w(E) BN
(5:2) W@ = ’“‘<|Q|>

for some constants ¢ > 1 and 7 € (0,1). Note that these p and 7 depend only
on n, p, and [w],. We refer to [34,36] for more details about A,-weight.

We now introduce Orlicz spaces. The function @ : [0, 00) — [0, 00) is said to
be a Young function if ® is increasing, convex, and satisfies

P P
®(0) =0, P(c0) = lim P(p) = 400, lim M =0, lim ﬂ
p——+oo p—0+  p p—+oo P

=+00

To define reflexive Banach spaces, we further assume that the Young function
® satisfies the so-called Ay and V5 conditions, denoted by ® € Ay N Vg,

®(2p) <11 P(p) for some v; >1 andall p>0 (® e Ay)
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and
215D(p) < P(v9p) for some vy >1 andall p >0 (P € V).

Note that for ® € Ay N V4 one can find two constants 71 and 7 with 1 < 77 <
T9 < 00 such that

1
(5:3) - min{A", X"}0(p) < @A) < cmax{A”T,ATH0(p), A p 20,

where the constant c is independent of A and p. We next define the lower index
of &, denoted by i(®), by

log(he()) _ = log(ha(N))

i(®) = Algg+ logA  goxer logh
where
2(Ap)
ha(A) = sup A>0).
( ) p>0 (I)(p) ( )

In fact, the lower index number i(®) equals the supremum of 7 satisfying (5.3)
and 1 < i(®) < oo due to & € Ay N V5.

We finally ready to define the weighted Orlicz space considered here. For a
Young function ® € ANV, and a weight w € A;(¢), the weighted Orlicz space
L2 () is the class of all measurable functions g : Q — R satisfying

/<I>(|g(x)|)w(x)dx < +oo0.
Q

This weighted Orlicz space L () can be equipped with the weighted Luxem-

burg norm;
e =inf<k>0: [ @ L(IE” w(x)de <1;.
g UY( ) Q H

Owing to (5.3) and the convexity of ®, we have that
1 : T T

(5.4 —min{lgl7h o 9l e | < [ @llg(@))w(@)ds
p () 2(Q) A

< cmax { 1911 7s () ”9”22;%(9)}'

In addition, it is well-known that the Hardy-Littlewood maximal operator is
bounded from weighted Lebesgue space L, (R™) to itself. Similarly, for a given
Young function ® € Ay NV3 and a weight w € A;(¢), there exists ¢ = c¢(n, ®, w)
such that

(5.5) / @ (M) u(e)de < c/ @ (lg(@)])w()d

for all g € L2(R™) with compact support in R™. We finally refer to [9,17,21,29]
for a more discussion on A;(g)-weight and weighted Orlicz spaces.
We are now ready to state the main result.
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Theorem 5.1. Let u € A be the weak solution to the variational inequality
(1.1). Suppose that w € A;gy with ® € Ay NV and further that |F|?, |Dy|? €
L2(Q). Then there exists a constant § = §(\,A,n,®,w) € (0,1/8) such that if
(a(&,x),Q) is (§,25R)-vanishing of codimension 1, then |Du|?> € L2(Q) with
the estimate
(5.6) I1Dul?|le ) < c(IFllzs @) + 1DVl o))
where ¢ is a positive constant depending only on A\, A,n, R, ®,w, and €.

We remark that the variational inequality (1.1) has a unique weak solution
u € A, under the assumptions |F|2, |Dv|? € LE(Q) with ® € Ay NV, and
w € Aj). In fact, it follows L3 (€2) € L'(Q) and precisely for |[F|* € L3 (Q)
the following estimate is obtained:

(5.7) 1 .
/Q|F(a:)|2dx <ec l(ﬁ@(F%w(:c)dw)n + (]{lq)(Fz)w(x)da:> ] .

(Note that f,--- means ﬁ Jo -+ on the right hand side of (5.7) and the

constant ¢ depends only on n, [w];), and diam(2).) Thus, the existence and
uniqueness of weak solution in A4 to (1.1) is obtained by the classical theory.
The inequality (5.7) is followed by the reverse Holder property of A;(g)-weight;
that is, w € Ai(cp),eg with [w]i@,),éo < Cnji(@) [w]i(q)). By (5.3),

N =0t < cDd(N), A>1, >0,
and specially

o@D < gry@le@l) i g 21

Consequently we have that

/{ﬂ:g(mnzl} lg(z)|dz < ¢ (/Q (I)(|g<x)>w(x)dx)

for some ¢ = c(w, ®, diam(2)) > 0. For more details, we refer to [9,17,29].

1
i(®)—<o

Lemma 5.2. Given a Young function ® € Ay N'Vy, let w € Ajp). Assume
that g is a nonnegative and measurable function defined on a bounded domain
QinR™. Let 8 >0 and A > 1 be constants. Then

ge L) — S:Zq)()\k)w({xeﬂzg(m) >9)\k}) < 0
E>1

and
ls< /Q @ (g(2))w(@) dz < c(w(@) + ),

the positive constant ¢ depending only on 0, X\, ®, and w.
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The weighted measure version of the Calderon-Zygmund-Krylov-Safonov-
type covering lemma is used to prove the main theorem. The following lemma
can be found in [27,29] with slight modifications.

Lemma 5.3. Given a Young function ® € Ay NV, let w € Ajqy. Let Q be a
bounded (0, R)-Reifenberg flat domain for some small § > 0 and let C and D
be measurable sets with C' C D C Q. Suppose that there exists small € > 0 such
that

(1) for any y € Q, w(C'NQr(y)) < ew(Qr(y)),
(2) for eachy € Q and r € (0, R),

if w(CNQ-(y)) > ew(Qr(y)), then Q. (y)NQCD.
Then
w(C) < ¢y ew(D),

where the constant c, 1s depending only on n, ®, w, and ﬁ.

Now, we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. In view of (5.4), we have that

Dul?|[Fs g < c/ <I>(|Du\2)w(x)dx < c/ <I>(M(|Du|2))w(x)dx
v Q Q
for some « > 0. Thanks to Lemma 5.2, it suffices to show that

S =3 o(N*) w({x € Q: M(|Dul?) > N2k}> < 0,

k>1

under the assumption [|[F[?||pe(q) + [[[DY?[|p2(q) < 6. Then the desired
estimate (5.6) is follows from Lemma 2.3. Note that, by (5.4) and (5.7), we
have that

(5.8) /Q(|F|2+|Dw\2) dz < c(|[IFPllLe@ + I1DYPlLe @)™ < 0™

for some 73 = 713(711,72) > 0.

4l

Fix € and then take § and N as given in Lemma 4.1 with (i) , in place of

€, where p and 7 are given by (5.2). Define the sets
C = {z € Q: M(|Du*) > N*}
and
D ={z € Q: M(|Dul’) > 1} U{z € Q: M(|F|*) > 6*}
U {z € Q: M(|Dy|*) > §*}.

To apply Lemma 5.3, check its hypotheses. Clearly C' C D C Q and for
each y € Q it follows from (5.2), weak type (1,1) estimate (2.1), the standard
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L2-estimate, (5.8) that

WCAQr) _ (1ICNQeWIN™ Y
W(Qr(y)) <“( Qr(y) ) Selcl <C</Q'D“ d‘”)

<c (/ (IF|> + |Dy?) da:) < e8P < e,
o

where the last inequality will be held by further selecting a small § depending
0 =46(e;,n, \, A, @, w, R, diam(Q)) € (0,1/8).

To check the second condition of Lemma 5.3, we suppose that w(C N Q,(y)) >
ew(Qr(y)). It follows from (5.2) that

Ww(CN Q) _ (1CNQwI\
= Tu@r W) S“( Q.(v)] )

and so

€

(M)T Q. (9)] < 10N Qr(y)| = |{z € Q: M(DuP) > N?} N Qal) .

1

By the choice of §, one may apply Lemma 4.1 for the constant (i) " instead
of € to find that 6, @,(y) N C D. Thus we have Lemma 5.3 and that
w ({z € Q: M(|Dul?) > N?}) < e,w ({z € Q: M(|Dul?) > 1})
+ew ({z € Q: M(IF]?) > 6°})

+eaw ({z € Q: M(DYJ?) > 62})

1
where €, = ¢, (i) . Moreover, we have the following power decay estimates
due to its iteration argument: for k =1,2,3,.. .,

w ({z € Q: M(|Dul?) > N?*})
< éfw ({z € Q: M(|Dul?) > 1})

k
i . (k=)
+;€*w ({x € Q: M(|F?) > 6* N> }>

k
i . (k=)
+ ;E*w ({37 € Q: M(|Dy*) > §*N** }) ‘

The rest of the proof is the same as the proof of Theorem 1.3 in Section 4,
but we have to use (5.5) and Lemma 5.2 instead of using (2.2) and Lemma 2.1,
respectively. For more details, we refer to [29]. This completes the proof. [
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