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SOME 4-TOTAL PRIME CORDIAL LABELING OF GRAPHS

R. PONRAJ*, J. MARUTHAMANI AND R. KALA

ABSTRACT. Let G be a (p, q) graph. Let f : V(G) — {1,2,...,k} be amap
where k € N and k > 1. For each edge uv, assign the label ged(f(u), f(v)).
f is called k-Total prime cordial labeling of G if |tf (1) =ty (])| <1,i,j€
{1,2,--- ,k} where t(z) denotes the total number of vertices and the edges
labelled with z. A graph with a k-total prime cordial labeling is called k-
total prime cordial graph. In this paper we investigate the 4-total prime
cordial labeling of some graphs.
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1. Introduction

All Graphs in this paper are finite, simple and undirected. Let Gy, G2 re-
spectively be (p1,q1), (p2,q2) graphs. The corona of G; with G2, G1 ® G is
the graph obtained by taking one copy of G1 and p; copies of G2 and joining
the i'" vertex of Gy with an edge to every vertex in the i** copy of Gy. The
cartesian product of two graphs G; and G» is the graph G; x G2 with vertex
set V1 x V, and two vertices u = (u1,us) and v = (v1,v2) are adjacent whenever
[ur = v1 and ug adj ve] or [uz = ve and uy adj vy]. The graph L, = P, x K»
is called ladder. A friendship graph F;, is a graph which consists of n triangles
with a common vertex. Ponraj et al. [4], has been introduced the concept of k-
total prime cordial labeling and investigate the k-total cordial labeling of certain
graphs. Also in [4, 5], we have investigated the 4-total prime cordial labeling
for path, cycle, star, bistar, flower graph, gear graph etc. In this paper we in-
vestigate the 4-total prime cordiality of some graphs like comb, double comb,
triangular snake, double triangular snake, ladder, friendship graph.
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2. Main results
Theorem 2.1. The comb P, ® K; is 4-total prime cordial.

Proof. Let P, be the path uy,us,...,u,. Let vi,vs,...,v, be adjacent to the
pendent vertices uy, usg, ..., u,. Clearly |V(P, ® K1)|+ |E(P, ® K1)| = 4n — 1.
Case 1. n =0 (mod 4).

Let n = 4t, t € N. Assign the label 4 to the vertices uy, us, ..., u; and assign
the label 3 to the vertices wsy1, ugt2, ..., u. Next we assign the label 2 to the
vertices ugi41, U2t+2,- .., us; and assign 1 to the vertices usiy1, Usiya, ..., Up—1
respectively. Finally we assign the label 4 to the vertex u,. Next we con-
sider the vertices v1,vo,...,v,. Assign the label 4 to the vertices vy, vs, ..., v
and assign the label 3 to the vertices viy1,veta,...,v2 and 2 to the vertices
Vo441, V2t4+2, - - -, U3t. 1Next we assign 1 to the vertices vsiy1, V342, ..., Up—1 TE-
spectively. Finally we assign the label 3 to the vertex v,,. Clearly t;(1) = t;(3) =
ty (4) =4t and ty (2) =4t — 1.

Case 2. n =1 (mod 4).

Let n = 4t 4+ 1, t € N. In this case, assign the label to the vertices u; (1 < i <
n—1)and v; (1 <i<n-—1) by in case 1. Next assign the labels 2 and 3 to
the vertices u, and v, respectively. Here t¢(1) = t;(2) = t7(3) = 4t + 1 and
ty (4) = 4t.

Case 3. n =2 (mod 4).

Let n =4t + 2, t € N. As in case 2, assign the label to the vertices u; (1 <i <
n—1) and v; (1 <i<mn—1). Next we assign the labels 4 and 3 to the vertices
Uy, and vy, respectively. It is easy to verify that t7(1) = t¢(2) =t4(3) = 4t + 2
and ty(4) =4t + 1.

Case 4. n =3 (mod 4).

Let n =4t + 3, t € N. Assign the label to the vertices u; (1 <4 <n —3) and v;
(1 <i<mn-—23)asin case 1. Finally we assign the labels 4, 2, 3 to the vertices
Up—2, Un—1 and u, and 3, 4, 2 to the vertices v,_2, v,—1 and v, respectively.
Here t7(1) =t7(2) =ty (4) = 4t + 3 and ¢,(3) = 4t + 2. O

Theorem 2.2. The double comb P, ® 2K is 4-total prime cordial.

Proof. Let P, be the path wjus...u,. Let z;,y; (1 <4 < n) be the pendent
vertices adjacent to u; (1 <4 < n). Obviously |V (P, ® 2K;)|+|E(P, ® 2K;)| =
6n —1.

Case 1. n =0 (mod 4).

Let n = 4t, t € N. Consider the vertices of path P,. Assign the label 4 to the
vertices uy,usg,...,u; and assign the label 3 to the vertices uiq1, Uy, ..., uot.
Next we assign the label 2 to the vertices uo¢41, u2¢+2,. .., us; then assign 1 to
the vertices ussy1,uset2, ..., up—1. Finally we assign the label 3 to the vertex
uy,. Next we move to the pendent vertices. Assign the label to the vertices x;, y;
(I1<i<n-1)asinwu; (1 <i<mn-—1). Now we assign the labels 2 to the vertex
xp, and 4 to the vertex y,,. Clearly t7(2) =t5(3) =t7(4) = 6t and t(1) = 6t — 1.
Case 2. n =1 (mod 4).
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Let n = 4t + 1, t € N. As in case 1, assign the label to the vertices wu;, x;, y;
(1 <i<mn-—1). Now we assign the labels 3, 2, 4 to the vertices u,, x, and y,
respectively. Here t;(1) =t7(2) =t;(4) =6t + 1 and t(3) = 6t + 2.

Case 3. n =2 (mod 4).

Let n =4t 4+ 2, t € N. Assign the label to the vertices u;, z;,y; (1 <i<n—1).
Next we assign the labels 4, 2, 3 respectively to the vertices x,,, u, and y,. It is
easy to verify that ¢(1) = ¢(2) =t7(3) =6t + 3 and t;(4) = 6t + 2.

Case 4. n =3 (mod 4).

Let n = 4t + 3, t € N. As in case 1, assign the label to the vertices u;, z;,y;
(1 <i < n-—3). Now we assign the labels 4, 3, 2, 4, 3, 2, 4, 3, 2 to the
vertices Tp—2, Tp—1, Tny Un—2, Un—1, Un, Yn—2, Yn—1 and y, respectively. Here

tf(Z)th(3):tf(4>:6t+4 and tj'(l):6t+5. O
Theorem 2.3. The graph C,, ® 2K is 4-total prime cordial.

Proof. Let Cy, be the cycle ujus ... upur. Let 2;,y; (1 <1i < n) be the pendent
vertices adjacent to u; (1 < i < n). It is easy to verify that |[V(C,, ® 2K;)| +
|E(C,, ®2K1)| = 6n.

Case 1. n =0,1,3 (mod 4).

Let n =4t,;n =4t + 1,n = 4t + 3, t € N. The vertex labelled in Theorem 2.2 is
also a 4-total prime cordial of C,, ® 2K;.

Case 2. n =3 (mod 4).

Let n = 4t + 2, t € N. Assign the label to u;, 2;,y; (1 < i < n) as in Theorem
2.2. Finally interchange the labels of u,, and x,,. Obviously this induced vertex
labels is a 4-total prime cordial of C,, ® 2Kj. O

Theorem 2.4. The ladder L,, is 4-total prime cordial.

Proof. Let V(L) = {us,v; : 1 <i<n}and E(Ly,) = {ujuit1,vivi41 : 1 <@ <
n—1} U{uw; : 1 <i<n}. Clearly |V(L,)| + |E(Ly,)| = 5n — 2.

Case 1. n =0 (mod 4).

Let n = 4¢, t € N. Assign the label 4 to the vertices uy,us,...,u; and as-
sign the label 2 to the vertices w41, utqa,...,uz. Next we assign the label
3 to the vertices uop41,Ugtt2,-..,us; then assign the label 1 to the vertices
U3t4+1,U3¢+2,---,Un—1. Finally we assign the label 4 to the vertex u,. Next
we consider the vertices v; (1 < i < n). Assign the label 4 to the vertices
v1,V2,...,v; and assign the label 2 to the vertices viy1,viya,...,va. Next we
assign the label 3 to the vertices vosy1,v2tt2, ..., vs: then assign the label 1 to
the vertices vssy1,v3t42,...,Un—1. Finally we assign the label 3 to the vertex
U Clearly t¢(1) =t£(2) =5t and ¢4(3) = tf(4) = 5t — 1.

Case 2. n =1 (mod 4).

Let n = 4t + 1, t € N. As in case 1, assign the label to the vertices u;, v;
(1 <i<mn-—1). Next we assign the label 4, 3 respectively to the vertices wu,
and v,. Here t7(1) =t¢(3) =t¢(4) = 5t + 1 and ¢;(2) = 5¢.

Case 3. n =2 (mod 4).
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Let n = 4t+2, t € N. Assign the label to the vertices u;, v; (1 <i <n—4) by in
case 1. Now we assign the label 1, 4, 3, 4 to the vertices u,_3, Un—2, un—1 and u,
respectively. Finally we assign 3, 2, 3, 4 respectively to the vertices v,_3, vn_o,
vp—1 and vy,. It is easy to verify that t;(1) = ¢,(2) = ¢,(3) = t;(4) = 5t + 2.
Case 4. n =3 (mod 4).

Let n = 4t + 3, t € N. In this case, assign the label to the vertices wu;, v;
(1 <i<n-—26)byin case 1. Then we assign the labels 4, 4, 3, 2, 1, 1 to the
vertices Un—5, Up—4, Up—3, Un—2, Up—1 and u, respectively. Finally we assign 4,
3, 3, 2, 1, 1 respectively to the vertices vp_3, Vn—3, Un—3, Un—2, Un—1 and vy,.
Here t7(2) =t;(3) =ty (4) =5t + 3 and t,(1) = 5t + 4. O

Theorem 2.5. The triangular snake T,, is 4-total prime cordial.

Proof. Let P, be the path wjus...u,. Let v1,va,...,v,—1 be the vertices such
that v; is adjacent to both w; and u;41 (1 <i < n—1). It is easy to verift that
Case 1. n =0 (mod 4).

Let n = 4t, t € N. Assign the label 4 to the vertices ui,us, ..., u; and assign the
label 2 to the vertices wsy1, Ust2, ..., uz. Next we assign the label 3 to the ver-
tices ugsy1, Uott2, - - -, uss then we assign 1 to the vertices usiy1, usit2, ..., Unp—1.
Finally we assign the label 3 to the vertex u,,. Next we consider the vertices v;
(1 <i<n—1). Assign the label 4 to the vertices vy, va,...,v; and assign the
label 2 to the vertices v441,vi49,...,v2:—1 and we assign the label 3 to the ver-
tices vat, Vogy1,---,Ust—1. Next we assign 1 to the vertices vsg, vsgt1,- .., Up—3.
Finally, we assign the labels 2, 4 to the vertices v,,—2 and v, respectively. Here
tr(1) =15(2) = t(3) = ty(4) =5t — 1.

Case 2. n =1 (mod 4).

Let n = 4t4+1,¢t > 1t € N. As in case 1, assign the label the vertices to
ui(1 <14 <3t),v; (1 <i<3t—1). Next we assign the labels 4, 3, 2 to the vertices
U3t+1, Ust+2, Ust+3 Tespectively. Assign the label 1 to the remaining vertices of
the path P,. Now we assign the labels 1, 3, 4 to the vertices vs¢, v3;41 and vsi4o
respectively. Finally we assign the label 1 to the vertices vsi4+3, Us¢+4,. .., Un—1.
Clearly t¢(1) =1t£(2) =tf(4) = 5t and t¢(3) = 5t + 1. For n = 5 a 4-total prime
cordial labelling of T3 is shown in Figure 1.

4 2 3 3

FIGURE 1
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Case 3. n =2 (mod 4).

Let n =4t4+2,¢t > 1t € N. As in case 2, we assign the label to the vertices
tou; (1 <i<3t+2), v (1 <i<3t—1). Then we assign the labels 4, 2
to the vertices usyt+s3, usiyq respectively. Finally we assign the label 1 to the
remaining vertices of the path P,. Then we assign the labels 4, 3, 2 respectively
to the vertices vs;, v3i+1 and vsg4o. Finally we assign the label 1 to the vertices
V343, Ust44, - - -, Un—1. 1t is easy to verify that t7(1) = t4(3) = 5t + 1 and
t7(2) = ty(4) = 5t +2. When n = 6 a 4-total prime cordial labelling of T is
shown in Figure 2.

4 2 2 3 1

FIGURE 2

Case 4. n =3 (mod 4).

Let n =4t+3,t > 1t € N. Assign the label to the vertices to u; (1 <i < 3t+42),
v; (1 <14 < 3t+2) by case 3. Next we assign the label 2, 3, 4, 3 respectively
to the vertices us¢43, Usita, Users and usire. Then the remaining vertices of
path labelled by 1. Now we assign the label 2 to the vertex vs;y3. Finally we
assign the label 1 to the vertices vsiy4, Usits, ..., Un—1. Clearly t;(1) =¢;(2) =
t7(3) =5t + 3 and t;(4) = 5t + 2. When n =7 a 4-total prime cordial labelling
of T7 is shown in Figure 3.

4 2 2 3 4 4

FIGURE 3

Theorem 2.6. The double triangular snake D(T,,) is 4-total prime cordial.
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Proof. Let P, be the path ujus...u,. Let v;, w; be the vertex adjacent to w;
and u;11. Obviously |V(D(Ty))| + |E(D(T,))| = 8n — 7.

Case 1. n =0 (mod 4).

Let n = 4t,t € N. Assign the label 4 to the vertices w1, us, ..., us and assign the
label 2 to the vertices wsy1, us+a,...,us. Next we assign the label 3 to the ver-
tices ugyy1, U2tt2, - - -, Uz then we assign 1 to the vertices usyy1, Useya, -« -, Up—1-
Finally we assign the label 3 to the vertex u,. Next we consider the vertices
vy, w; (1 <4 < mn—1). Assign the label 4 to the vertices vy, va,...,v; and
wi, Ws, ..., ws. Then assign the label 2 to the vertices vi41,vi42,...,v2—1 and
Wit1, Wy, - - ., Wo—1. Next we assign the label 3 to the vertices vat, va¢41, ..., V3¢—1
and wag, W41, ..., w3—1. Now we assign 1 to the vertices vsg, vsgq1,. .., Un—3
and ws¢, W3gy1, - .., W,y—3. Finally, we assign the labels 2, 4, 2, 4 to the vertices
Un—2, Un—1, Wn—2 and w,_1 respectively. Clearly t;(1) =t7(2) =t7(3) =8t —2
and ty(4) =8t — 1.

Case 2. n =1 (mod 4).

Let n =4t +1,t € N. As in case 1, assign the label to the vertices u; (1 <14 <
n—3),v (1<i<n-1)and w; (1 <i<mn-—23). Next we assign the labels
2, 3, 4, 2, 3 respectively to the vertices u,_2, Up—1, Up, Wp—2 and w,_1. Here
tf(l) = tf(?)) = tf(4) = &8t and tf(2) =8t+1.

Case 3. n =2 (mod 4).

Let n =4t + 2, t € N. As in case 2, assign the label to the vertices u; (1 <14 <
n—4),v; (1 <i<n-—4)and w; (1 <i<n-—2). Now we assign the labels
2,3,3,4, 4,4, 4, 2 to the vertices un,—_3, Un—2, Un—1, Un, Vn—3, Un—2, Un—1 and
wy,—1 respectively. It is easy to verify that ¢;(1) = t4(2) = t;(4) = 8¢ + 2 and
tf(?)) =8t + 3.

Case 4. n =3 (mod 4).

Let n =4t + 3, t € N. As in case 3, assign the label to the vertices u; (1 <i <
n—1),v (1 <i<n-—2)and w; (1 <:<n-—2). Finally we assign the labels
4, 3, 2 respectively to the vertices uy,, vp—1 and wy—_1. Clearly t;(1) =t¢(3) =
tf(4)=8t+4 and tf(2)=8t+5. O

Theorem 2.7. The friendship graph Cét) is 4-total prime cordial iff t = 0,1, 2
(mod 4).

Proof. Let V(C’ét)) = {u,u;,v; : 1 <i<n}and E(Cg(t)) = {uu, wv;, uv; 0 1 <
i <n}.

Case 1. t =0 (mod 4).

Let t=4m, m >4 m e N.

Subcase 1. m is even.

Assign the label 4 to the central vertex u. Next assign the label 4 to the vertex

UL, UD, - -« Uy, AN V1, V2, . .., Up,. Next assign 2 to the vertices w41, Umt2, - - -, Uom
and Uy, 41, Um+2, - - -, V2m - Next assign the label 3 to the vertices w41, U2m+2, - - -
UTm , ..oy Udm and vam+1, Vam+2, - - - , VTm . Finally assign the label 1 to the re-

maining vertices.
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Subcase 2. m is odd.

As in subcase 1, assign the label to the vertices u;, v; (1 <14 < %) Next
assign the label 3 to the vertices vzm+i,...,v4,, and assign the label 1 to the
remaining vertices. Clearly ¢ (1) = ¢(2) = ¢;(3) = 5m and t;(4) = bm + 1.
Case 2. t =1 (mod 4).

Let t =4m+ 1, m > 4 m € N. As in case 1, assign the label to the vertices
ug, v; (1 <i<4m —1). Finally assign the labels 3, 2 to the vertices w,, and v,
respectively. Clearly t7(1) =t7(2) =5m +2¢,(3) =t;(4) =5m + 1.

Case 3. t =2 (mod 4).

Let t = 4m 4+ 2, m > 4 m € N. Assign the label to the vertices u;, v; (1 <
i < 4m — 2) by case 1. Next we assign the labels 4, 2, 3, 3 respectively to
the vertices Uam—1, Vam—1, Uam and van,. It is clear that t;(1) = 5m + 2 and
ty (2) =ty (3) =ty (4) =5m+ 3.

Case 4. t =3 (mod 4).

Let t =4m+2, m > 4 m € N. Clearly ’V(cét))’ + ‘E(cét))’ = 20m+16. Suppose

f is a 4-total prime cordial of Cét).

Subcase 1. f(u) =1 or 3.

In this case, either t7(2) < 5m +4 or t7(4) < bm + 4.

Subcase 2. f(u) =4.

To get edge label 3, 3 should be labelled to the adjacent vertices. So far the
maximum possibility 3 is the label of the adjacent vertices. To get the edge
label 2, either 2 is labelled to the adjacent vertices or 2 and 4 are labelled on
the adjacent vertices. Thus for the maximum possibility of 4 is the labels of the
adjacent vertices and 2 is the labels of the adjacent vertices. But in this case
t7(4) > 5m + 4, a contradiction.

Subcase 3. f(u) =2.

Similar to subcase 2.

Case 2. t =2,4,5,6,8.

A 4-total prime cordial labeling is given in Table 1.

n |2/4(5]6]|8
u 4121222
up (41414144
up | 214141414
uz | 34| 444
ug | 3|3|4(41|4
Us 31334
Ug 31334
uy 413133
ug 313133
ug 21213
U110 11313
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Uil 413
U192 313
u13 4
U4 3
Uiy 2
U1 1
Table 1:
O
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