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Abstract

In engineering problems, many random variables have correlation, and the correlation of input random variables has a great
influence on reliability analysis results of the mechanical systems. However, correlated variables are often treated as independent
variables or modeled by specific parametric joint distributions due to difficulty in modeling joint distributions. Especially, when there
are insufficient correlated data, it becomes more difficult to correctly model the joint distribution. In this study, multivariate kernel
density estimation with bounded data is proposed to estimate various types of joint distributions with highly nonlinearity. Since it
combines given data with bounded data, which are generated from confidence intervals of uniform distribution parameters for given
data, it is less sensitive to data quality and number of data. Thus, it yields conservative statistical modeling and reliability analysis
results, and its performance is verified through statistical simulation and engineering examples.
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o] Aasltt(Noh et al., 2010). |23t SA =4
W Al Fojd Fxdaet Ad dolHE AMEEA
TEFFE ke 24A FAREE W (parametric

statistical modeling method)®} Hlo|E|vhE A8l F7%
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g W 247 B4 48] 9 (nonparametric statistical
modeling method) 2.2 FEEHKang et al., 2017;
Kang et al., 2018a : Kang et al., 2018b). 52 W&
AP Zold FEITE ARSI FE 7 W] Fi
g-E3<4(marginal probability function)® ZE&H copula)
o} Zo| FUHAE Fdshe 54 T Rdy 2AE =%
slojd A EUcds: £ AT ELTSRE ke
W o]tk (Noh et al., 2010 : Hong et al., 2018). ¥hHd]
HBeA e FstERre) A Bddgle] 24
tolE vk AHEslolA ZREERES Fgote WHelth
i e AYU =34 (multivariate kernel density esti-
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thae SERT e 248 918 MKDE ebd 7%

tlolee] M7t Ae A5 Bd 7Y 2] 4
=7t st EEFH e 289 AGEst
¥ (multimodal distribution)ol] W&l = 2}
Hole Aoz FRIHAHHong et al., 2018). 34
MKDE& &2 53re] nelE #A 343k el SloiA
A4 MM 985S H4AFH (underestimation)
st A2k Aol e AeE ZIE It Hong et al.,
2018).

2 =7dAe MKDEZF A2 aiA Al gegtEs Fa
FRote SAAS HAs] fEiA S HolHE $g
ZAAEo|HE o] &3 AdE=F WH (Kang ef al., 2018a;
2018b) < Thilak Az sHggto 2x HolEe] A%t Ao
Aele mel7t FAL A (EeAQ]) 2EEEedsrE 5
gate ZAAdCIHE ol&d thEg AdUESFH (MKDE
with estimated bounded data, MKDE-ebd) & #%tatx
AR AlEHeldE Bl BEIr 4 A=} 48y
8142 53l MKDE®} MKDE-ebd®] 572 wlmatsl
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S A mdy] Wyo|tt, MKDEE ¥X3<9] g7t 1%
2] @3 dlolHel| wabr] fAsH AT 7] vl
TEIF Fd9 Afr=rt - =2 7ot MKDE=
7} dloJglell Fdd Ad(kernel function)E & <lsta
BE AGETE 4] 9 Z(bandwidth) ol whebr] b
FHEFHor AFLELETTIE FYHA Iok(Silverman,
1986). Fig. 12 o] & (bivariate) BlolEjol|A] EE do]E]
or ME AL MKDES AH8slM 44 A3eE
Bedre] e Uehd Aot Fig. 1(a)' 2 o7l
tlolEl (given data)olld ALIdFE - Aoln, (b)E
MKDEE 54| 4% SE2=d4E ehdth Fig. 1(a)9]
S gEUEsate] #Ee (0.026, 0.053, 0.079,
0.0105, 0.132)°]z, (b)<] d¥- (0.006, 0.011, 0.017,
0.023, 0.0028)c|n FaAe] Mo] Hold4yE & s
Uehdeh, MKDES AHR #4491 885 42
=7 2oh(Scott, 2015).
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Fig. 1 Contours using Kernels and MKDE
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FojA dd delHelth. K( -« )& Adeelal, HE dxd
Z-tl99Z % (diagonal bandwidth matrix)olH, d=
W] Jlg () eltt. MKDEE tl9 &3} #Adgs:

%
el Aelo] Bxge] 24 Pewe] F28tn, 59 v
<

A o] thZo] gk 2ol Aol 7H-AIQE 7' (gaussian
kernel) & AFEEFATHSilverman et al., 1986; Chen,
2015; Kang et al., 2018a; 2018b). th & 7}¢-A19t A
e o 2

K= e[~ %] @)

A Y=L Silverman's rule of thumbs AFHE-31S
on 29| gldZ He| F 2 v ZtH(Silverman
et al., 1986 Scott, 2015).
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Fig. 2 Data and PDF using MKDE-ebd
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TEFT7E #4949t Fig. 2(b)ellAl True PDF, MKDE,
MKDE-ebd9] 524 #l¥e =5 (0.01, 0.04, 0.07, 0.1,
0.13)e]t}.
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thae SEEEEe] 34 918 MKDE-chd 7Hut

estimate) ] &3-3t gkl o, TAFYANA FroleE
(significance level)el™, 1,7} u;& 15740l 23 1A
Hao] stk A Algko] Hrt

7F WAgre] IS Bl A% E AAE e A%
A =¥ Fig. 2(a) A7 AAIGHo] A o] AAL
lollA AZAE (missing data) T 53 toleE B¢
3171 913t AAHoE (bounded data)E 37122 BASH
drh. AAvolHE g REdTE w27 wid et Ui
Wow mydhe] #x o thEA Ha v Ho Hegap)
ALl A "o, asjug Y ZAAZNE A-4e Aol
B9 JiE A ote Bo] FaEofof gt} T W
Bele ZAAdelEle JieE 2AE o WA E(area
metric)Q!  WAPHZ (intersection area)s AHESFIAITH
(Kang et al., 2018a ; Kang et al., 2018b), thaizr ¥
e Ao T7EFE wARA Y] AL vl $- v ES
°]7] W&ol MKDE-ebdellxl= ZAvlE e A4 9 715
A 4o Hit Al 22k relative root mean squared
error, RRMSE)E A&stodx ZraEx3tre] zlols
Hwehth, AFA 23 4] RRMSE® Tt 2ol +
SZICHLi et al., 2013).
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HnE e ARFHEEXES gholdk. RRMSE#e] 10%XEth
7}

- ek Zlola, 10~20%°1" 7,

20~30%°1H A, 30%KEct I §4 gelrty dkEt
(Jamieson et al., 1991 ; Li et al., 2013).

A FoAZl welE Rt ARgM (i =n, j=0, k=i+j) k,
k=1, k-2712] ool diaiA 2] (1)& AHE3lIA 2 74
oA AFLEUEETE Aitsla o] & AE3lIA A3rA

v o FL o FL s AR asla M

st 7y o0, oSk FlLo.e) RRMSE, % RRMSE:#

Xe
RRMSE:E Axtetar 5 gro]l 25 A RRMSE (critical
RRMSE, RRMSE,) 2t 2AY 2ow ZAde|H7F 37t
Holgks BXFe T4 JIFs T4 971 "l F7H4<1
ZAdCE S a7 514 ¢douz AAuolH S TR
gt wie] Afole F7HQ AAdelHE 287 suR
ZBACIHE I F7HRA 9] S wHEgith A
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olHl¢] /g AR A dugEd Hsixe Kang &
(2018a; 2018b)2] &=l 3AI3] A=l gt}
ZAAEelEe] o] k= Foi7l HlolE e} A dlo|E &
R AA dol’d] e thiag AdEEFH S FYstn
MKDE-ebdel| Jaix F4€ 23t wgre thadt 2k

ebd( ) _ 1 n+m

n|H""‘1/2 k=1

x —Xebd” )

k1/2
H

1714, Xehd" = {X',ebd’}; " F0]31 tlo]E] X' g} ZAEl0]
€ ebdi7} A7 AA A3 dolglolm HFE AA A Hlo]
Hel tisid Ake A9 g Z o},

3. E4H AlEyold

MKDE®} MKDE-ebd& A8t Fx349
£ Hwaly] feia EE dHolH2RE ExdSE F
AR MBS TSttt AlEd ol $A 4%
oJelsitt. Fig. 4= Ao A mdo] Zgte
TS BoEth A, ()= X7 X9
gito] bola EEUATE 19 BHEES
»7F 7¢I ZE T (gaussian copula) &
= def #ie 0.0258 0.22704] 0.024 F7¢
shAA el S, (b)o] FHESELEE (a) 9 ZA|N
X3 X, 9 JAaArE SolE A& (clayton copula) S
w2n Hle 0.0578 0.2704] 0.054 S7H171%HA v
stk ()9 (b) BF Z#ASY A2 El-(kendall's
tau, )= 0.5°]th. AA, (c)& 3719 E=(mode) & 7H&
7HAI9E 32 (gaussian mixture model, GMM)e] L,
GMMS] B2 247+ (4 4.5), (6 8], (7.5 3.5)0]a &4t
< 2% (0.5 0; 0 0.5)°I% @82 0.027# 0.147H
0.02% F7¥etdA Jeisith dAl, (d)= 579 B=E 7t
Al 7S EgRdeln, Hie 247t (4 8], (3.8 6],
(5 5), (7 3.5), (9 2.5)°]x F¥ARE (0.5 0; 0 0.8],
(0.50; 00.5) (0.80;00.5), (0.90; 00.5], (0.30;
0 0.2]o19 &2 0.01F8 0.097}4] 0.01% F7HA17]1HA
YRS
SAA AlEdeldS Faskr] flsiA Hod Ryde
FE ol 9] 7 (n) S 574l 5077 S7HA1 71X
1000702] & dloe NEE At 18xn 7 &
34 MKDE®} MKDE-ebd& AH-3lA A3+8 R
Fota AA Ry AgFAEEIre] RRMSES
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(a) Gaussian model

Fig. 4 True

7}slact. MKDE-ebd
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Aol e 2=
A v‘f‘xﬂol‘i‘r(Eldred et al., 2007:
Hong et al., 2018). Fig. 62 9¥E FTZES HoFn
Table 12 ¢ZHO YHHFE et o714 <jZH 9
Aol(L), ZF(w), FAG) = 2324 ¥4 (deterministic

variable) 24 24zt 2.54m, 0.063m, 0.0889me] 1 ¥4

F(B), F8ss(pr,). F43s(pP)e &EWF(random
variable) 24 FHEEFFE= BF GPEEol|n, $%-54
a5 7HAIRE ZEEH(7=0.5) & w2E FARA S 7Rt
sl A A e v 2ot
VAN RN E A
Y o S
o71A, S B2 o] A Aol pye oEE A7



1=2.54m %

Fig. 6 Cantilever beam

Table 1 Input variables of cantilever beam

Variables Symbol| Dist. Value CcV
Length(m) L - 2.54 -
Width(m) w - 0.0635 -
Thickness(m) t - 0.0889 -
Young modulus(GPa) E Normal | 13.885 0.05
Horizontal load(N) Py | Normal | 2224.11 0.2
Vertical load(N) Py | Noraml | 4448.22 0.1

(Py and Py are correlated as Gaussian copula with 7=0.5)

&]-&-#(displacement tolerance) &2 ¥ =FojlA 0.0546m
2 A3t gEe] Hu HHe] pE AA HH &
o] MASE R T ELS thed o] FojHr)

Pp=Plg,(x)>0] (8)

Fig. 7& dlo|E9] 7o wE F 7& AHEstolA] o5
H gEgEe dAagS HolFh Fig. 7oA Pt (Y4
)= BT AFExTGE ARSEIA ANk AAl
50|11, P-box(I)E 100071 H¥E dlolEo| thal &&
73 A1 (probability bounds approach, p-box theory)
< Ag3ldA Ak skt (lower) 3 upper) 3<E8HE0]
H(Verma et al., 2010). PE 9} P-box2] 3343t ghe
747} 10.38, 8.52, 12.45%% dlZH0aL, P 9} P-box
W dlole] Tie] S7tel| whebA] oS s FHAS
B98I AREEIT). 5 oS8 SEstEe] Pt 7t

-

0.6 : :
. —-=P*(0.1038)

057 T : . ° |= = LowerP-box (0.0852)| |
% . * |= = UpperP-box (0.1245)
=04 ! . . = \KDE :
& ! T . MKDE-¢bd
@]
>03 ! I - . |
B3] 1 I s :
S ! I
O
2
(a9}

=
v
= 'ﬁj- -|.-:

5 7 10 20 30 50
Number of samples

Fig. 7 Probability of failure according to the number
of samples for the cantilever beam

}513 P-box Ato| 2 TS A gidEs oSk
t}.
MKDE®] ©]gt 9}=8-59] FU4ghE dlolele] 7ol g2
glo] preto] 7igm st A dolE 9 /4t
S7Fgel whebd 7kt MKDE-ebd®] AFEE MKDES}H
2ol dolee] M7t 74kl web A n <1004
FYHS MKDEEY 58 9858 AEsdr] phrodoA
% o] ga] X8It SRS 2 MKDEZ} B S 3 2
Ho|A¢t p <1094 MKDEE PFetrtt 2t wed5S
d&she BaFHol 50% oldelm Ao stet P-boxe] &
BT} 22 ghe dSehe Hlgo] mlg =2 AE B 4 i
MKDE-ebde HlelEle] 7H7t AS we PE“”HD} T
ﬂrir% A ASs B4A 242 szt vlolEe] vt
o Xz} 7kxdit}, A=A 02 MKDE
—t— EIOIEH 7H‘l‘7}' ﬁ% Agde AaFge] 5] ¢
4 AT MKDE-ebd& X7}
E#Xd?l 42 ot HEIF S7hgel whebA
s B} e BARYE S IR

pack o>“

—

o

o

CRH 2‘!‘;(“ Efx E—Zﬂt T FAE B ZRER AR
H A 2F] PR3 ZRIE| $A-FsksS $ T ik
(Park et al., 2015: Hong et al., 2018). Fig. 8 257
E#A FAE HoF 1 Table 2 2594 EZ - B4l 9
HES HolFEth, o714 ZA%(a), FA 13 29 HA(4,,
A,) e AP EA WFEA 247 455, 0.35m”, 1m®o] 1L 54

Fig. 8 Two-member truss

Table 2 Input variables of two-member truss

Variables Symbol| Dist. | Value| CV

Angle(®) « - 45 -
Area 1(m?) A, - 0.35 | -
Area 2(m?) A, - 1 -

Normal | 250 | 0.05
Normal | 250 | 0.05

Ultimate strength 1(MPa) | 0,;
Ultimate strength 2(MPa) | 0,
Horizontal load(kN) Py | Normal| 50 0.05
Vertical load(kN) Py | Normal| 50 0.3
(Py and P, are correlated as Clayton copula with 7=0.5)
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P P,
gl(xl):l( y qLil)fA]au1 (9)

P P
92(x2):%(_?/_ — )—A20u2 (10)
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