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Bivariate long range dependent time series forecasting
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Abstract

We consider bivariate long range dependent (LRD) time series forecasting using a deep learning method.
A long short-term memory (LSTM) network well-suited to time series data is applied to forecast bivariate
time series; in addition, we compare the forecasting performance with bivariate fractional autoregressive
integrated moving average (FARIMA) models. Out-of-sample forecasting errors are compared with various
performance measures for functional MRI (fMRI) data and daily realized volatility data. The results show
a subtle difference in the predicted values of the FIVARMA model and VARFIMA model. LSTM is compu-
tationally demanding due to hyper-parameter selection, but is more stable and the forecasting performance
is competitively good to that of parametric long range dependent time series models.
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2 Hedol FES oA bt eIt darelge] 853 NEE L gty I F Hochre-
iter 5 (1997)°] A <3t long and short-term memory (LSTM) W E Y I+ 84174 F(recurrent neu-
ral network; RNN) 9] 8t £/ 2 €lAE (text) L} 24 (speech)d] £4-& HsA 7= itk LSTM U
EF) F8 542 ¥ (input), G (forget) I =¥ (output) AIEE F3|
3

=S B A AR AR
£ LSTM YESIZ bl 483 HEse] BF ke dlSsher] £go) H: FER o gshs ol
ok olejd F2AY olgo® s AL Sl ol E S de] 2elt Ped ol 9

edo] BARoR S8%7] AL ATANALL o 8T AAL Zae] |Fol We Ml A7}
A1}t Kohzadi 5 (1996)2 autoregressive integrated moving average (ARIMA) 283} Q5417
W (artificial neural network; ANN)-S ¥ 2332w, Ho 5 (2002)7} Aladag 5 (2009)2 ARIMA &
3 RNNE A5S nlwstych HIols o]& Hr} 3533te] Smith S (2017)-& ©HH =} fractional
autoregressive integrated moving average (FARIMA) 2383} LSTM W ELIE o] &3] ThA = A
AQE 55 352 W@k
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range dependent (LRD) time series)& &3lo] o]2|dt 73t £45BAE 7IX+= o
Sl LSTM ME9127h ot £ 458 3

AFE o|dF VEEAAEE HeldE o)8T ST B

e Hlaste], ofd Wo] H £ A53e FeA oY AR
Ag vl BAS

2 =olA 2T B ol FV|ISEAALE YL I FARIMA 282 g3
ShARE dRbA o2 £ Yo A2 W Ao AR k7] w2l AL 2473 3B
AL O A wel g g& Fr}. o] wel Lobato (1997)%} Sela 5 (2008)
o] we} fractionally integrated vector autoregressive moving average (FIVARMA)
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autoregressive fractionally integrated moving average (VARFIMA) 23 o3 7283}

Ae 7 B BT st 248 AYsidnt. =3 LSTM HEYZE J8F u) A58 4=
Z88 89191 /)4 (hyper-parameter) o] AE o] 9lojA Sh5-HAZ-HAE do|H 2] &S &
T AAHSTE EUE HAY RFYRTE A= ] Bl thsiAxs HSe E it

B =79 AL o2 2ok Al 23eAME BVISEAALEY AY W ojigF AT TEAALE BFA
FIVARMA 2 VARFIMA 230 tiaf] Awatgict A 332 Pajde 3 279 LSTM v EY T
sl dgsta zujslHs Aol i ABAE Al 4= ASAEE B3 2AHQ oAF 4|
D=2, AZol ARt HolEE afEta dF S Blusidich v Eoz A 5o

ZEo tisf goFstn FE Aol A =3t

2. 0| AIIBSANY 2

B oA oz ZTVTEAIAG gt HYE AE o¥FE FVITHAAYE BFA FI-
VARMA S} VARFIMA 280 tjsf 47)gc}.

WA chH = (univariate) 71 FEAIAI DS A A D (weakly stationary time series) 24 Al 2}(lag)
} 571w 271438k (autocorrelation function) 7} B &4 (power-law) FE|Z 02 sl A A3
B AlAIGolth old =9 AR Qs Alxtel] W2 A7) sk 32 waksitt &,

N

px (k) = Cov(Xo, Xp) ~ Ch**™,  C >0, de(0,0.5)

olx Y3 |p(h)| = co& WEFIT} 7|4 B4 dE LRD 24 (LRD parameter)zti REEr}
LRD B57 d € (0,0.5)8 WE3 u), F7|2&AA D] AHEH UL 34 (spectral density func-

( 5t
tion) & @S 714 ol A tha3} o] FolXith.
fx(A) ~ed™2 X =0, ¢>0.

T 7)) Fol Al st D7 $1E<5 (short range dependent; SRD)A| A G o]} &t
autoregressive moving average (ARMA) 23 o] t &2 ¢l SRDA]A & o]t}

AT FVIFTEAALL olF FAAst] T MY AAAA L] HE (vector) BEIR Ve = AIAIE
ojty. oW K thAF FTHEAA G et AT+ o] AFAkl oo 1 en Kechagias}
Pipiras (2015)7} A &3t o] 22 EUlE nlgloz 475t} siot
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BBANAG {Xe}7F ol AL {Xe} = {(Xin, Xon)'}ol2H D 71 EEAA A wpI7HA]

E
2 ol FI|FEAIAEY & EE& UE S FES 71 stollA o3 Zo] FoiZch
cii\"2% 612€—i¢)\—(d1+d2)
A) ~ 1A . A= 0, di,ds € (0,0.5).
FN) <621€_1¢/\ (dy +da) eaa =22 1,d2 € ( )
A71A ci1, 12, co1, c22 € ROJAL ¢ € (—7, w] &= ¥4 E 5 (phase parameter) ©]T}.

Granger®} Joyeux (1980)¢} Hosking (1981)2 ZIzx} Sz o7 A7|EEAAEe] EAL o & kg
g e Ag ARl ofd B4 ARES AR sk 1(d) R8s v 2ol B skl

(1-B)'X;, =e, de(0,0.5).

£
N
>
Ae
ald
;E
rlo

- d R I'(d+1)
kzzo (=1)" <k> B* = kZ:O (_1)kr(k +1)0(d -k + 1)Bk

olH ¢+ WAL (white noise process)©]tl. F3 ARz} (backshift operator) B+ BX: =
X1 2 FoH Y I'(z)= ZFgh(gamma function)E & 0] dlc}.

o}g olMEo R FYsHH I(D) YL thet ol FAY 5 gk

1-B)*"X,, €1t di 0
D(B)X;:=(1-B)"Xx, = ( ") = , D= , di,ds € (0,0.5),
(B)X¢ == ( )7 X <(1_B)d2X2’n> <€2t> <0 d2> 1,d2 € ( )

AP et Beel) =0, # 53} Blae)) = D& 53he $agolct
I(D) 23< ¥E] ARMA 230 = 32 3 WA

£ A71% 4 AT o8 FIVARMA(p, D,q) Z¥ole} $Ec}. 3441w Qutgoz &
W20l 4 Gonz WEl AR AL B4 AL FRS £AT 9HE BYE A2E 4 25}

]

19, °]& VARFIMA(p, D, q) 2&olet 42| gtct (Lobato, 1997).

T 23 BT AR A& ALSLF FAdMoF ohe B9 et BolRlE Al vis] Ry sl

= 2 zo)7t glemE (Sela, 2008), B =RoA= 01%%‘:} o] §l= FIVARMA(p, D,0)

VARFIMAQ, D,0/& Rel9isin 25| 34 HE 24 (Whitle, 1069) B0 AH83lch
£ ZAF A HL AU -=3A shHE o #2] (bias) 2} root mean squared error (RMSE) 7} 2h2 3

g oltt (Sela, 2008). oW =4 3 E F4WHol thdk 2pA g 82 Baek 5 (2018)< F=x3d}
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AL QAR 9 = 31bel RNN 3T LSTM VEY 30 tisf &7sich
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3.1. RNN &

Ui
RNNE 5ol <8428 717 1478 5ol
=, daE dolel, 84 Hlelel, AAY Helelsh 2ol ol Lhe dlo]
GO S dlEeke o Age whelth. RNNE 995, £U%, 2a508 % om Omcq A7
Wl FA9T). %, Figure 317} 20] ¢ — 10124 A|7ko] ALe ATHE o) 8afo] 12l AIZS 74
B30, ThAl LA bl A4S ATHE o8Bl ¢+ 1AIZHE AARITE. RNNS) ATAE 4] (3.1)} o]
o},

_WL
N
N
el
2
&
_W.L
=2
3

hy = f(UCCt +Whi_1+ bh)7 (3.1)

A7IA e tAIZFS] PEFEOIA e tAIZES] S Zkolth hit tollAY 2YFE 9mE ¢ — 19]

e G5 1o] QR Ao AR f()5 AT FE ZEU (anh) YHE o 8570
b B9l S ovigh

RNNg] 24Z2 7A9 JRE 7|dste IS st} spA|ut RNN% AgRo7 71d%k= 7%
o ek e T ST Y e SR 02 e Aol Aol wet vl
At} olgst dAS I AET} 24 (gradient vanishing)E thal EPD]— vt 2 JgtdEV) =

QW (gradient explosion)dl= #Alo] dojd =% 9l

3.2. LSTM UE®3

LSTM (Hochreiter2} Schmidhuber, 1997) W E$ I+= RNNS I AET} A3 AL bl &
g AN Yelolrh. RNNS el SATFASE AA D, LSTM =04 772)
B A= 42 2 nd 4 Q52 f2e] A(memory cell)o|2hs 2L =8 27135190
LSTM HEHQIE A o] AEE Alofstr] Al 4 AolE, T2 71] olE, 29 Al°|E Al F7
Aol ARk Aoledt 54 o] ARE e} dre e 4G H9), 03 1 Abole]
A= 7HAAL 1ol 7keE H B2 FEE 7193 vtz %—.ﬁol 019 s Alo|EE A=
ARE 97 "t Ad AL Ag=E Y LSTM YEYIME= FAA0|EV} glo] BLo3d 3

o

RE

HE A% FAKD 3] WE el A Gk oIF, YAl (Gers 5, 2000) 371518
A WA EE 2718 LSTM MESIZE RAROR AH8aT) 2 Aol=e) g thew 2t ¢
9 Alole A Aol o Aze AHE AFAAE 2N, w Jol = o Aol A Unk
ARE 92X AR Ao 27 Aol ]

Et oW AHE ZHIX é%ﬂ?‘&v}.
LSTM HEY L J2tAE &4 EAE /Aty 7] w2l 27%
FolAe LSTM VEYIE o]§3te] o|iEd A7 FEA AL S o S&sit)
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2 99 lolHE AHgske] LSTM VEY AR 3454170 3 o589 oM 71554 A9 L Ze).

3.3. ZOPHH= (hyper-parameter) A1EH
RNN F+& LSTM YEHIE

A3y

th. 7|4 S5H Bee VEYIE B3 AddE Z4E nditt _%

Zh=] 7] Aol AR A g gttt LSTM HEY Z oA &35 & (learning rate), Al
A2 Zo|(sequence length), &3} (optimization) W, =45 R (drop out) H]E, 92314 (epoch),
314 (hidden unit) 745 5 Aok s 2ol pu4el SHE chelch,

Sargola Teres Yo AulE oEAHEA Hud AdAE AR SHATEo

A28 S1el G2 LoD 29 Sgel AN 4T AFW £ U5k 2 001 0.1 Aol

Go= A4ATh B =EAAL 0012 AFSAT 24 PHS oFH(ADAM) (Kingmas) Ba

UM A71E B4 FRE 27

29} zu SR U
oS S ae] A

(T, -@

}:1

il
[
of

o

l

2014) WHEE ol &3tk o] W dAZA U2 B2 HAZ PHEE F dutEe® 2 373

= Fokerhal 4 A Sk AAE W82 Kingma$}t Ba (2014)& Fx3}7] viadtt

ZEol% (Hinton 5, 2012)0]gk ==7ko] AAAAE Fo]7] 98] &5} (back propagation) &l

FOoR A ojxH oz dB xTE AMEelR] ¢k shges Wyl B =RoAe ok

HlE&S 0.2 A A33lch

HHESISE BHEAQ I WSS AT o, BE S5 doJHE & WA ARSI AL ov|gl

th ol & 501, 1,000719] E<zdlolEl7}F QL nlyuix] 2715 50702 AFedE wl ¢aelEE 208 (=

1,00071 /5071) ¥HEshd 130 ¥HE (1 epoch)3Fitia Shot

2 =R e wEISe ERYY Mee do=E AA 2 7] 2FE B9 PF w2

MSEE Z& WHE3lo) &R/ ATE ARSsialen dhye ohsx) 2

(1) dlolel& 8t5-8(train), 758 (validation), E|2~E & (test) Hlo|E]& =T}

(2) Al=(seed)E LA 3 EFH N5t vHE3FY] BE 2o tis) 58 dloJHE RyS T
FAIZIT}

(3) ASE HolEE o83ty Tg5d B3PS AFsltth o] wf wHE3L M 58 2 F(loss) A
F& 7Y WIE ad=E S ot - (overfitting) v 22 F(underfitting) o] L8
BH=A] Eelgtrt.

(4) A58 dojelol g5d 23S A% AlA E3s uf, 7P ¥ MSEE Zt+ 3|&E/4 59 vl
E34E Mggich

(5) (1) A A s34 dlolE 2} A5E dolelE A Mz g% doleE ek

(6) AEE JERW M) REE3FE o] &3t BFPS T5elal o] EUE o S3ir]

2 =Rl efUY 74+ 5, 10, 15, 20, 25, 30, 35, 4022 3}H 3L J % 50, 100, 150,

20022 3o & 3271x19] 2% T 7P W MSEE Zt= 3|74 7i5e) vHE 3] 278ttt

A9 FANN 7P F88 AFS HAES HolEE BFES FHAA AL AF3 }— ol ol§7) o

the golth. &, HlAES H]OlEi% %9 gt vl a wel v ALg )
FAY} £AFS Pt B N1EL QAT B RN AAR} £ARS BV N1FL T2
2tk Figure 3.29) 4% :fmz% A58 SRET A5E LR H B 9otk oY Aok A



74 Jiyoung Kim, Changryong Baek

— train 014 — frain
val val

loss
loss
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Figure 3.2. Example of underfitting, overfitting, and proper fitting.

Train Set Test Set
A
v, on! Koy X1 Xo0} - Ko
h=1 X e Xy, X1, .r Xa1} — Koz
X, e Loz {X1,.0s Xop} — Xog

Figure 4.1. Example of one step ahead out-of-sample forecasting.

2 Aol H A ko] gl AR e & 5 Qlok. vbd rked ez g
QBHT} YAT £ 059 Aoj7} 2 AL el Aol
ot Wk B =Ro| A& Figure 3.29] £
S =9 2o|7} IR o sHo] ZF Hjrkw

fo 2 ofy

| 719ke & o] S ol theliA AF A &
A52E 71548 A7) ¥% %3/3(functional magnetic
E L 54 (daily realized volatility)= 112851t}
WA o SHbHo 7= TES o= (out-of sample forecasting)¥HS ARSI THE| o SHbHLS
AAZEez FRHE HlolEE oSl whgs] 1 Figure 4.13} Zo] yehd 4 ity 7|4 he Al
ZH(time lag) & &gttt & o, A7} 1o]a 107]9] vle]HE d5sh= 4ol A5 A WA ol
o[E]E 90%1A) d| o]l 7HA] %— 907§¢] HiolHE |83t RYFS WEL 91WA 3E S Jr/]'- g
3 ThA] A WA HlolHRE A5 91TRA tlo]HE o]8ste] 92¥A ke 5Tt o] A W
3lo] 10709 HlolEE oS8k WS B2 oSiyolgl ditt. B =FoAE A7) 19 BRe)
AEHHZ o] &3ttt

=

T HES S vadh] Y3 EE22 = RMSE, mean absolute percentage error (MAPE) H
mean absolute scaled error (MASE)S ARE-3}53 T}

n

1 A2
MSE = , | — X — X 4.1
RMS n;( 0= X0), (4.1)
Xy — Xt

MAPE = - Z e

=1

x 100, (4.2)
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Channel 9 Channel 2 & Channel 51
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g T T T T T T g T T T T T T
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Channel 51 & Channel 9 Channel 51

ol --rnHHHHHHnn----n---a ------------- HHHHHHHHHHHanTH”L . u“uHhHHHHNr -------------------------------------- i
T I — HHHHHHHHHH“ 777777777777777777777 P e THFHFOHHARA = = ELBLRES T =]
o T T T T 2 T T T T T T

-100 -80 -60 40 20 0 0 20 40 60 80 100

Figure 4.2. SACF and CCF plot of fMRI data.

1 <& X,
MASE = — . . 43
D]y S o oy “3)
A7 ne dE3 dolg slgelm, hi: AXE udth X, = (A]A9 #H=H Folm X, =
292 %ol 953 golth RMSEE: /13 718AQ LA 79 £ 3Eon MAPE: o
239 o] Qe dlolElg WulE Aol =AE WMEEE B olslas] A Ae

MAPE+X RMSES®} 2] ©h9]ol] o]&3}A] 9kA]vh(scale-independent) MAPEE ] o]E]2] ko] 091
ol A A e BEE 7N ok vpAE £5¢91 MASEE Hyndman (2006)°] A¢He 5
2 MAPEE 7§4d3te] Alatel gt AR E Qhdste S5 W9t

4.1. fMRI UI0|€E]

_u

A WA 12{3d A5+ functional magnetic resonance imaging (fMRI) Hlo|H 2+ ¥ &5 & =4
She WO R Yo B4 Ko E43slEW REe] Tk ARl 7WhE Fol HP A stk F
9 ¢J=2d (blood oxygenation level dependent; BOLD) tln]E 73t d|ojgloltt. B AAoA A}
€3t 2k2E Termenon 5 (2016)°] ARZ3F AR 2 & 89719 ¥ 9 (AQ)olA A3 Agolt}.
Figure 4.2 #|d 9, 51 o] &3 ZEA/AAAS 2 FEIAFAAS 1-dog A7) $713
of mEl AAH3F Z4de BES i AVNESAALYS & 5 Ik B BEAoA= dgew 27
9] 2 (channel)S 9= 107] 23S A&ste] 1,000712) tﬂo]H% 5§ dlolHE AREShaL the
10071 A5 HolEZ AME3te] B3-S AT, st5d B3-S 53l 4070 tlo]8E 53kt
FAVAR 9 VARFI 289 a5+ AIC 2 R2271403 19S5l 2 12 F 3t

fMRI tlo]e] 242437 Table 4137} 2t} BEA2 FAISH 32 Z2F Aol A Al WHHES a3ks
2GS w, 7P W expgtolty. £41 FIVAR 233} VARFI 239 A% nlwsiid, A
Ao 7 VARFI R3°] a7} 27 t] Wt} wehA ojHis F7|SE5AAE 232 A3 o WEAR
Fo] FaHAE A7}t oS d5S 2Rt TS S ¢ 5 AUtk Heyds o %6& LSTM
vEY 9] A= VARFI 289 =24} gholl o 747to] glo] LSTM vlE)=2] 749 VARFI &
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Table 4.1. Result of fMRI data

Channel FIVAR(1, D, 0) VARFI(1, D, 0) LSTM
RMSE MAPE MASE RMSE  MAPE MASE RMSE MAPE MASE
1,12 5184.285 19.214 2.547 3368.584 11.316 1.939 3406.959 12223  2.020
1,47 2784.842  8.486 2.457 2632.460  7.396  2.428 2058.392 6.489 2.035
7,45  6040.420 23.263  2.674 4250.740 14.523 2.085 4265.147  16.409  2.204
9,51 7372.101 23.528 6.589 5105.823 13.509  1.884 4749.920 12.813 1.781
11,23  4720.685 15.926 2.270 4248.789 13.438 1.955 4339.256  13.860  1.977
15,49  6278.374 25.240 2.180 7625.334  28.100  2.301 5133.629 20.847 1.747
19,84  3230.413 11.474 2.385 2753.862  8.945 1.9237  2682.337 8.781 1.852
59, 82 3900.159 10.940 2.616 2691.692 7.959 1.955 2705.229  8.337  2.002
23,59  3713.395 11.870 2.421 3057.209  9.965 1.952 3055.147 10.194 1.929
51,52  1478.749  4.201  2.102 1536.038  4.041  2.022 1331.824 3.598 1.777

fMRI = functional magnetic resonance imaging; RMSE = root mean squared error; MAPE = mean
absolute percentage error; MASE = mean absolute scaled error.

4000
= Channel 1
2000 =#= FIVAR
<4+ VAFRI
0 s LSTM
-2000
-4000
0
= Channel 12
=#= FIVAR
0 <o VAFRI
=4 | 5TM
-10k
-20k

0 5 10 15 20 25 30 35 40

Figure 4.3. Forecasting plot of brain channel 1, 12.

Fol o 77l A5S EAth Figure 4.32 193} 129 A dof tis|A BHAESR HoEHE &3 3
I ujwste] 2-g a8 Zojth Al By BF AnkAQ EiE & uertn IS By 9o
VARFI 23o] 22 ] &3l 741 LSTM HEY IS VARFI 2383} m]-& SASE o &S Ho3

O O 3 S S
I AFE FHAE  Ark

Table 4.2-2 FIVAR 283 LSTM WEYZ, VARFI 283} LSTM WEH T2 MASES] H]&(ratio)
2 W Ftolth. MASE: @A H9a vieh go] Bejo] Fa3tm Aol B3t FuE NGSER



Bivariate long range dependent time series forecasting using deep learning 77

Table 4.2. MASE ratio with FIVAR and LSTM, VARFI and LSTM: fMRI data
Model 1,12 1, 47 7,45 9, 51 11,23 15,49 19,84 59,82 23,59 51,52
FIVAR/LSTM  1.261 1.207 1.213 3.700 1.148 1.248 1.288 1.307 1.255 1.183
VARFI/LSTM 0.960 1.193 0.946 1.058 0.989 1.317 1.038 0.977 1.012 1.138

MASE= mean absolute scaled error.

CAC 40 CAC 40 & Euro STOXX 50

0.8
|
08
|

0.4
|
0.4
|

Tl UUUUUUUHUUUuuuuuuuuUuuuuuuuuuuuuuuuuuuuuuuuuuuuum s UHUUUNHHUUWUW A

- LU | '--UUUUUHHHHUHHHHHuuuHuuuuuuuuuuuuuuuuuuuuuuuuuuuuHL

MASE Zr2&2 nlastglom A2 4] (4.4)9 2t

MASEr1var MASEvaARFI
MASErstym MASELsT™

(4.4)

MASE €] 12t} 298 LSTM WEfZ 2] MASEZ ¢ WS oujdi, 182t} Zow LSTM U E
912 MASEZL 6 522 oulgich. %, A9 13 Y 129 A34e) ul&2 wasiE@ LSTM =
37} FIVAR 23Rt} MASE SHoA 26.1% A= As°] =vf & 4= 9t} Wil VARFI 23 E
U= A% AT 5] Wi g 4= 9t} VARFI/LSTMS] H]&o| ¢ 1°ﬂ M2 E LSTM v EH =
7} VARFI 283} ul%8 o5 452 1YL 318 5 ek

4.2. 22 WSH dlofE]

2 dolx= AlA 49 ?‘ﬁ SAAGTE AAT A8 E o] &34 AAS AE W5 (realized volatil-
ity) A5 & 53 A= AeS v EAd Bttt 259 4= Oxford-Man Institute of Quanti-
tative Finance®] 2013 7¥€E¥E 2017 11971%]9] 58 7Hdo g 33 94U Ad HEA 28
ol A&+ (https://realized.oxford-man.ox.ac.uk/data/download) oAl At} Zex F7} X491
CAC 404 FE2E F7F A5 Euro STOXX 50 F7} Abele] HRA7|A# 9 uapdd Jd=8 1
9 Figure 4.40 4 AHH X o] A7} 718l whel A48 gadts BE5s 53 A7SSAAEDdS
ﬂ-?__ﬁ]— s 01]’;].

0

d &8 Hug Y3l dA FUHEE Z”/‘]ﬂo] g+ go] Aolstr] widel 47 dHolee] 2EA+= A
g X ZH(linear interpolation)& A3, HE2H o7 HATL tojg o] FEHIS HL3t & B3]
Atk F 15709 4 W54 ol z@"’ﬂ sl £4stRen 20139 7€HE 2017d 9971A] 9] &
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Table 4.3. Result of daily volatility data
FIVAR(1, D,0) VARFI(1, D, 0) LSTM

RMSE MAPE MASE RMSE MAPE MASE RMSE MAPE MASE
Ni, KO 0.00203 25.050 2.697 0.00193 24.702 2.249 0.00173 24.282 1.993
Ru, KO 0.00132 21.393 1.989 0.00151 25.808 2.245 0.00126 23.206 1.889
CA, KO 0.00092 17.265 2.237 0.00118 22.115 2.858 0.00100 18.914 2.377
HS, KO 0.00144 22.822 2.472 0.00147 21.570 2.237 0.00120 16.184 1.693
KO, AE  0.00099 21.989 2.355 0.00113  23.468 2.762 0.00079 15.303 1.862
KO, IB 0.00283 25.838 2.875 0.00215  20.303 2.395 0.00162 14.926 1.772
KO, ST 0.00144 42.254 4.491 0.00095 22.972 2.740 0.00081 20.551 2.382

Data

KO, ES  0.00118 19.812 2.016 0.00134 25.122  2.411 0.00110 20.753 1.913
S5, F1 0.00105 25.871 2.184 0.00132 39.760  2.968 0.00091 22.229 1.850
CA, ES 0.00104 18.787 1.847 0.00145 28.198  2.606 0.00123  25.986  2.357

AO,IB  0.00304 34.809 2.980 0.00218 25.447 1.984 0.00168 23.979 1.754
IB, ST 0.00396 106.075  11.077 0.00212 24.401  2.545 0.00159 20.850 2.169
DA, FM 0.00118 20.226 1.810 0.00147 25.325  2.177 0.00121  23.367  1.903
DA, HS  0.00203 25.050 2.697 0.00199 25.800 2.504 0.00167 19.553 1.765
Ru, SC  0.00146 6.164 2.043 0.00284 63.395  3.979 0.00141 27.254 1.888

RMSE = root mean squared error; MAPE = mean absolute percentage error; MASE = mean absolute

scaled error.
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Figure 4.5. Forecasting plot of Nikkei 225, KOSPI.
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Table 4.4. MASE ratio with FIVAR and LSTM, VARFI and LSTM: Daily volatility data

Model Ni, KO Ru, KO CA,KO HS,KO KO,AE KO,IB KO,ST KO,ES
FIVAR/LSTM  1.353 1.053 0.941 1.460 1.265 1.622 1.885 1.054
VARFI/LSTM  1.128 1.188 1.202 1.321 1.483 1.352 1.150 1.260

Model S5, F1 CA,ES AO,IB IB,ST DA,FM DA, HS Ru, SC
FIVAR/LSTM  1.181 0.784 1.699 5.104 0.951 1.528 1.082
VARFI/LSTM  1.604 1.106 1.131 1.173 1.144 1.419 2.108

MASE= mean absolute scaled error.

Table 4.5. Notation of daily volatility data

S5 S&P 500 Ni Nikkei 225 KO KOSPI

CA CAC 40 HS Hang Seng AE AEX Index

1B IBEX 35 ST S&P TSX ES Euro STOXX 50
FM FTSE MIB F1 FTSE 100 SC S&P CNX Nifty
AO All Ordinaries DA DAX Ru Russell 2000
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