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A NEW MAPPING FOR FINDING A COMMON

SOLUTION OF SPLIT GENERALIZED EQUILIBRIUM

PROBLEM, VARIATIONAL INEQUALITY PROBLEM

AND FIXED POINT PROBLEM

Mohammad Farid∗ and Kaleem Raza Kazmi

Abstract. In this paper, we introduce and study a general itera-
tive algorithm to approximate a common solution of split general-
ized equilibrium problem, variational inequality problem and fixed
point problem for a finite family of nonexpansive mappings in real
Hilbert spaces. Further, we prove a strong convergence theorem for
the sequences generated by the proposed iterative scheme. Finally,
we derive some consequences from our main result. The results
presented in this paper extended and unify many of the previously
known results in this area.

1. Introduction

Throughout the paper unless otherwise stated, let H1 and H2 be real
Hilbert spaces with inner product 〈·, ·〉 and norm ‖ · ‖. Let C and Q be
nonempty closed convex subsets of H1 and H2, respectively.

A mapping T : C → C is called nonexpansive, if

‖Tx− Ty‖ ≤ ‖x− y‖, x, y ∈ C.
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The fixed point problem (in short, FPP) for a mapping T : C → C is
to find x ∈ C such that

(1.1) Tx = x.

The solution set of FPP(1.1) is denoted by Fix(T).

The classical scalar nonlinear variational inequality problem (in short,
VIP) is to find x ∈ C such that

(1.2) 〈Bx, y − x〉 ≥ 0, ∀y ∈ C,

where B : C → H1 is a nonlinear mapping. The solution set of VIP(1.2)
is denoted by Ω. It is introduced by Hartman and Stampacchia [9].

In 1994, Blum and Oettli [2] introduced and studied the following
equilibrium problem (in short, EP): Find x ∈ C such that

(1.3) F1(x, y) ≥ 0, ∀y ∈ C,

where F1 : C × C → R is a bifunction. We denote the solution set of
EP(1.3) by Sol(EP(1.3)).

In the last two decades, EP(1.3) has been generalized and extensively
studied in many directions due to its importance; see for example [4, 6,
7, 11,12,16,21] for the literature on the existence and iterative approxi-
mation of solution of the various generalizations of EP(1.3).

Recently, Kazmi and Rizvi [13] considered the following pair of equi-
librium problems in different spaces, which is called split equilibrium
problem (in short, SEP): Let F1 : C × C → R and F2 : Q × Q → R be
nonlinear bifunctions and let A : H1 → H2 be a bounded linear operator
then the split equilibrium problem (SEP) is to find x∗ ∈ C such that

(1.4) F1(x∗, x) ≥ 0, ∀x ∈ C,

and such that

(1.5) y∗ = Ax∗ ∈ Q solves F2(y∗, y) ≥ 0, ∀y ∈ Q.

They introduced and studied some iterative methods for finding the
common solution of SEP(1.4)-(1.5), VIP(1.2) and FPP(1.1). For related
work, see [14].

In this paper, we consider the following split generalized equilibrium
problem (in short, SGEP):
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Let φ1 : C × C → R, and φ2 : Q × Q → R be nonlinear mappings,
then SGEP is to find x∗ ∈ C such that

(1.6) F1(x∗, x) + φ(x, x∗)− φ(x∗, x∗) ≥ 0, ∀x ∈ C,

and such that

(1.7) y∗ = Ax∗ ∈ Q solves F2(y∗, y) + φ(y, y∗)− φ(y∗, y∗) ≥ 0, ∀y ∈ Q.

When looked separately, (1.6) is the generalized equilibrium problem
(GEP) and we denote its solution set by Sol(GEP(1.6)). The SGEP(1.6)-
(1.7) constitutes a pair of generalized equilibrium problems which have
to be solved so that the image y∗ = Ax∗ under a given bounded linear
operator A, of the solution x∗ of the GEP(1.6) in H1 is the solution
of another GEP(1.6) in another space H2. We denote the solution set
of GEP(1.7) by Sol(GEP(1.7)). The solution set of SGEP(1.6)-(1.7) is
denoted by Γ = {p ∈ Sol(GEP(1.6)) : Ap ∈ Sol(GEP(1.7))}.

SGEP(1.6)-(1.7) generalize multiple-sets split feasibility problem. It also
includes as special case, the split variational inequality problem [6] which
is the generalization of split zero problems and split feasibility problems,
see for detail [3, 5, 6, 16,17].

Recently, Kangtunyakarn and Suantai [10] defined the new mappings

Un,0 = I
Un,1 = λn,1T1Un,0 + (1− λn,1)I
Un,2 = λn,2T2Un,1 + (1− λn,2)Un,1
.
.
.
Un,N−1 = λn,N−1TN−1Un,N−2 + (1− λn,N−1)Un,N−2

Kn = Un,N = λn,NTNUn,N−1 + (1− λn,N)Un,N−1,

where Ti : C → C, i = 1, 2, ..., N is a finite family of nonexpansive
mappings and {λn,i}Ni=1 ⊂ (0, 1]. Such a mapping Kn is called the K-
mapping generated by T1, T2, ..., TN and {λn,1},{λn,2},...,{λn,N}.

Moreover, Kangtunyakarn and Suantai [10] introduced the following it-
erative methods to obtained a strong convergence theorem for EP(1.3)
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and FPP(1.1): x1 ∈ H{
F (yn, y) +

1

rn
〈y − yn, yn − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnγf(xn) + βxn + ((1− βn)I − αnA)Knyn.

Motivated by the work of Censor et al. [6], Moudafi [16, 17], Kazmi et
al. [13,14], Kangtunyakarn and Suantai [10] and by the ongoing research
in this direction, we suggest and analyze a general iterative method for
approximating the common solution to the split generalized equilibrium
problem, variational inequality problem and fixed point problem for a
finite family of nonexpansive mappings in Hilbert space. Furthermore,
we prove that the sequence generated by the proposed iterative scheme
converges strongly to the common solution of split generalized equilib-
rium problem, variational inequality problem and fixed point problem.
The results and methods presented in this paper generalize, improve and
unify many previously known results in this research area.

2. Preliminaries

We recall some concepts and results that are needed in the sequel.

Definition 2.1. A mapping T : H1 → H1 is said to be

(i) monotone, if

〈Tx− Ty, x− y〉 ≥ 0, ∀x, y ∈ H1;

(ii) α-inverse strongly monotone, if there exists a constant α > 0 such
that

〈Tx− Ty, x− y〉 ≥ α‖Tx− Ty‖2, ∀x, y ∈ H1;

(iii) β-Lipschitz continuous, if there exists a constant β > 0 such that

‖Tx− Ty‖ ≤ β‖x− y‖, ∀x, y ∈ H1.

We note that if T is α-inverse strongly monotone mapping, then T
is monotone and 1

α
-Lipschitz continuous but converse need not be true.

For α = 1, α-inverse strongly monotone mapping T is called firmly
nonexpansive mapping.
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Definition 2.2. [1]. A mapping T : H1 → H1 is said to be averaged
if and only if it can be written as the average of the identity mapping
and a nonexpansive mapping, i.e.,

T = (1− α)I + αS,

where α ∈ (0, 1) and S : H1 → H1 is nonexpansive and I is the identity
operator on H1.

The following are some key properties of averaged mappings.

Lemma 2.3. [16].

(i) If T = (1−α)S+αV , where S : H1 → H1 is averaged, V : H1 → H1

is nonexpansive and α ∈ (0, 1), then T is averaged;
(ii) The composite of finitely many averaged mappings is averaged;
(iii) If the mappings {Ti}Ni=1 are averaged and have a common fixed

point, then
N⋂
i=1

Fix(Ti) = Fix(T1T2...TN);

(iv) If T is τ -ism, then for γ > 0, γT is τ
γ
-ism;

(v) T is averaged if and only if, its complement I−T is τ -ism for some
τ > 1

2
.

Definition 2.4. [1]. A multi-valued mapping M : H1 → 2H1 is called
monotone if for all x, y ∈ H1, u ∈Mx and v ∈My such that

〈x− y, u− v〉 ≥ 0.

Definition 2.5. [1]. A multi-valued monotone mapping M : H1 →
2H1 is maximal if the Graph(M), the graph of M , is not properly con-
tained in the graph of any other monotone mapping.

Remark 2.6. . It is known that a multi-valued monotone mapping
M is maximal if and only if for (x, u) ∈ H1 ×H1, 〈x− y, u− v〉 ≥ 0, for
every (y, v) ∈ Graph(M) implies that u ∈Mx.
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For every point x ∈ H1, there exists a unique nearest point to x in C
denoted by PCx such that

(2.1) ‖x− PCx‖ ≤ ‖x− y‖, ∀y ∈ C.
The mapping PC is called the metric projection of H1 onto C. It is well
known that PC is nonexpansive and satisfies

(2.2) 〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2, ∀x, y ∈ H1.

Moreover, PCx is characterized by the fact that PCx ∈ C and

(2.3) 〈x− PCx, y − PCx〉 ≤ 0, ∀y ∈ C.
This implies that

(2.4) ‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2, ∀x ∈ H1, ∀y ∈ C.

In a real Hilbert space H1, it is well known that

(2.5) ‖λx+ (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2

for all x, y ∈ H1 and λ ∈ [0, 1].

It is also known that every Hilbert space H1 satisfies:

1. Opial’s condition [18], i.e., for any sequence {xn} with xn ⇀ x the
inequality

(2.6) lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

holds for every y ∈ H1 with y 6= x;
2.

(2.7) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ H1.

Lemma 2.7. [20]. Let {xn} and {yn} be bounded sequences in a Ba-
nach space E and let βn be a sequence in (0, 1) with 0 < lim infn→∞ βn ≤
lim supn→∞ βn < 1. Suppose xn+1 = (1 − βn)yn + βnxn for all integers
n ≥ 0 and lim supn→∞(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. Then

lim
n→∞

‖yn − xn‖ = 0.

Lemma 2.8. [15]. Assume that B is a strongly positive self-adjoint
bounded linear operator on a Hilbert space H1 with coefficient γ > 0
and 0 < ρ ≤ ‖B‖−1. Then ‖I − ρB‖ ≤ 1− ργ.
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Lemma 2.9. [22]. Assume that {an} is a sequence of nonnegative real
numbers such that

an+1 ≤ (1− γn)an + δn, n ≥ 0,

where {γn} is a sequence in (0, 1) and {δn} is a sequence in R such that

(i)
∑∞

n=1 γn =∞;
(ii) lim supn→∞

δn
γn
≤ 0 or

∑∞
n=1 |δn| < +∞.

Then limn→∞ an = 0.

Lemma 2.10. [10]. Let C be a nonempty closed convex set of a strictly
convex Banach space. Let {Ti}Ni=1 be a finite family of nonexpansive

mappings of C into itself with
⋂N
i=1 Fix(Ti) 6= ∅ and let λ1, λ2, ..., λN

be real numbers such that 0 < λi < 1 for every i = 1, 2, ..., N − 1 and
0 < λN ≤ 1. Let K be the K-mapping generated by T1, T2, ..., TN and
λ1, λ2, ..., λN . Then Fix(K) =

⋂N
i=1 Fix(Ti).

Lemma 2.11. [10]. Let C be a nonempty convex subset of a Ba-
nach space. Let {Ti}Ni=1 be a finite family of nonexpansive mappings
of C into itself and {λn,i}Ni=1 be sequences in [0, 1] such that λn,i →
λi(i = 1, 2, ..., N). Moreover, for every n ∈ N , let K and Kn be the K-
mappings generated by T1, T2, ..., TN and λ1, λ2, ..., λN and T1, T2, ..., TN
and {λn,1}, {λn,2}, ..., {λn,N}, respectively. Then for every x ∈ C,

lim
n→∞

‖Knx−Kx‖ = 0.

Assumption 2.12. Let F1 : C × C → R and φ1 : C × C → R be
bimappings satisfy the following conditions:

(1) F1(x, x) = 0, ∀x ∈ C;
(2) F1 is monotone, i.e.,

F1(x, y) + F1(y, x) ≤ 0, ∀x, y ∈ C;

(3) For each y ∈ C, x→ F1(x, y) is weakly upper semicontinuous;
(4) For each x ∈ C, y → F1(x, y) is convex and lower semicontinuous;
(5) φ1(., .) is weakly continuous and φ1(., y) is convex;
(6) φ1 is skew-symmetric, i.e.,

φ1(x, x)− φ1(x, y) + φ1(y, y)− φ1(y, x) ≥ 0, ∀x, y ∈ C.
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Now, we define T
(F1,φ1)
r : H1 → C as follows:

T (F1,φ1)
r (z) = {x ∈ C : F1(x, y) + φ1(y, x)− φ1(x, x)

+
1

r
〈y − x, x− z〉 ≥ 0, ∀y ∈ C},(2.8)

where r is a positive real number.

Lemma 2.13. [8]. Let H1 be a real Hilbert space and let C be a
nonempty, closed and convex subset of H1. Let F1, φ1 : C × C → R
be nonlinear mappings satisfying the Assumption 2.12. Assume that for
each z ∈ H1 and for each x ∈ C, there exist a bounded subset Dx ⊆ C
and zx ∈ C such that for any y ∈ C \Dx,

F1(y, zx) + φ1(zx, y)− φ1(y, y) +
1

r
〈zx − y, y − z〉 < 0.

Let the mapping T
(F1,φ1)
r be defined by (2.8). Then the following con-

clusions hold:

(i) T
(F1,φ1)
r (z) is nonempty for each z ∈ H1;

(ii) T
(F1,φ1)
r is single-valued;

(iii) T
(F1,φ1)
r is a firmly nonexpansive mapping, i.e., for all z1, z2 ∈ H1,

‖T (F1,φ1)
r (z1)− T (F1,φ1)

r (z2)‖2 ≤ 〈T (F1,φ1)
r (z1)− T (F1,φ1)

r (z2), z1 − z2〉;

(iv) Fix(T
(F1,φ1)
r )= Sol(GEP(1.6));

(v) Sol(GEP(1.6)) is closed and convex.

Further, assume that F2 : Q×Q→ R and φ2 : Q×Q→ R satisfying
Assumption 2.12. For s > 0 and for all u ∈ H2, define a mapping

T
(F2,φ2)
s : H2 → Q as follows:

T (F2,φ2)
s (u) = {v ∈ Q : F2(v, w) + φ2(w, v)− φ2(v, v)

+
1

s
〈w − v, v − u〉 ≥ 0, ∀w ∈ Q}.(2.9)

Then, we easily observe that T
(F2,φ2)
s is nonempty, single-valued, firmly

nonexpansive, Fix(T
(F2,φ2)
s )= Sol(GEP(1.7)) and Sol(GEP(1.7)) is closed

and convex.
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Lemma 2.14. [8]. Let F1 and φ1 satisfy Assumption 2.12 and let the

mapping T
(F1,φ1)
r be defined by (2.9). Let x1, x2 ∈ H1 and r1, r2 > 0,

then

‖T (F1,φ1)
r2

(x2)− T (F1,φ1)
r1

(x1)‖ ≤ ‖x2 − x1‖+
|r2 − r1|

r2

‖T (F1,φ1)
r2

(x2)− x2‖.

3. Main Results

In this section, we prove a strong convergence theorem based on the
proposed iterative scheme for computing the approximate common so-
lution of SGEP(1.6)-(1.7), VIP(1.2) and FPP(1.1) for a finite family of
nonexpansive mappings in real Hilbert spaces.

Theorem 3.1. Let H1 and H2 be two real Hilbert spaces, let C ⊆ H1

and Q ⊆ H2 be nonempty closed convex subsets. Let A : H1 → H2 be a
bounded linear operator. Assume that F1 : C×C → R, F2 : Q×Q→ R,
φ1 : C × C → R and φ2 : Q×Q→ R are nonlinear mappings satisfying
Assumption 2.12 and F2 is upper semicontinuous in first argument. Let
Ti : C → C be a nonexpansive mapping for each i = 1, 2, ..., N such that

Θ =
N⋂
i=1

Fix(Ti)
⋂

Γ
⋂

Ω 6= ∅. Let f : H1 → H1 be a contraction mapping

with constant α ∈ (0, 1) and D be a strongly positive bounded linear self
adjoint operator on H1 with constant γ̄ > 0 such that 0 < γ < γ̄

α
< γ+ 1

α
.

Let B : C → H1 be a τ -inverse strongly monotone mapping. For a given
x0 ∈ C arbitrarily, let the sequences {un}, {xn} and {yn} be generated
by the following iterative schemes:

un = T
(F1,φ1)
rn (xn + δA∗(T

(F2,φ2)
rn − I)Axn);

yn = PC(un − µnBun)
xn+1 = αnγf(Knxn) + βnxn + ((1− βn)I − αnD)Knyn,

where {µn} ⊂ (0, 2τ) and {αn}, {βn}, {rn} are sequences in (0, 1);
δ ∈ (0, 1

L
), L is the spectral radius of the operator A∗A and A∗ is the

adjoint of A, and λ1, λ2, ..., λN be real numbers such that 0 < λi < 1
for every i = 1, 2, ..., N − 1 and 0 < λN ≤ 1, λn,i → λi(i = 1, 2, ..., N)
satisfying the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=0 αn =∞;
(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(iii) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0;
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(iv) 0 < lim infn→∞ µn ≤ lim supn→∞ µn < 2τ and limn→∞ |µn+1 −
µn| = 0;

(v)
∑∞

n=0 |λn,i − λn−1,i| <∞, ∀i = 1, 2, ..., N.

Then the sequence {xn} converges strongly to some z∗ ∈ Θ, where z∗ =
PΘ(γf + (I −D))z∗ which solves the following variational inequality:

(3.1) 〈(D − γf)z∗, z − z∗〉 ≥ 0, for any z ∈ Θ.

Proof. We divide the proof into four claims.
Claim 1. {xn} is a bounded sequence.
Since αn → 0 as n → ∞, we may assume, without loss of generality,
that αn < ‖D‖−1, ∀n ≥ 1. Then, αn <

1
γ
, ∀n ≥ 1. By Lemma 2.8,

‖I − αnD‖ ≤ 1− αnγ.

Since D is a strongly positive bounded linear operator therefore
〈Dx, x〉 ≥ γ‖x‖2 and ‖D‖ = sup{|〈Dx, x〉| : x ∈ H1, ‖x‖ = 1}.

Now, we observe that

〈((1− βn)I − αnD)x, x〉 = 1− βn − αn〈Dx, x〉
≥ 1− βn − αn‖D‖
≥ 0, ∀x ∈ H1.

This shows that (1− βn)I − αnD is positive. It follows that

‖(1− βn)I − αnD‖ = sup{|〈((1− βn)I − αnD)x, x〉| :
x ∈ H1, ‖x‖ = 1}

= sup{1− βn − αn〈Dx, x〉 : x ∈ H1, ‖x‖ = 1}
≤ 1− βn − αnγ.(3.2)

For any x, y ∈ C, we have

‖(I − µnB)x− (I − µnB)y‖2 = ‖(x− y)− µn(Bx−By)‖2

≤ ‖x− y‖2 − 2µn〈x− y,Bx−By〉
+µ2

n‖Bx−By‖2

≤ ‖x− y‖2.(3.3)

This shows that the mapping I − µnB is nonexpansive.

Let for each i = 1, 2, ..., N , q := PΘ(γf + (I − D)). Since f is a
contraction mapping with constant α ∈ (0, 1), it follows that for all
x, y ∈ H1
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‖q(I −D + γf)(x)− q(I −D + γf)(y)‖ ≤ ‖(I −D + γf)(x)
−(I −D + γf)(y)‖

≤ ‖I −D‖‖x− y‖
+γ‖f(x)− f(y)‖

≤ (1− γ̄)‖x− y‖
+γα‖x− y‖

≤ (1− (γ̄ − γα))‖x− y‖.

Therefore the mapping q(I − D + γf) is a contraction mapping from
H1 into itself. It follows from the Banach contraction principle that
there exists an element z ∈ H1 such that z = q(I − D + γf)z =
P N⋂
i=1

Fix(Ti)
⋂

Γ
⋂

Ω
(I −D + γf)z.

Let p ∈ Θ :=
N⋂
i=1

Fix(Ti)
⋂

Γ
⋂

Ω, i.e., p ∈ Γ, we have

p = T
(F1,φ1)
rn p and Ap = T

(F2,φ2)
rn (Ap).

We estimate

‖un − p‖2 = ‖T (F1,φ1)
rn (xn + δA∗(T (F2,φ2)

rn − I)Axn)− p‖2

≤ ‖T (F1,φ1)
rn (xn + δA∗(T (F2,φ2)

rn − I)Axn − T (F1,φ1)
rn p‖2

≤ ‖xn + δA∗(T (F2,φ2)
rn − I)Axn − p‖2

≤ ‖xn − p‖2 + δ2‖A∗(T (F2,φ2)
rn − I)Axn‖2

+2δ〈xn − p,A∗(T (F2,φ2)
rn − I)Axn〉.(3.4)

Thus, we have

‖un − p‖2 ≤ ‖xn − p‖2 + δ2〈(T (F2,φ2)
rn − I)Axn, AA

∗(T (F2,φ2)
rn − I)Axn〉

+2δ〈xn − p,A∗(T (F2,φ2)
rn − I)Axn〉.(3.5)

Now, we have

δ2〈(T (F2,φ2)
rn − I)Axn,AA

∗(T (F2,φ2)
rn − I)Axn〉

≤ Lδ2〈(T (F2,φ2)
rn − I)Axn, (T

(F2,φ2)
rn − I)Axn〉

= Lδ2‖(T (F2,φ2)
rn − I)Axn‖2.(3.6)
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Denoting Λ := 2δ〈xn − p,A∗(T (F2,φ2)
rn − I)Axn〉 and using (2.8), we have

Λ = 2δ〈xn − p,A∗(T (F2,φ2)
rn − I)Axn〉

= 2δ〈A(xn − p), (T (F2,φ2)
rn − I)Axn〉

= 2δ〈A(xn − p) + (T (F2,φ2)
rn − I)Axn

−(T (F2,φ2)
rn − I)Axn, (T

(F2,φ2)
rn − I)Axn〉

= 2δ
{
〈T (F2,φ2)

rn Axn − Ap, (T (F2,φ2)
rn − I)Axn〉

−‖(T (F2,φ2)
rn − I)Axn‖2

}
≤ 2δ

{1

2
‖(T (F2,φ2)

rn − I)Axn‖2 − ‖(T (F2,φ2)
rn − I)Axn‖2

}
≤ −δ‖(T (F2,φ2)

rn − I)Axn‖2.(3.7)

Using (3.5), (3.6) and (3.7), we obtain

(3.8) ‖un − p‖2 ≤ ‖xn − p‖2 + δ(Lδ − 1)‖(T (F2,φ2)
rn − I)Axn‖2.

Since, δ ∈ (0, 1
L

), we obtain

(3.9) ‖un − p‖2 ≤ ‖xn − p‖2.

By using(3.3), we have

‖yn − p‖ = ‖PC(I − µnB)un − p‖
≤ ‖(I − µnB)un − (I − µnB)p‖
≤ ‖un − p‖.(3.10)
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Further, we estimate

‖xn+1 − p‖ = ‖αnγf(Knxn) + βnxn + ((1− βn)I − αnD)Knyn − p‖
= ‖αn(γf(Knxn)−Dp) + βn(xn − p)

+((1− βn)I − αnD)(Knyn − p)‖
≤ αn‖γf(Knxn)−Dp‖+ βn‖xn − p‖

+((1− βn)I − αnγ)‖Knyn − p‖
≤ αn‖γf(Knxn)− γf(p) + γf(p)−Dp‖+ βn‖xn − p‖

+((1− βn)I − αnγ)‖yn − p‖
(using nonexpansivity of Kn)

≤ αnγ‖f(Knxn)− f(p)‖+ αn‖γf(p)−Dp‖
+βn‖xn − p‖+ ((1− βn)I − αnγ)‖xn − p‖
(using (3.9) and (3.10))

≤ αnγα‖xn − p‖+ αn‖γf(p)−Dp‖
+(1− αnγ)‖xn − p‖

≤ (1− αn(γ − γα))‖xn − p‖+ αn‖γf(p)−Dp‖
≤ max{‖xn − p‖, ‖γf(p)−Dp‖

γ−γα }, n ≥ 0.

By induction, we have

‖xn+1 − p‖ ≤ max{‖x0 − p‖,
‖γf(p)−Dp‖

γ − γα
}.

Hence {xn} is bounded, so {yn}, {Knyn} and {f(Knxn)} are bounded.

Claim 2. limn→∞ ‖xn+1−xn‖ = 0, limn→∞ ‖xn−Knyn‖ = 0, limn→∞ ‖un−
xn‖ = 0 and limn→∞ ‖un − yn‖ = 0.

Since T
(F1,φ1)
rn+1 and T

(F2,φ2)
rn+1 both are firmly nonexpansive, they are av-

eraged. For δ ∈ (0, 1
L

), the mapping (I + δA∗(T
(F2,φ2)
rn+1 − I)A) is av-

eraged. It follows from Lemma 2.3(ii) that the mapping T
(F1,φ1)
rn+1 (I +

δA∗(T
(F2,φ2)
rn+1 − I)A) is averaged and hence nonexpansive. Further, since

un = T
(F1,φ1)
rn (xn + δA∗(T

(F2,φ2)
rn − I)Axn) and un+1 = T

(F1,φ1)
rn+1 (xn+1 +
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δA∗(T
(F2,φ2)
rn+1 − I)Axn+1), it follows from Lemma 2.14 that

‖un+1 − un‖ ≤ ‖T (F1,φ1)
rn+1

(xn+1 + δA∗(T (F2,φ2)
rn+1

− I)Axn+1)

−T (F1,φ1)
rn+1

(xn + δA∗(T (F2,φ2)
rn+1

− I)Axn)‖
+‖T (F1,φ1)

rn+1
(xn + δA∗(T (F2,φ2)

rn+1
− I)Axn)

−T (F1,φ1)
rn (xn + δA∗(T (F2,φ2)

rn − I)Axn)‖
≤ ‖xn+1 − xn‖+ ‖(xn + δA∗(T (F2,φ2)

rn+1
− I)Axn)

−(xn + δA∗(T (F2,φ2)
rn − I)Axn)‖

+

∣∣∣∣1− rn
rn+1

∣∣∣∣ ‖T (F1,φ1)
rn+1

(xn + δA∗(T (F2,φ2)
rn − I)Axn)

−(xn + δA∗(T (F2,φ2)
rn − I)Axn)‖

≤ ‖xn+1 − xn‖
+δ‖A‖‖T (F2,φ2)

rn+1
Axn − T (F2,φ2)

rn Axn‖+ δn

≤ ‖xn+1 − xn‖

+δ‖A‖
∣∣∣∣1− rn

rn+1

∣∣∣∣ ‖T (F2,φ2)
rn+1

Axn − Axn‖+ δn

≤ ‖xn+1 − xn‖+ δ‖A‖σn + δn,(3.11)

where

σn =

∣∣∣∣1− rn
rn+1

∣∣∣∣ ‖T (F2,φ2)
rn Axn − Axn‖

δn =

∣∣∣∣1− rn
rn+1

∣∣∣∣ ‖T (F1,φ1)
rn (xn + δA∗(T

(F2,φ2)
rn − I)Axn)

−(xn + δA∗(T
(F2,φ2)
rn − I)Axn)‖.
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We estimate

‖yn+1 − yn‖ = ‖PC(I − µn+1B)un+1 − PC(I − µnB)un‖
≤ ‖(I − µn+1B)un+1 − (I − µnB)un‖
= ‖(I − µn+1B)un+1 − (I − µn+1B)un

+(µn − µn+1)Bun‖
≤ ‖un+1 − un‖+ |µn − µn+1|‖Bun‖
≤ ‖xn+1 − xn‖+ δ‖A‖σn + δn + |µn − µn+1|‖Bun‖

(using (3.11))

≤ ‖xn+1 − xn‖+ δ‖A‖σn + δn +M1|µn − µn+1|,(3.12)

where M1 = supn≥1 ‖Bun‖.

Setting xn+1 = (1− βn)ln + βnxn, then we have ln = xn+1−βnxn
1−βn and

ln+1 − ln = αn+1γf(Kn+1xn+1)+((1−βn+1)I−αn+1D)Kn+1yn+1

1−βn+1

−αnγf(Knxn)+((1−βn)I−αnD)Knyn
1−βn

= ( αn+1

1−βn+1
)(γf(Kn+1xn+1)−DKn+1yn+1)

+( αn
1−βn )(DKnyn − γf(Knxn))

+Kn+1yn+1 −Knyn
= ( αn+1

1−βn+1
)(γf(Kn+1xn+1)−DKn+1yn+1)

+( αn
1−βn )(DKnyn − γf(Knxn))

+Kn+1yn+1 −Kn+1yn +Kn+1yn −Knyn.

Thus,

‖ln+1 − ln‖ ≤
αn+1

1− βn+1

(‖γf(Kn+1xn+1)‖+ ‖DKn+1yn+1‖)

+
αn

1− βn
(‖DKnyn‖+ ‖γf(Knxn)‖)

+‖Kn+1yn+1 −Kn+1yn‖+ ‖Kn+1yn −Knyn‖

≤ αn+1

1− βn+1

(‖γf(Kn+1xn+1)‖+ ‖DKn+1yn+1‖)

+
αn

1− βn
(‖DKnyn‖+ ‖γf(Knxn)‖)

+‖yn+1 − yn‖+ ‖Kn+1yn −Knyn‖.(3.13)
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Next, we estimate ‖Kn+1yn −Knyn‖.
For i ∈ {2, 3, ..., N − 2}, we have

‖Un+1,N−iyn − Un,N−iyn‖
= ‖λn+1,N−iTN−iUn+1,N−i−1yn + (1− λn+1,N−i)Un+1,N−i−1yn

−λn,N−iTN−iUn,N−i−1yn − (1− λn,N−i)Un,N−i−1yn‖
= ‖λn+1,N−iTN−iUn+1,N−i−1yn − λn+1,N−iTN−iUn,N−i−1yn

+λn+1,N−iTN−iUn,N−i−1yn − λn+1,N−i)Un,N−i−1yn

+λn+1,N−i)Un,N−i−1yn + (1− λn+1,N−i)Un+1,N−i−1yn

−λn,N−iTN−iUn,N−i−1yn − (1− λn,N−i)Un,N−i−1yn‖
≤ λn+1,N−i‖TN−iUn+1,N−i−1yn − TN−iUn,N−i−1yn‖

+(1− λn+1,N−i)‖Un+1,N−i−1yn − Un,N−i−1yn‖
+|λn+1,N−i − λn,N−i|‖TN−iUn,N−i−1yn‖
+|λn+1,N−i − λn,N−i|‖Un,N−i−1yn‖

≤ ‖Un+1,N−i−1yn − Un,N−i−1yn‖+M3|λn+1,N−i − λn,N−i|(3.14)

and

‖Un+1,1yn − Un,1yn‖ = ‖λn+1,1T1yn + (1− λn+1,1)yn

−λn,1T1yn − (1− λn,1)yn‖
≤ |λn+1,1 − λn,1|‖T1yn‖+ |λn+1,1 − λn,1|‖yn‖
≤ |λn+1,1 − λn,1|M2,(3.15)

where

M2 = sup{
∑N

i=2(‖TiUn,i−1yn‖+ ‖Un,i−1yn‖) + ‖T1yn‖+ ‖yn‖} ≤ ∞.
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By (3.14) and (3.15), we have

‖Kn+1yn −Knyn‖ = ‖Un+1,Nyn − Un,Nyn‖
≤ ‖Un+1,N1yn − Un,N1yn‖+M2|λn+1,N − λn,N |
≤ ‖Un+1,N2yn − Un,N2yn‖

+M2|λn+1,N−1 − λn,N−1|+M2|λn+1,N − λn,N |
.

.

.

≤ ‖Un+1,1yn − Un,1yn‖+M2

N∑
i=2

|λn+1,i − λn,i|

≤ M2

N∑
i=1

|λn+1,i − λn,i|.(3.16)

Using (3.12) and (3.16) in (3.13), we have

‖ln+1 − ln‖ ≤ αn+1

1−βn+1
(‖γf(Kn+1xn+1)‖+ ‖DKn+1yn+1‖)

+ αn
1−βn (‖DKnyn‖+ ‖γf(Knxn)‖)

+‖xn+1 − xn‖+ δ‖A‖σn + δn +M1|µn − µn+1|
+M2

∑N
i=1 |λn+1,i − λn,i|

and hence

‖ln+1 − ln‖ − ‖xn+1 − xn‖ ≤ αn+1

1−βn+1
(‖γf(Kn+1xn+1)‖

+‖DKn+1yn+1‖) + αn
1−βn (‖DKnyn‖

+‖γf(Knxn)‖)
+δ‖A‖σn + δn +M1|µn − µn+1|
+M2

∑N
i=1 |λn+1,i − λn,i|.

Taking lim sup and using the conditions (i)-(v), in above inequality, we
have

lim sup
n→∞

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0.

By Lemma 2.7, we have

(3.17) lim
n→∞

‖ln − xn‖ = 0.

Since xn+1 = (1− βn)ln + βnxn therefore

‖xn+1 − xn‖ = ‖(1− βn)(ln − xn)‖.
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This implies that

(3.18) lim
n→∞

‖xn+1 − xn‖ = 0.

Now,

‖xn −Knyn‖ = ‖xn − xn+1 + xn+1 −Knyn‖
≤ ‖xn+1 − xn‖+ ‖αnγf(Knxn) + βnxn

+((1− βn)I − αnD)Knyn −Knyn‖
= ‖xn+1 − xn‖+ ‖αn(γf(Knxn)−DKnyn)‖

+((1− βn)I − αnD)(Knyn −Knyn) + βn(xn −Knyn)
≤ ‖xn+1 − xn‖+ αn‖γf(Knxn)−DKnyn‖

+βn‖xn −Knyn‖.

Thus,

(1− βn)‖xn −Knyn‖ ≤ ‖xn+1 − xn‖+ αn‖γf(Knxn)−DKnyn‖.

Taking limit and using the conditions (i)-(ii) and (3.18) in above inequal-
ity, we have

(3.19) lim
n→∞

‖xn −Knyn‖ = 0.

As {xn} is bounded, we may assume a nonnegative real number K such
that ‖xn − p‖ ≤ K. It follows from (3.8) and (2.8) that

‖xn+1 − p‖2 = ‖αn(γf(Knxn)−Dp) + βn(xn −Knyn)

+(1− αnD)(Knyn − p)‖2

≤ ‖(1− αnD)(Knyn − p) + βn(xn −Knyn)‖2

+2〈αnγf(Knxn)−Bp, xn+1 − p〉
≤ [‖(1− αnD)(Knyn − p)‖+ βn‖xn −Knun‖]2

+2αn〈γf(Knxn)−Dp, xn+1 − p〉
≤ [(1− αnγ̄)‖yn − p‖+ βn‖xn −Knyn‖]2

+2αn〈γf(Knxn)−Dp, xn+1 − p〉
= (1− αnγ̄)2‖yn − p‖2 + β2

n‖xn −Knyn‖2

+2(1− αnγ̄)βn‖yn − p‖
×‖xn −Knyn‖+ 2αn〈γf(Knxn)−Dp, xn+1 − p〉(3.20)
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‖xn+1 − p‖2 ≤ (1− αnγ̄)2[‖xn − p‖2 + δ(Lδ − 1)‖(T (F2,φ2)
rn − I)Axn‖2]

+β2
n‖xn −Knyn‖2 + 2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖

+2αn〈γf(Knxn)−Dp, xn+1 − p〉
= (1− 2αnγ̄ + (αnγ̄)2)‖xn − p‖2

+(1− αnγ̄)2δ(Lδ − 1)‖(T (F2,φ2)
rn − I)Axn‖2

+β2
n‖xn −Knyn‖2 + 2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖

+2αn〈γf(Knxn)−Bp, xn+1 − p〉
≤ ‖xn − p‖2 + (αnγ̄)2)‖xn − p‖2

+(1− αnγ̄)2δ(Lδ − 1)‖(T (F2,φ2)
rn − I)Axn‖2

+β2
n‖xn −Knun‖2 + 2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖

+2αn〈γf(Knxn)−Dp, xn+1 − p〉.

Therefore,

(1− αnγ̄)2δ(1− Lδ)‖(T (F2,φ2)
rn − I)Axn‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2

+ β2
n‖xn −Knyn‖2 + αnγ̄

2‖xn − p‖2

+ 2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖
+ 2αn〈γf(Knxn)−Dp, xn+1 − p〉
≤ (‖xn − p‖+ ‖xn+1 − p‖)‖xn − xn+1‖
+ β2

n‖xn −Knyn‖2 + αnγ̄
2‖xn − p‖2

+ 2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖
+ 2αn(γ‖f(Knxn)‖+ ‖Dp‖)K.

Since δ(1− Lδ) > 0, ‖xn+1 − xn‖ → 0 and ‖xn −Knyn‖ → 0 as n→∞
and from conditions (i) and (ii), we obtain

(3.21) lim
n→∞

‖(T (F2,φ2)
rn − I)Axn‖2 = 0.
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We estimate

‖un − p‖2 = ‖T (F1,φ1)
rn (xn + δA∗(T (F2,φ2)

rn − I)Axn)− p‖2

≤ ‖T (F1,φ1)
rn (xn + δA∗(T (F2,φ2)

rn − I)Axn)− T (F1,φ1)
rn p‖2

≤ 〈un − p, xn + δA∗(T (F2,φ2)
rn − I)Axn − p〉

=
1

2

{
‖un − p‖2 + ‖xn + δA∗(T (F2,φ2)

rn − I)Axn − p‖2

−‖(un − p)− [xn + δA∗(T (F2,φ2)
rn − I)Axn − p]‖2

}
=

1

2

{
‖un − p‖2 + ‖xn − p‖2

−‖un − xn − δA∗(T (F2,φ2)
rn − I)Axn‖2

}
=

1

2

{
‖un − p‖2 + ‖xn − p‖2

−[‖un − xn‖2 + δ2‖A∗(T (F2,φ2)
rn − I)Axn‖2

−2δ〈un − xn, A∗(T (F2,φ2)
rn − I)Axn〉]

}
.

Hence, we obtain
(3.22)
‖un−p‖2 ≤ ‖xn−p‖2−‖un−xn‖2 +2δ‖A(un−xn)‖‖(T (F2,φ2)

rn −I)Axn‖.

From (3.20), we obtain

‖xn+1 − p‖2 ≤ (1− αnγ̄)2‖yn − p‖2 + β2
n‖xn −Knyn‖2

+2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖
+2αn〈γf(Knxn)−Dp, xn+1 − p〉

≤ (1− αnγ̄)2[‖xn − p‖2 − ‖un − xn‖2

+2δ‖A(un − xn)‖‖(T (F2,φ2)
rn − I)Axn‖]

+β2
n‖xn −Knyn‖2 + 2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖

+2αn〈γf(Knxn)−Dp, xn+1 − p〉
≤ ‖xn − p‖2 + (αnγ̄)2‖xn − p‖2 − (1− αnγ̄)2‖un − xn‖2

+2(1− αnγ̄)2δ‖A(un − xn)‖‖(T (F2,φ2)
rn − I)Axn‖

+β2
n‖xn −Knyn‖2 + 2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖

+2αn〈γf(Knxn)−Dp, xn+1 − p〉.(3.23)
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Thus,

(1− αnγ̄)2‖un − xn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2

+β2
n‖xn −Knyn‖2 + (αnγ̄)2‖xn − p‖2

+2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖
+2(1− αnγ̄)2δ‖A(un − xn)‖
×‖(T (F2,φ2)

rn − I)Axn‖
+2αn〈γf(Knxn)−Dp, xn+1 − p〉

≤ (‖xn − p‖+ ‖xn+1 − p‖)‖xn − xn+1‖
+β2

n‖xn −Knyn‖2

+2(1− αnγ̄)2δ‖A(un − xn)‖
×‖(T (F2,φ2)

rn − I)Axn‖
+(αnγ̄)2‖xn − p‖2

+2(1− αnγ̄)βn‖yn − p‖‖xn −Knyn‖
+2αn(γ‖f(Knxn)‖+ ‖Dp‖)K.(3.24)

Using (3.18), (3.19), (3.21) and conditions (i)-(ii), we have

(3.25) lim
n→∞

‖un − xn‖ = 0.

Next, we prove limn→∞ ‖un − yn‖ = 0.

We estimate

‖xn+1 − p‖2 = ‖αnγf(Knxn) + βnxn + ((1− βn)I − αnD)Knyn − p‖2

= ‖(1− βn)(Knyn − p) + βn(xn − p)
+αn(γf(Knxn)−DKnyn)‖2

≤ (1− βn)‖Knyn − p‖2 + βn‖xn − p‖2

+2αn〈ρn, xn+1 − p〉
≤ (1− βn)‖Knyn − p‖2 + βn‖xn − p‖2 + 2λ2αn

≤ (1− βn)‖yn − p‖2 + βn‖xn − p‖2 + 2λ2αn.(3.26)
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In the above inequality we set ρn = γf(Knxn) −DKnyn and let λ > 0
be an appropriate constant such that λ ≥ supn,k{‖ρn‖, ‖xk− p‖}. Thus,

‖xn+1 − p‖2 ≤ (1− βn)‖yn − p‖2 + βn‖xn − p‖2 + 2λ2αn
≤ (1− βn){‖PC(un − µnBun)− PC(p− µnBp)‖2}

+βn‖xn − p‖2 + 2λ2αn
≤ (1− βn){‖un − p‖2 + µn(µn − 2τ)‖Bun −Bp‖2}

+βn‖xn − p‖2 + 2λ2αn
≤ (1− βn){‖xn − p‖2 + µn(µn − 2τ)‖Bun −Bp‖2}

+βn‖xn − p‖2 + 2λ2αn
≤ (1− βn)µn(µn − 2τ)‖Bun −Bp‖2

+‖xn − p‖2 + 2λ2αn

which yields,

(1− βn)µn(2τ − µn)‖Bun −Bp‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + 2λ2αn
≤ (‖xn − p‖+ ‖xn+1 − p‖)
×‖xn − xn+1‖+ 2λ2αn.

Using conditions (i)-(ii) and (3.18), we have

(3.27) lim
n→∞

‖Bun −Bp‖ = 0.

By using (2.8), we estimate

‖yn − p‖2 = ‖PC(un − µnBun)− PC(p− µnBp)‖2

≤ 〈yn − p, (un − µnBun)− (p− µnBp)〉
≤ 1

2
{‖yn − p‖2 + ‖(un − µnBun)
−(p− µnBp)‖2 − ‖(yn − un) + µn(Bun −Bp)‖2}

≤ 1
2
{‖yn − p‖2 + ‖un − p‖2 − ‖(yn − un) + µn(Bun −Bp)‖2}

≤ ‖un − p‖2 − ‖yn − un‖2 − µ2
n‖Bun −Bp‖2

+2µn〈yn − un, Bun −Bp〉
≤ ‖un − p‖2 − ‖yn − un‖2 + 2µn‖yn − un‖‖Bun −Bp‖
≤ ‖xn − p‖2 − ‖yn − un‖2 + 2µn‖yn − un‖‖Bun −Bp‖.

From (3.26), we have

‖xn+1 − p‖2 ≤ (1− βn)‖yn − p‖2 + βn‖xn − p‖2 + 2λ2αn
≤ (1− βn){‖xn − p‖2 − ‖yn − un‖2

+2µn‖yn − un‖‖Bun −Bp‖}+ βn‖xn − p‖2 + 2λ2αn
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which yields

(1− βn)‖yn − un‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2

+2(1− βn)µn‖yn − un‖‖Bun −Bp‖+ 2λ2αn
≤ (‖xn − p‖+ ‖xn+1 − p‖)‖xn − xn+1‖

+2(1− βn)µn‖yn − un‖‖Bun −Bp‖+ 2λ2αn

Using conditions (i)-(ii), (3.18) and (3.27), we have

(3.28) lim
n→∞

‖yn − un‖ = 0.

Claim 3. We show that lim supn→∞〈(γf − D)z, xn − z〉 ≤ 0, where
z = PΘ(I −D+ γf)z. To show this inequality, we choose a subsequence
{uni} of {un} such that

(3.29) lim sup
n→∞
〈(γf −B)z, un − z〉 = lim

i→∞
〈(γf −B)z, uni − z〉.

Since {un} is bounded, there exists a subsequence {uni} of {un} which
converges weakly to some w ∈ C. Without loss of generality, we can
assume that uni ⇀ w. From ‖Knyn − xn‖ → 0, we obtain Knyni ⇀ w.

Now, we prove that w ∈ Sol(GEP(1.6)).

Since un = T
(F1,φ1)
rn dn where dn := xn + δA∗(T

(F2,φ2)
rn − I)Axn, we have

F1(un, y) + φ1(y, un)− φ1(un, un) +
1

rn
〈y − un, un − dn〉 ≥ 0, ∀y ∈ C,

which implies that

φ1(y, un)− φ1(un, un) + 1
rn
〈y − un, un − dn〉 ≥ F1(y, un), ∀y ∈ C,

(using monotonocity of F1).

Hence,
(3.30)

φ1(y, unk)− φ1(unk , unk) + 〈y − unk ,
unk − dnk

rnk
〉 ≥ F1(y, unk), ∀y ∈ C.

Let yt = (1− t)w + ty for all t ∈ (0, 1]. Since y ∈ C and w ∈ C, we get
yt ∈ C and from (3.30), we have

0 ≤ F1(yt, unk)− φ1(yt, unk) + φ1(unk , unk)

−〈yt − unk ,
unk−xnk
rnk

+ δA∗(
(T

(F2,φ2)
rnk

−I)Axnk
rnk

)〉.
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Since A∗ is bounded linear, it follows from (3.21), (3.25) and lim inf rn >

0 that
unk − xnk

rnk
→ 0 and A∗(

(T
(F2,φ2)
rnk

−I)Axnk
rnk

)→ 0 and so

φ1(yt, w)− φ1(w,w) ≤ F1(yt, w).

Now, for t > 0,

0 = F1(yt, yt)
= tF1(yt, y) + (1− t)F1(yt, w)
≥ tF1(yt, y) + (1− t)[φ1(yt, w)− φ1(w,w)]
≥ tF1(yt, y) + (1− t)t[φ1(y, w)− φ1(w,w)]
≥ F1(yt, y) + (1− t)[φ1(y, w)− φ1(w,w)].

Letting t→ 0, we have

F1(w, y) + φ1(y, w)− φ1(w,w) ≥ 0, ∀y ∈ C.
This implies that w ∈ Sol(GEP(1.6)).

Next, we show that Aw ∈ Sol(GEP(1.7)). Since ‖un−xn‖ → 0, un ⇀
w as n → ∞ and {xn} is bounded, there exists a subsequence {xnk} of
{xn} such that xnk ⇀ w and since A is a bounded linear operator so
that Axnk ⇀ Aw.

Now setting vnk = Axnk − T
(F2,φ2)
rnk

Axnk . It follows that from (3.21) that

lim
k→∞

vnk = 0 and Axnk − vnk = T
(F2,φ2)
rnk

Axnk .

Therefore, from Lemma 2.13, we have

F2(Axnk − vnk , z) + φ1(z, unk)− φ1(unk , unk)

+
1

rnk
〈z − (Axnk − vnk), (Axnk − vnk)− Axnk〉 ≥ 0, ∀z ∈ Q.

Since F2 is upper semicontinuous in first argument, taking limit superior
to above inequality as k →∞ and using condition (iii), we obtain

F2(Aw, z) + φ1(z, unk)− φ1(unk , unk) ≥ 0, ∀z ∈ Q,
which means that Aw ∈ Sol(GEP(1.7)) and hence w ∈ Γ.

Next, we prove w ∈
⋂N
i=1 Fix(Ti).

Let K be the K-mapping generated by T1, T2, ..., TN and λ1, λ2, ..., λN .
Then by Lemma 2.11, we have, for every x ∈ C,

(3.31) Knix→ Kx.
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Moreover, from Lemma 2.10,

Fix(K) =
N⋂
i=1

Fix(Ti).

Suppose for contradiction w /∈ Fix(K). Then w 6= Kw. From (2.6),
(3.19) and (3.31), we have

lim infi→∞ ‖yni − w‖ < lim infi→∞ ‖yni −Kw‖
≤ lim infi→∞(‖yni −Kniyni‖

+‖Kniyni −Kniw‖+ ‖Kniw −Kw‖)
≤ lim infi→∞ ‖Kniyni −Kniw‖
≤ lim infi→∞ ‖yni − w‖,

which derives a contradiction. Thus, we have w ∈ Fix(K). Thus w ∈⋂N
i=1 Fix(Ti).

Next, we prove w ∈ Ω. Since limn→∞ ‖un−yn‖ = 0 and limn→∞ ‖un−
xn‖ = 0, there exist subsequences {uni} and {yni} of {un} and {yn},
respectively such that uni ⇀ w and yni ⇀ w.

Define the mapping M as

M(z) =

{
B(z) +NC(z), if z ∈ C,
∅, if z /∈ C,(3.32)

where NC(z) := {v ∈ H1 : 〈z − u, v〉 ≥ 0, ∀u ∈ C} is the normal cone
to C at z ∈ H1. In this case, the mapping M is maximal monotone
and hence 0 ∈ Mz mapping if and only if z ∈ Sol(VIP(1.2)). Let
(z, v) ∈ graph(M). Then, we have v ∈ Mz = Bz + NC(z) and hence
v−Bz ∈ NC(z). So, we have 〈z− u, v−Bz〉 ≥ 0, for all u ∈ C. On the
other hand, from yn = PC(un − µnBun) and z ∈ C, we have

〈(un − µnBun)− yn, yn − z〉 ≥ 0.

This implies that

〈z − yn,
yn − un
µn

+Bun〉 ≥ 0.
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Since 〈z−u, v−Bz〉 ≥ 0, for all u ∈ C and yni ∈ C, using monotonicity
of B, we have

〈z − yni , v〉 ≥ 〈z − yni , Bz〉

≥ 〈z − yni , Bz〉 − 〈z − yni ,
yni − uni

µn
+Buni〉

= 〈z − yni , Bz −Byni〉+ 〈z − yni , Byni −Buni〉

−〈z − yni ,
yni − uni

µn
〉

≥ 〈z − yni , Byni −Buni〉 − 〈z − yni ,
yni − uni

µn
〉.

Since B is continuous therefore on taking limit i → ∞, we have 〈z −
w, v〉 ≥ 0. Since T is maximal monotone, we have w ∈ T−1(0) and hence
w ∈ Ω. Thus w ∈ Θ.

Next, we claim that lim sup
n→∞
〈(γf − D)z, xn − z〉 ≤ 0, where z =

PΘ(I −D + γf)z. Now from (2.3), we have

lim sup
n→∞
〈(γf −D)z, xn − z〉 = lim sup

n→∞
〈(γf −D)z,Knyn − z〉

≤ lim sup
i→∞
〈(γf −B)z,Knyni − z〉

= 〈(γf −B)z, w − z〉
≤ 0.(3.33)
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Claim 4. Finally, we show that xn → w. Using (3.9) and (3.10), we
estimate

‖xn+1 − w‖2 = 〈αn(γf(Knxn)−Dw) + βn(xn − w)

+((1− βn)I − αnD)(Knyn − w)〉
= αn〈γf(Knxn)−Dw, xn+1 − w〉+ βn〈xn − w, xn+1 − w〉

+〈((1− βn)I − αnD)(Knyn − w)− w〉
≤ αn (γ〈f(Knxn)− f(w), xn+1 − w〉+ 〈γf(w)−Dw, xn+1 − w〉)

+βn‖xn − w‖‖xn+1 − w‖
+‖(1− βn)I − αnD‖‖Knyn − w‖‖xn+1 − w‖

≤ αnαγ‖xn − w‖‖xn+1 − w‖+ αn〈γf(w)−Dw, xn+1 − w〉
+βn‖xn − w‖‖xn+1 − w‖+ (1− βn − αnγ̄)‖yn − w‖‖xn+1 − w‖

≤ αnαγ‖xn − w‖‖xn+1 − w‖+ αn〈γf(w)−Dw, xn+1 − w〉
+βn‖xn − w‖‖xn+1 − w‖+ (1− βn − αnγ̄)‖xn − w‖‖xn+1 − w‖

= [1− αn(γ̄ − γα)]‖xn − w‖‖xn+1 − w‖
+αn〈γf(w)−Dw, xn+1 − w〉

≤ 1− αn(γ̄ − γα)

2

(
‖xn − w‖2 + ‖xn+1 − w‖2

)
+αn〈γf(w)−Dw, xn+1 − w〉

≤ 1− αn(γ̄ − γα)

2
‖xn − w‖2 +

1

2
‖xn+1 − w‖2

+αn〈γf(w)−Dw, xn+1 − w〉.

This implies that

‖xn+1 − w‖2 ≤ [1− αn(γ̄ − γα)]‖xn − w‖2(3.34)

+2αn(〈γf(w)−Dw, xn+1 − w〉
= [1− αn(γ̄ − γα)]‖xn − w‖2 + 2αnMn.

Since lim
n→∞

αn = 0 and
∞∑
n=0

αn =∞, it is easy to see that lim sup
n→∞

Mn ≤ 0.

Hence, from (3.33), (3.34) and Lemma 2.9, we deduce that xn → w,
where w = PΘ(I + γf −D). This completes the proof.
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Finally, we have the following consequence of Theorem 3.1, which
is obtained by taking A = I,H1 = H2, C = Q,F1 = F2, φ1 = φ2 in
Theorem 3.1.

Corollary 3.2. Let H1 be a real Hilbert space and let C be a
nonempty closed convex subset of H1. Assume that F1 : C × C → R
and φ1 : C×C → R be nonlinear mappings satisfying Assumption 2.12.
Let Ti : C → C be a nonexpansive mapping for each i = 1, 2, ..., N such

that Θ =
N⋂
i=1

Fix(Ti)
⋂

Sol(GEP(1.6))
⋂

Ω 6= ∅. Let f : H1 → H1 be

a contraction mapping with constant α ∈ (0, 1) and D be a strongly
positive bounded linear self adjoint operator on H1 with constant γ̄ > 0
such that 0 < γ < γ̄

α
< γ + 1

α
. Let B : C → H1 be a τ -inverse strongly

monotone mapping. For a given x0 ∈ C arbitrarily, let the sequences
{un}, {xn} and {yn} be generated by the following iterative schemes:

un = T
(F1,φ1)
rn (xn);

yn = PC(un − µnB(un))
xn+1 = αnγf(Knxn) + βnxn + ((1− βn)I − αnD)Knyn,

where {µn} ⊂ (0, 2τ) and {αn}, {βn}, {rn} are sequences in (0, 1),
and λ1, λ2, ..., λN be real numbers such that 0 < λi < 1 for every i =
1, 2, ..., N − 1 and 0 < λN ≤ 1, λn,i → λi(i = 1, 2, ..., N) satisfying the
following conditions:

(i) limn→∞ αn = 0,
∑∞

n=0 αn =∞;
(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(iii) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0;
(iv) 0 < lim infn→∞ µn ≤ lim supn→∞ µn < 2τ and limn→∞ |µn+1 −

µn| = 0;
(v)

∑∞
n=0 |λn,i − λn−1,i| <∞, ∀i = 1, 2, ..., N.

Then the sequence {xn} converges strongly to some z∗ ∈ Θ, where z∗ =
PΘ(γf + (I −D))z∗ which solves the following variational inequality:

〈(D − γf)z∗, z − z∗〉 ≥ 0, for any z ∈ Θ.

The following corollary is due to Kangtunyakarn and Suantai [10],
which is obtained by taking A = I,H1 = H2, C = Q,F1 = F2, φ1 = φ2

and B = 0 in Theorem 3.1.
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Corollary 3.3. Let H1 be a real Hilbert space and let C be a
nonempty closed convex subset of H1. Assume that F1 : C × C → R
be a nonlinear mapping satisfying Assumption 2.12. Let Ti : C →
C be a nonexpansive mapping for each i = 1, 2, ..., N such that Θ =
N⋂
i=1

Fix(Ti)
⋂

Sol(EP(1.3)) 6= ∅. Let f : H1 → H1 be a contraction

mapping with constant α ∈ (0, 1) and D be a strongly positive bounded
linear self adjoint operator on H1 with constant γ̄ > 0 such that 0 <
γ < γ̄

α
< γ + 1

α
. For a given x0 ∈ C arbitrarily, let the sequences {un},

{xn} and {yn} be generated by the following iterative schemes:

un = T
(F1)
rn (xn);

xn+1 = αnγf(Knxn) + βnxn + ((1− βn)I − αnD)Knun,

where {αn}, {βn}, {rn} are sequences in (0, 1), and λ1, λ2, ..., λN be real
numbers such that 0 < λi < 1 for every i = 1, 2, ..., N−1 and 0 < λN ≤ 1,
λn,i → λi(i = 1, 2, ..., N) satisfying the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=0 αn =∞;
(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(iii) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0;
(iv)

∑∞
n=0 |λn,i − λn−1,i| <∞, ∀i = 1, 2, ..., N.

Then the sequence {xn} converges strongly to some z∗ ∈ Θ, where z∗ =
PΘ(γf + (I −D))z∗.
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