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k—FRACTIONAL INTEGRAL INEQUALITIES FOR
(h —m)—CONVEX FUNCTIONS VIA CAPUTO
E—FRACTIONAL DERIVATIVES

LAKSHMI NARAYAN MISHRA*, QURAT UL AIN, GHULAM FARID,
AND ATIQ UR REHMAN

ABSTRACT. In this paper, first we obtain some inequalities of Hadamard
type for (h — m)—convex functions via Caputo k—fractional deriva-
tives. Secondly, two integral identities including the (n + 1) and
(n+2) order derivatives of a given function via Caputo k—fractional
derivatives have been established. Using these identities estimations

of Hadamard type integral inequalities for the Caputo k—fractional
derivatives have been proved.

1. Introduction and preliminaries

Fractional Calculus does not mean the calculus of fractions nor does
it mean a fraction of any calculus differentiation and integration. The
Fractional Calculus is a name of theory of integration and derivatives of
arbitrary order. From historical point of view, development of Fractional
Calculus begins with step by step introduction of fractional derivative.
Fractional calculus may be describe as extension of the concept of de-
rivative operator from integer order n to arbitrary order «. Fractional
derivative has been considered as the inverse of a fractional integral.

Received November 26, 2018. Revised May 16, 2019. Accepted June 3, 2019.

2010 Mathematics Subject Classification: 26B15, 26A51, 34L.15.

Key words and phrases: Caputo fractional derivatives; Caputo k—fractional
derivatives; (h — m)—convex functions.

x Corresponding author.

© The Kangwon-Kyungki Mathematical Society, 2019.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.


https://doi.org/10.11568/kjm.2019.27.2.357

358 L. N. Mishra, Q. U. Ain, G. Farid, and A. U. Rehman

Systems containing fractional derivatives and integrals have been stud-
ied by many science and engineering areas. There are growing number
of physical systems whose behavior can be compactly describe by us-
ing fractional calculus systems. A particular subgroup of nonlocal fields
theories play an increasingly important role and may be described with
the operators of fractional nature and is specified within the framework
of Fractional Calculus. Despite the fact that the concept is being dis-
cussed since the day of Leibniz (1695) and since then has occupied great
number of mathematicians of their time [4-6,8,10].

As in this paper we have to prove the Hadamard type inequalities for
(h—m)—convex functions via Caputo k—fractional derivatives, we recall
following definition which is well known in the literature [5].

DEFINITION 1.1. Let @« > 0 and o ¢ {1,2,3,...}, n = [a] + 1, f €
AC"[a,b]. The Caputo fractional derivatives of order « are defined as
follows:

z (n)
(1) “Dg, f(x) = F(nl— ) /a @ i t)it)nﬂdt,a: > a
and
BRI R
(2) “Dy f(x) = FEn 1_)a) / 0 _fwit_)nﬂdt,x < b.

If « =n € {1,2,3,...} and usual derivative of order n exists, then Ca-
puto fractional derivative (“D2,_f)(z) coincides with f(™(z), whereas
(“Dy_f)(x) coincides with f™(z) with exactness to a constant multi-
plier (—1)". In particular we have

(3) (“Doy (@) = (“Dy_f)(x) = f(x)
where n =1 and o = 0.
In [2], Farid et al. defined Caputo k—fractional integrals as follows:

DEFINITION 1.2. Let @« > 0,k > 1 and a ¢ {1,2,3,...}, n = [o] + 1,
f € AC™[a,b]. The Caputo k-fractional derivatives of order « are defined
as follows:

1 T ()
4 “DYff(z) = / o dt
( ) a+ (‘1') ka<n_%) " (x_t)z—n—&-l T >a
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and

1) b )
(5) Dyt f(a) = kri(nl)— %)/ T _fx)ét_)nﬂdt,w <b

where I'y () is the k-Gamma function defined as

) Lk
Fp(a) = / t*le® dt,
0

also
Fi(a+ k) = alk(a).

If « =n € {1,2,3,..} and usual derivative f™(z) of order n exists,
then Caputo k-fractional derivative (CDg f)(x) coincides with f(z),
whereas (°Dy' f)(x) coincides with f()(z) with exactness to a constant
multiplier (—1)".

In the following we give definitions of convex and (h — m)—convex
function.

DEFINITION 1.3. A real-valued function f defined on an interval is
called convex, if for any two points z and y in its domain and any
a € [0,1], we have

flax+ (1 —a)y) < af(z) + (1 —a)f(y).
In other words, a function is convex if and only if its epigraph (the set
of points lying on or above the graph) is a convex set.

In [9], (h — m)—convexity introduced by Ozdemir et al. as a general-
ization of convex functions.

DEFINITION 1.4. Let J C R be an interval containing (0, 1) and let
h : J — R be a non-negative function. We say that f : [0,b] — R is a
(h—m)—convex function, if f is non-negative and for all z,y € [0,b],m €
[0,1] and o € (0, 1), one has

(6) flax +m(l —a)y) < h(e)f(x) +mh(l - a)f(y).

If the inequality (6) is reversed, then f is said to be an (h — m)—
concave function.
Fractional integral inequalities are in the study of several researchers
(see, [1-3,9] and references there in).In this paper, in Section 2 we present
some inequalities of Hadamard type for (h — m)—convex functions via
Caputo k—fractional derivatives. In Section 3 we prove the integral
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identities including the (n+ 1)-order and (n+ 2)-order derivative of f to
establish interesting Hadamard type inequalities for (h — m)—convexity
via Caputo k—fractional derivatives.

2. Hadamard type inequalites for (h —m)—convex functions
via Caputo k—fractional derivatives

Here we give the Caputo k—fractional derivatives inequality of Hadama-
rad type for a functions whose nth derivatives are (h — m)—convex.

THEOREM 2.1. Let f : [0,00) — R be a function such that f €
C™[a,b]. Also, let f™ be (h — m)—convex with m € (0,1]. Then the
following inequality for Caputo k—fractional derivatives holds

(7)
0 (bm;— a)

< (5) Tt I DD () oo

< (= (3) o ) o] f et

+ [mf™(b) + £ (a)] /Oltnilh(t)dt} .

Proof. Since f™ is (h —m)—convex, therefore one can have

£ <Um2+ v) <h <%) (mf ™ (w) + £ ().

Putting u = (1 1)~ +tb and v = m(1 —t)b+ta in the above inequality
where ¢ € [0, 1], and multiplying with t"~% ~!, then integrating over [0, 1]

we get
1
jom (o ta /t”‘?‘ldt
2 0

<h (%) Ualt”—‘i—lmf(”) ((1 - t)% + tb) dt

LM (m(1 = )b+ ta)dt} :

+
O\»
A
~
7
Bl
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By change of variables, we get

® ()

=h (i) W [ EDOEDEE ) () + (CDEE P b))

Now using the (h — m)—convexity of ™ one can also have
mf™ ((1 _ t)% + tb) 4 £ (m(1 — )b + ta)

< m2h(1 = 0)f ") (=5 +mh(0) £ (b) +mh(L = 1) (b) + h(t) £ (a).

Multiplying both sides of above inequality with (n — )k (1) t& = and

integrating over [0, 1], then with the change of variables one can have

) ( % > kTy(n — ¢ +ak) [ma+l(_1)<n> Dk (%> 4 (CD ) (mb)]

(mb—a)" &

(o= (3) o ) o] f et

+[mf ) + 7] [ 1 t"—%-lh@)dt} .

Combining it with (8) we get (7). O

COROLLARY 2.2. In Theorem 2.1 if we take k = 1, then we get the
following inequality for (h —m)—convex functions via Caputo fractional
derivatives

(n) bm+a)
(™

< (5) ot [ )M EDg ) () + C 2 )

<(n—a)h (%) { [m2f<”) (%) + mf(”)(b)] /01 (1 — t)dt

+ [mf™ () + f™(a)] / 1 t”‘a‘lh(t)dt} :

0

COROLLARY 2.3. In Theorem 2.1 if we take k = 1, h(t) = t, and
m = 1, then we get the following inequality for convex functions via
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Caputo fractional derivatives

(n) a+b
()

In the following we generalize the fractional Hardamard type inequalities
for (h —m)—convex function via Caputo k-fractional derivative.

THEOREM 2.4. Let f : [0,00) — R be a function such that f €
C™[a,b]. Also, let f(™ be (h — m)—convex with m € (0,1]. Then the
following inequality for Caputo k—fractional derivatives holds

(9)
o (a +2bm>

< om-2)y (L) e — 5 +5)
- 2) (bm—a)"" %

x [(CD?;ZQ,,M - F)mb) + m““(—l)(”)(cD?f%)—f ) (a)}

m

<= (5) e G) [ e (55

) (b) /1tn—2‘-—1h (tt) dt + [mﬂ")(b) + f(”)(a)} /1 w1l (;) dt} :
0 0

Proof. From (h — m)—convexity of f™ one can have

7 (M) <0 (5) U+ ms),

Putting u = %b + (Q—;t)% and u = %a + m@b in the above inequality
where ¢ € [0, 1], and multiplying with "~ %!, then integrating over [0, 1]
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one can have

) [0+ bm 1n_%_1
f ( ' )/t it
1 bl t (2—1)
- n—% n (L ez
Sh(2) Uot U f( (2a+m 5 b)dt
ln—f—l (2 t)a
+/0 t f (b+ 5 E)dt]'

By change of variables, we get

10) ™ (a +2bm>

< 2=%)p

(1) lh(n— & + k)

2) (bm—a)" %

| CDpt oDt e Dt (5],

( at+bm ) ( b m

Now, using the (h — m)—convexity of f(™, we can write

£ (%a—i—m@;t) >+ e ( (Q_t)ﬁ)

t n t n
Sh(i)f()()—i-mh( 5 > F(b +mh<2> ™ (b
on(z5) o2

Multiplying both sides of above inequality with (n —2)h () t""% ! and

integrating over [0, 1], then by change of variables we have

. (2) KTx(n— 2 + k)

(bm —a)" &

(25pm) (zg) )
e ) [ ()
+mf(”)(b)/0 t”1h< 5 >dt+[ f<”>(b)+f<n>(a)} /Oltn‘élh (;) dt}.

Combining it with (10), we get (9). O
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COROLLARY 2.5. In Theorem 2.4 if we take k = 1, then we get the
following inequality for (h — m)—convex function via Caputo fractional
derivative

) (@ +bm
(")

S 2(n—a)h 1 F(n —a+ 1)
2/ (bm —a)"—@

) {<CD?“+;M)+f)(mb> +m () D) -f) (:1)}

2m

<(n—a)h <;) {m2f<"> (=) /01 gno=1p (2;) dt

+mf™ (b) /01 o (tt) dt + [mﬂ”)(b) + f<“>(a)} /01 o (;) dt} :

COROLLARY 2.6. In Theorem 2.4 if we take k = 1, h(t) = t and
m = 1, then we get the following inequality for convex function via
Caputo fractional derivative

(n) a-+b
()
r

-a-nlm—a+1) [~ _ 1\(0)(C pa a
<o TS D D N0+ () 1) @)
< L+ 700

In the next, some other inequalities of Hadamard type for (h—m)—convex
function via Caputo k—fractional derivative are given.

THEOREM 2.7. Let f : [0,00) — R be a function such that f €
C™[a,b]. Also, let f™ be (h — m)—convex with m € (0,1]. Then the
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following inequality for Caputo k—fractional derivatives holds

klp(n — %)
(b—a)" &

< [f)(a) + £ (0) / ()

0

el (G 00 G [ e

- (np — ¢ zpl p+1)7 (/1(h<t))th)q

<[ s (10 (1) 40 (2))]

1

(11) LD ©) + (~)"(O Dy ) (a)]

where p™' +q¢ ' =1 andp > 1.

Proof. Since f™ is (h —m)—convex on [a, b], then for m € (0, 1] and
t € [0, 1], we have

f (ta+ (1 —)b) + f™((1 — t)a + tb)

< WO (@) + £ B)] + mh(1 1) {fw (%) e (%)} |

Multiplying both sides of above inequality with ¢*~ %!

the above inequality with respect to ¢ on [0, 1], we have

and integrating

/1 RO (ta + (1 — )b) + F((1 — t)a + th)]dt

<+ 100) [ i

0

+m [ﬂ") (%) + (%)1 /Oltnilhu 1)t
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If we set © = ta+ (1 — t)b in the left side of above inequality, we get the
following inequality

(12)
%%%§5¥K09ﬂvxm+«—n%CD$VX®J

< (1) + 500) [ o=t heem [0 (L) 0 (2]
“ /Oltn—z—lm — t)dt.

We get the first inequality of (11). For the second inequality of (11)
follows from the fact by using the Hélder’s inequality

/01 "R IR(t)dt < - %pl_ . 1)% (/Ol(h(t))th);

Combining it with (12) we get (11). O

COROLLARY 2.8. In Theorem 2.7 if we take k = 1, then we get the

following inequality for (h — m)—convex function via Caputo fractional
derivative

%[(CDZ&J”)(??) +(=1)"(“ Dy f)(a)]

< [f™(a) + f™ ()] /1 " h(t)dt

0

+m [ﬂ”) (%) + f (%)} /0 (L gy

o U )

<[ s (50 (1) 40 (2))]

THEOREM 2.9. Let f : [0,00) — R be a function such that f €
C"[a,b]. Also, let f™ be (h — m)—convex with m € (0,1] and h be
superaddtive. Then the following inequality for Caputo k—fractional
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derivatives holds

M(b( ZE-E Do) + (101D o)

< h() [f<a>+f(b) . (f(%)—gf(%))] |

(13)

Proof. Since f™ is (h — m)—convex on [a,b], then for t € [0, 1], we
get

FP(ta+ (1 —1)b) + f™((1 — t)a + tb)
@)+ fO0) <f<“> () + 1 (%))] |

< [h(t) + h(1 —1)] 5 5

Since h is superadditive, therefore
FP(ta+ (1= 1)b) + fM((1 — t)a + tb)
n n (n) (a (n) (L
RIORS IO (f () +/ (m)>] |

< h(1)

2 2

Multiplying both sides of above inequality with "~

over [0, 1], yield the following

and integrating

/1 RO (ta + (1 — 1)) + F™((1 — t)a + tb)]dt

0

< h(1) [ﬂn) (a) + f™ (b) . (f(n) (&) 4 (%)H /lt"‘éldt,

2 2
By change of variable, we get the required result. O]

COROLLARY 2.10. In Theorem 2.9 if we take k = 1, then we get the
following inequality for (h — m)—convex function via Caputo fractional
derivative

%[@DM)@ + (=1)"(“Di- f)(a)]

f @)+ () +m(f(ﬁ)+f(%>>].

< h(1) 5 5
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3. Caputo k—fractional derivative inequalities of Hadamard
type for functions whose nth derivatives in absolute values
are (h —m)—convex

We need following lemma to prove next results.

LEmMMA 3.1. Let f : [a,mb] — R be a differentiable mapping on
interval (a, mb) with a < mb. If f € C™"a, mb|, then the following
equality for Caputo k—fractional integrals holds

J mb) + Ob) KTk = § 4R [ .
5 St o (PN + D3 (@)

mb— a

= /1[(1 — )"k — " k] O (m(1 — £)b + ta)dt.

2
Proof. Since

mb—a
2

/1[(1 — )"k — "R O (m(1 — )b+ ta)

mb—a

=— [/0 (1 —t)"*% fOH D (m(1 — £)b + ta)dt

1
—/ % FOFD (m(1 — )b + ta)dt| .
0

One have

—_— 1 [e3
[ R (1 - 0+ )t
0

_ f(mb)  KLW(§ +F) .
2 2mb—a)"h (“Diy-F)(@),

and
mb—a
2
= f(CL) — ka(% + k) C naok
2 2(mb — a)n—%( D7 f)(mb).

Hence the required equality can be established. O

/1(t>"?f(">(m(1 — t)b + ta)dt

Caputo k—fractional derivative inequalities of Hadamard type for (h —
m)—convex function in terms of the (n + 1)th derivatives in absolute, is
obtained in the following by using above lemma.
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THEOREM 3.2. Let f : [0,00) — R be a function such that |a,b] C
[0,00) and f € C™a,b]. If |f"*V)] is an (h — m)—convex with m €
(0,1] and h? € [0,1], ¢ > 1. Then the following inequality for Caputo
k—fractional derivatives holds

(14)

‘f(mb)Jrf(a) _ KDy(n =5 +F)
2 2(mb — )"k

(mb—a) [[f'(a)| +m | (b)]] 2n kPt — 1
2 2"k (np — 2p + 1)

[ /0 (h(t))%dt

(CDgE ) (mb) + (CDEE f)(a)

P

IN

q

_I_

q

(h(t))th] ,

3=

1

S

o

1
_ [2nzp+1(np - %p + 1)

1,1 _
Wher65—|—5—1.

Proof. From Lemma 3.1 and by using the property of modulus, we
get

‘ﬂwmm+ﬂww_kﬂm‘%+“uﬁﬂmw+ﬁ$ﬂ@>

2 2(mb — a)"" %
mb—a
<
- 2

/1 [(1—t)" % — "5 | [ F ) (m(1 — £)b + ta)] dt.
0



370 L. N. Mishra, Q. U. Ain, G. Farid, and A. U. Rehman

By (h—m)—
(15)
(n) m (n) a n—<
L) LI B D €t ) + D Do)

< mb2—a /0é [(1 — )R g k] [mh (1—-1) ’f (n+1) ( )‘ +h(?) ’f(n+1) (a)H dt

+ /11 [(A—8)" % — 7] [mh(l -t ’f(nﬂ)(b)’ Thlt) ‘f(nﬂ) (a)H K

2

- mb;“ {‘f(”)(a)‘ [/();(1 — R (1 — £)dt — /0é =T h(1 —t)dt]
|10 0) VO (1 —t)"—%h(t)dt—/o =%t )dt]

+]0 )] Vl =T h(1 - t)dt —

2

+m‘f(”) (b)‘ l/l t"—?h(1—t)dt—[(l—t)”—%h(l —t)dt”.

Now, using the Holder’s inequality in the right hand side of (15), we get

‘ F(mb) + FM () kDp(n— ¢ +k)
2 © 2(mb—a)"®

{f’(a)l[({gn%315;_224_1)}; Ln T (np— 2p+ 1) )(/O th)
([ = - (n;kpﬂ ) (o)

sl (b)|[<[2n—ziilf:; ) ;[Qn-;pﬂ(,;, — ) )( AL >1th> E
+([2n_;si:f§:_%;+ 1)]1)—{271_;%1(”;_ o 1)} ;></Oé[h(t)]th>q] } .

After a little computation one can get inequality (14). ]

(1—-t)""%h(1 - t)dt]

m\»—A\
Ja

mb—a
2

(D" f)(mb) + (C Dy f)(a)] <

-

COROLLARY 3.3. In Theorem 3.2 if we take k = 1, then we get the
following inequality for (h — m)—convex function via Caputo fractional
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integrals

™) (m ") (q o
‘f ( b)2+ " (a) B Q(TI;LE) _‘l'a;)l_a €D, f)(mb) + (°D%,_ f)(a)
< b= a)[[f (@l +m|f ®)] “ gn-op+l _ | ];
> 2 2n—ap+1(np —ap+ 1)

a {Qn—apﬂ(n;_ ap T 1)} ;] (/Oé[h(t)]th> q + (/;[h(t)]th) q

LEMMA 3.4. Let f : [a,mb] — R be a differentiable mapping on
interval (a,mb) with a < mb. If f € C"%[a,mb], then the following
equality for Caputo k—fractional integrals holds

FO(@) + fO(mb)  KDu(n =+ )

(D) (mb) + (CD% @)

2 2(mb — a)"" %
o 2 1 1—(1— n—%4+1 _ gn—F41
_ (mb — a) / (1—1) : "k F 2 (ta +m(1 — t)b)dt.
2 0 n—g+l1

Proof. 1t suffices to note that

(16)
/ (1= )% — =21 £ (10 4 (1 — D)D)t

1 1—(1—t¢ n—%41 tn—g—i-l
- (mb—a)/ ( n) ;+ - L f™ ) (4q 4 m(1 — £)b)dt.
0 Tk
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One have

(17)
/1[(1 — )"k — "R D (ta + m(1 — t)b)dt

1— (1 —¢)n *fl —gniHt

n—z+1

1— (1 — )it — =il !
Bl Gl L) (ta 4 (1 — £)b)dt

_ / 1 FOD (ta + +m(1 — O)b)d
0

n—4+1 o
1 1 — (1 o t)n_E—H o tn—%-‘rl
— (bm — +2) (tq + m(1 — t)b)dt
m—a) [ A R CED
(”+1)b _ f(nt1) 11_ 1_tn—3+1_tn—9+1
_ ()af (a)_(bm_a)/ (1-1) : g

F D (ta + m(1 — t)b)dt.

and
b
(18) 00) — £040) = [ @)
= (bm — a) /1 FU D (ta + +m(1 — t)b)dt.
0
From (18) to (17), one obtain (16). O

Another Caputo k—fractional derivative inequalities of Hadamard type
for (h — m)—convex function in terms of the (n + 2)th derivatives in
absolute is obtained as following by using above lemma.

THEOREM 3.5. Let f : [0,00) — R be a function such that |a,b] C
[0,00) and f € C"[a,b]. If |f"*2)] is an (h — m)—convex with m €
(0,1] and h? € [0,1], ¢ > 1. Then the following inequality for Caputo
k—fractional derivatives holds

f(a) + f™(mb)  KTy(n— § + )
2 ©2(mb—a)"
(mb — a)? 2

=2 _=11) (1 Cplat 1)+ 1) p(/ol(h(t))th> EHf(nH)(“) ‘+m ’f("+2)(b)H :

(D f)mb) + (D3 )]

=
=
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Proof. Using Lemma 3.4 and (h —m)— convexity of |f™+2)| we find
f"(a) + f™M(mb)  kTy(n — § + k)

(D2 )t + D5 (0]

2 2(mb — a)"~ %
mb—a)? 11— (1=tn %+l -5+l
< ( 5 ) /O ( n),ngl ‘f(n+2)(ta+m(1—t)b)‘dt
k
mb—a)? 1 — (1 =%+l — =%+ . §
S( 2 )/0 ( n)—ﬁ—H {h(t)}f( +2)(a)‘+fmh(1—t)’f( +2>(b)H dt
k

:2 b_a {{f”“) \/ (1= (1—t)™ "+ — = i) p()dt

+m \f<"+2>(b){ / (1—(1—=t)" %+t — =kt p(1 — t)dt} .
0
Now, using the Holder inequality, we obtain

(n) a (n) m n_o
f (>+2f (mb) _k2r(2£b_a,3n+f;> [(chﬂc F)(mb) + (€D f)(a)H

i {\f 0| (1 sarar) ([ o)’

+m ‘f("'”)(b)) (1 — p(()éjm)’l’ (/Ol(h(l - t))th)i} :

From which after a little computation we get the required result. O

COROLLARY 3.6. In Theorem 3.5 if we take k = 1, then we get the
following inequality for (h — m)—convex function via Caputo fractional
derivative

fa) + fM(mb)  T(n—a+
2  2(mb—a)"

< rtaret s (1 e TT) ;</ol(h“”q‘“> T @m0

Acknowledgment: The authors thank the referees for their careful
reading, valuable comments and suggestions for the improvement of the
manuscript.
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