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A BANACH ALGEBRA OF SERIES OF FUNCTIONS
OVER PATHS

DoNG HyuN CHO™ AND Mo A KwoON

ABSTRACT. Let C[0,T] denote the space of continuous real-valued
functions on [0,7]. On the space C[0,T], we introduce a Banach
algebra of series of functions which are generalized Fourier-Stieltjes
transforms of measures of finite variation on the product of simplex
and Euclidean space. We evaluate analytic Feynman integrals of the
functions in the Banach algebra which play significant roles in the
Feynman integration theory and quantum mechanics.

1. Introduction

Let Cy[0,T] denote the classical Wiener space, that is, the space of
continuous real-valued functions on the interval [0,7] with z(0) = 0.
On Cy[0, T, Cameron and Storvick [2] introduced a Banach algebra S”
which is the space of series of generalized Fourier-Stieltjes transforms of
the C-valued finite Borel measures over A, x R™, where A, is a simplex,
that is, A, = {(t1,...,tn) : 0=ty < t; < --- < t, < T}. They also
showed that S§” is isometrically embedded in the Banach algebra S’ the
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space of generalized Fourier-Stieltjes transforms of the complex Borel
measures on the space of functions of bounded variation on [0, 7.

On the other hand, let C[0,7] denote an analogue of a generalized
Wiener space, the space of continuous real-valued functions on the in-
terval [0,7]. On C[0,T], Ryu [9,10] introduced a finite measure wq g,
and investigated its properties, where «, 5 : [0,7] — R are continuous
functions such that f is strictly increasing, and ¢ is an arbitrary finite
measure on the Borel class B(R) of R. On this space (C[0,7], wqs:4),
the author [3] introduced an It6 type integral I, s which generalizes
the Paley-Wiener-Zygmund integrals on C|[0, 7], and in [4,5] he derived
two Banach algebras S, 5., and S‘(’WW by using I, g, which generalize
the Cameron-Storvick’s Banach algebra & and &', respectively, with the
mean function and the variance function determined by a and f.

In this paper, we introduce a Banach algebra ng which is defined
over paths in C'[0, 7] and consists of series of generalized Fourier-Stieltjes
transforms of measures on A,, X R". Then, we will prove that z:mp is
continuously embedded in 5&76;@. As an application, we derive evalua-
tion formulas for the analytic Feynman integrals of functions in 5’(’1”6;@
which play significant roles in Feynman integration theory and quantum
mechanics. In particular, if a(t) =0, g(t) =t for t € [0,7], and ¢ = &y
which is the Dirac measure concentrated at 0, then Sgﬂ#, is reduced
to §” so that the results of this paper generalize those in [2]. We also
note that every path in C|0, T starts at an arbitrary point in R so that
C10,T] generalizes Cy[0, T

2. An analogue of a generalized Wiener space

In this section we introduce an analogue of a generalized Wiener space
with preliminaries which will be used in the next sections.

Let my, denote the Lebesgue measure on B(R). Let a and 8 be ab-
solutely continuous real-valued functions on [0, 7] such that § is strictly
increasing and |« (t)+/5'(t) > 0 for t € [0, T, where |a| denotes the total
variation of a. For t,, = (to,t1,...,t,) With 0=t <t; < --- <t, <T,
let Jp : C[0,T] — R"*! be the function given by

Jp (w) = (2(to), x(t1), ..., 2(tn)).

For []}_, B; in B(R"*'), the subset J;_I(H?:() B;) of C[0,T] is called an
interval I and let C be the set of all such intervals I. Define a premeasure
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Ma,ge o0 C by
Mol D) = / /H W (Fos @, o)l (0, dep(uo),
By JIT7, B;

where

W({n’ ﬁfm UO)

{H?l 27r[ﬂ(§-) - 5(%‘—1)1} %
X eXp{—% Z Ch agfzj;—u%(ltjj(tﬂ)] }

j=1
for @, = (ui,...,u,). The Borel o-algebra B(C[0,T]) of C[0,T] with
the supremum norm, coincides with the smallest o-algebra generated by
C and there exists a unique positive finite measure w, s, on B(C|0,T7)
with wa (1) = Mape(l) for I € C. This measure wq g, is called
an analogue of a generalized Wiener measure on (C[0,T], B(C[0,T7))
according to ¢ [9,10]. We now have the following theorem [9].

THEOREM 2.1. If f : R"™! — C is a Borel measurable function, then
the following equality holds:

/ Fat), 2ty), . 2(t))dwe g (2)
C[0,T7]

= f(ug, uq, ... ,un)W(fn, U, Ug )dm} (U, )dp(ug),

Rn+1

where = means that if either side exists, then both sides exist and they
are equal.

Let F': C[0,T] — C be a measurable function and suppose that the
integral
Jr(\) = / F(A’%x)dwa,g;w(x)
oo,
exists as a finite number for all A > 0. If there exists a function J5(\)
analytic in
Ci={AeC:Re)X>0}

such that J5(A) = Jp(\) for all A > 0, then Jj:(A) is defined to be a gen-
eralized analytic Wiener w, g.,-integral of " over C|0, T| with parameter
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A and it is denoted by

anw)y

| P () = T
clo,1]

for A € C,. Let ¢ be a nonzero real number. If fg%wf] F(x)dw, g, ()

has a limit as A approaches —iq through C, , then we call it a generalized

analytic Feynman w, g,,-integral of F' over C[0,T] with parameter ¢ and

it is denoted by

anfq anwy
/ F(x)dwgp,(x) = lim F(x)dwg p,,(x).

clo, 1] A==iq J o,

We emphasize that ¢ need not be a probability measure so that wq g.,
also need not be a probability measure.

We observe that the functions a and B induce the obvious Lebesgue—
Stieltjes measure v on [0,T] by vag(E) = [,d(la] + B)(t) for a
Lebesgue measurable subset E of [0,7]. Deﬁne L2 50, T] to be the
space of functions on [0, 7] that are square integrable with respect to

Va,g, that is,
T
/o ()P dvas(t) < oo}.

The space L? 4[0,T] is a Hilbert space and has the inner product [8]

L2 50,7 = {f 10, T] - R

fgaﬁ—/ F(B)g(t)dva (1) for f.g € L2 40,7

Note that the space L2 4[0,T] is separable. Let S[0,7] denote the col-
lection of all step functions on [0, T]. For f in L2 4[0,T], let {¢n}72, be

a sequence of the step functions in S[0, 7] with lim, o ||¢rn — flla,s = 0.
Define I, 5(f) by the L*(C[0, T])-limit

T
oD@ = lim [ out)da(t)

for all z € C[0, T'] for which this limit exists, where fOT ¢n(t)dz(t) denotes
the Riemann-Stieltjes integral of ¢, with respect to . We note that
I.p(f)(z) exists for wyp, ae. x € C[0,7] and it is independent of
choice of the sequence {¢,}>2, in S[0,7] to define it [3].

Let M, be the class of complex measures of finite variation on
L2 300, T] with Borel o-algebra B(L? 5[0,T]) of L? 4[0,T] as its class
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of measurable sets. If u € Mg, then we set ||u|| = varp, the total
variation of p over L2 4]0, T]. Let Sq g, be the space of functions of the
form ’

(1) Py = [ el @)nl)

for all € C[0,T] for which the integral exists, where y € M, 3. Here
we take

[E]] = inf{]|]]},

where the infimum is taken over all p’s so that F' and u are related by
(1). We note that F' is well-defined for w, s, a.e. x € C[0,7] and it
is an integrable function of x on C[0,T]. Moreover, S, 4., is a Banach
algebra with unit over C [5].

Let B[0,T] be the space of real-valued, right-continuous functions of
bounded variation on [0, 7] that vanish at 7. Let A’ be the o-algebra of
subsets of B[0,T] generated by the class of sets of the form

{ve B[0,T]: (v, flap < A},

where f and A range over all elements of L2, 5[0, 7] and all positive real
numbers, respectively. Let M(B[0,T1]) be the class of complex measures
of finite variation defined on subsets of B[0,T] with A’ as its class of
measurable sets. If u € M(B[0,T]), we set ||u|]| = varu over B[O, T].
Let S(’m;‘p be the space of functions of the form

T
(2) F(z) = / exp{z’/ v(t)da:(t)}du(v)
B[0,T] 0
for wy ., a.e. © € C[0,T], where p € M(BJ[0,T]). Here we take

()" = ind{]] ]},

where the infimum is taken over all 11’ so that F' and p are related by (2).
The space S, 4., is a Banach algebra with unit over C. Moreover, S, .,
is continuously embedded in S, s.,, but need not be isometrically [4].

3. The Banach algebra S ;.

3.1. The Banach space 37’1’,&75;@. Let M be the class of bounded
complex Borel measures on A, x R". By Lemma 4.3 in [2], the space
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M is complete under the norm ||u|| = fAann d|p|(t, ©) for p € M,
that is, M is a Banach space.
For z € C[0,T), t = (t1,...,t,) and T = (vq,...,v,), let

To(2,1.7) = exp{i Z:vj [2(t;) — x(O)]}.

Define a relation ~ on M such that uy ~ ps for py, pe € M if

[ @@= [ i)
Ap xR™ Ay xR™

for w,p, a.e. x € C[0,T]. It is obvious that ~ is an equivalence
relation on M”. Let M” be the set of equivalence classes by ~. For
(1], [p2] € M7, and ¢ € C, define [p1]+ [po] = [p1+ p2] and cfu] = [cpu].
It is obvious that the addition and scalar multiplication are well-defined,
and M” is a linear space.

LEMMA 3.1. Define ||[u]|| = inf{||p]| : g1 € [p]} for [pu] € M. Then
(M2 ]| - ||) is a normed space over C.

Proof. It remains to prove that | - [ is a norm on M. It is clear that
|[0]]| = 0. Suppose that ||[u]|] = 0 for [u] € M. Then for w,gs,, a.e.
x € C[0,T] we have

/ T, ) dp(F, 7)
Ap xR™

for all p; € [p] so that we have

/ T, E, ) dp(E, 9)
Ay XR™

which implies

/ Tl F 8)dpa (F.)| < [l
A, xR

< nf{|[pall - g1 € [u]} = ll[wdll = 0

/ T, T %) du(E, 7) = 0.
Ay XR™

Now we have [u] = [0]. Let ¢ € C and [u] € M”. If ¢ = 0, then
lelid I = lelllu]]l. Suppose that ¢ # 0. Then

lelulll = inf{[lo]] : o & [eul}

= int{ 1l 20| 2o € b} = klmeClrl 7 € B} = el
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Moreover let [111], [po] € M! and let € > 0 arbitrary. Take oy € [11] and
09 € [po) such that

€ €
loll < lllualll + 5 and [loaf} <[]l + 5.
Then

] + [ualll = Ml[on + o]l < Jlow + 02|
< llowll+ lloall < llpadll + [l + €

Since € is arbitrary, we have

Iea] + [l < Wl |+ a2l

Now || - || is a norm on M” which completes the proof. O
THEOREM 3.2. M is a Banach space.

Proof. Tt only remains to be shown that M” is complete under the
norm given by Lemma 3.1. Let {[u,]};2, be a Cauchy sequence of
elements in M/ and take a subsequence {[pn, | }32; of {[in]}o, satisfying

1
||[:unk] - [Mnk—l]H < ok for k=2,3,....
Take o1 € [fin,] with
o[ < [1Tpen, I + 1.
For each k = 2,3, ..., take o}, € [in, — ftn,_,] With

1
lowll < lpn,] = [ oIl + 55

Then we have

o0 o0 1
> Mol <l |+ 5
k=1 k=1

Let p =72, 0p € M. Then we also have

=Gl = =2l < | 3 ] < 3 e

=1
= ZQ_: k—1
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which converges to 0 as k — oco. Since {[pu,]}52

o0, is a Cauchy sequence
it follows that

T[] — ]l = 0

so that M/ is complete as desired. ]

For each positive integer n, let SZ,%&W be the set of functions of the
form

3) Fa)= [ fndn@o

for wy ., a.e. © € C[0,T], where € M!'. Here we take

1F[l7 = ind{[]]l},

where the infimum is taken over all u’s so that F' and u are related by
(3). By using the same method as the proof of Lemma 3.1, we can prove
that (S}, g., |- ) is a normed space over C. Note that for F' € S/
we have |F(x)| < [|[F|| for wq, g, a.e. z € C[0,T].

NeNCH L

the function F € S”

a5 dOES 1ot

REMARK 3.3. In the space S;z/,a,ﬂ;w

determine the measure p in (3) uniquely [2].

is a Banach space. Moreover, S is iso-

THEOREM 3.4. S i

n,o,B5¢ -
metrically isomorphic to M.

Proof. Define ¢ : M — S by

P50
@ = [ (e Edu(io)

for we g, a.e. x € C0,T]. If [p1] = [p2], then py ~ po. By the definition
of ~, we have ¢([1]) = ¢([p2]) which implies that ¢ is well-defined. Now
we have for w, ., a.e. z € C[0,T]

plerm] + ealpa])(x) = d([crp + copial) ()
= /A o I, 1, D) d(crpn + copa) (F,0)

= cad([]) () + c2o([pa]) ().
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By the definition of S/
([2]), then

—

| @ EnamEn = el

wpipr 1U 18 obvious that ¢ is onto. If ¢([u]) =

= H(a])(a) = / T, F, D) dpa(£,7)

Ap xXR™

for wy ge-a.e. x € C[0,T] so that pg ~ po. Thus we have [p1] = [
which implies that ¢ is one-to-one. Moreover, we have

oDl = || [ e E (@)

= inf{|[p] : p € M7 and p ~ i}
= inf{[lp]l : p € [ml} = ]l

so that ¢ is an isometric, bijective linear transformation. Since M is
complete by Theorem 3.2, S 5., 18 a Banach space. Now the proof is
completed. O

"

n

REMARK 3.5. It is not obvious whether 77/1/,04,5;@ is a Banach algebra
or not.

By Theorem 3.4, we have the following corollary.

COROLLARY 3.6. For each positive integer j, let F; € S with

n,o, 850
D IE [ < oo,
j=1
Then the function F' defined by

F(z) = ZFJ(JU) for wo ., a.e. x € C[0,T],
j=1

converges absolutely and uniformly, and is an element of S,’L’@ﬁW.

The following theorem is needed to prove our main results. Its proof
is similar to that of Lemma 4.0 in [2].

THEOREM 3.7. If n and k are positive integers and F € S then

we have S 5 C Sypapsy a0 114, < P2

8507
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3.2. The Banach space 5’{1\7&’5;&0. Let M7 be the class of bounded
complex Borel measures on (0,7]" x R™. The space M/ is a Banach
space under the norm ||u|| = f(o Tin xR d|p|(t,¥) for p € M2. Define a

relation ~ on M satisfying that py &~ us for uy, ps € M2 if

[ EdaEn = [ e E0ded
(0,77 xR" (0,77 xR"
for we g, a.e. x € C[0,T]. Then, ~ is an equivalence relation on M.
Let M” be the set of equivalence classes by . For [u1], [it2] € M? and
c € C, define [u1] + [u2] = [p1 + pe] and c[p1] = [cpa]. It is obvious
that the addition and scalar multiplication are well-defined, and M is
a linear space. Define ||[u]|| = inf{||p1]| : 1 € [u]} for [u] € M2, Then,
one can show that M is a Banach space by using the same process as
the proofs of Lemma 3.1 and Theorem 3.2.

For each positive integer n, let S be the set of functions of the

B
form
(4) F@) = [ e 0du(do)
(0,7]" xR
for wy ., a.e. © € C[0,T], where p € M. Here we take

1EI1 = inf {1},

where the infimum is taken over all u’s so that F' and p are related
by (4). By using the same method as the proof of Theorem 3.4, we
can prove that (S, 5., - [|n) is a Banach space over C and S}, 5. is
isometrically isomorphic to M2. Clearly we have S” C 8 4.5 and

for F € S/

NeH"
NeHH"
IENn < IFl

since every measure in M;; can be extended to be in M, without increas-
ing its variation. We note that if I’ € S}, 5., then |F(x)] < [|[F||} for
Wa, gy a.e. € C[0,T]. Furthermore, we have similar forms of Corollary

3.6 and Theorem 3.7.

3.3. The Banach algebra S, ;.. Define S, 5., and S}, 5., to be the
space of constant functions and define their norms to be their absolute

values. Let _(’)f’ 5, be the space of functions I on C0, T defined by

(5) F(z) = Z F,(x) for w, g, a.e. z € C[0,T],
n=0
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where F,, € 5;{7a75;@ and Y > |||l < oo. Since |F,(z)] < ||F.lL
for wa ., a.e. x € C[0,T], the series in (5) converges absolutely and

uniformly over C[0,T]. For F' € S 5., define ||[F||” by

|F||” = inf{Z HFnHZ}a
n=0

where the infimum is taken over all representations of F' given by (5).
Moreover, we have

(6) |F(z)] < ||F||" for wap,, a.e. z € C[0,T].

LEMMA 3.8. (S o g0 |l - I") is @ normed space over C.

Proof. 1t is obvious that S . . 1s a linear space over C. If F(z) =
0 € 84, for wap, ae x € C0,T], take Fy(z) = 0 € S/, 5., for

Wa,pp ae. x € C[0,T] so that F' and {F),} are related by (5). Then
|F||” = 0 clearly. For F' € Sg’ﬁ@, suppose that ||F'||” = 0. Then we have
F(xz) =0 for wy g, ae. x € Cl0,T] by (6). Let c € C and F € Sgw.
If ¢ =0, then [[cF||” = ||0]|” = 0 = |¢|||F||". Suppose that ¢ # 0. If
F and {F,} are related by (5), then ¢F' and {cF,} are also related by
(5) so that [lcF[|" < [e] > 2.2 [ Full; which implies [[cF[[" < |c[[[F]]",
since {F),} is arbitrary. Let € > 0 arbitrary. Take a sequence {G,,} such
that ¢/ and {G,} are related by (5) with Y 2 [|G,|[l < [[cF||" + e.
Then F and {1G,} are related by (5) so that [|[F||” < ﬁ Yoo IGalln <
1 (HCFH” +¢€). Hence |c|||F||” < ||cF||" + €. Since € is arbitrary, we have

|c|HFH” < ||eF||" so that |c|||F'||” = ||[cF||". Let G € S” . Let F,G and
{H,},{1.} berelated by (5), respectively, with >~ HH ||” < |IF||"+

and Y2 ([ L), < |GII" + 5. Then [|[F +G|" < X272 [[Hy + I, H” <
S o NH e 4> g | Ll < ||F||” + ||G||” + €. Since e is arbitrary, we
have ||[F'+ G||” < ||F||” + ||G||"” which completes the proof. O

The following lemma is needed to prove one of our main results. Its
proof is motivated from Lemma 4.1 in [2].

LEMMA 3.9. For eachn > 0,
C S’

naﬁw

and if F' € 57’1’ then

NeNCH Y

I < [1F1l-
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Proof. The case n = 0 is trivial so let n > 1 be given and let F
given by (3) be an element of S” where € M”. Let B,[0,T] be

n,a, B350
a subset of B[0,T] consisting of rlght continuous step functions which

have no more than n points of discontinuities. Define a function ® :
A, x R" — B,[0,T] by

dpvi i i <s<t, p=1...n
0 if t,<s<T

for (£,7) = ((t1,...,tn), (v1,...,0,)) € A, x R™. Let A’ be the class of
subsets E C B,[0,T] such that ®~!(E) is a Borel subset of A, x R™. Tt
is clear that A/, is a o-algebra. Define a measure o on A/, as follows: If
E is an element of A/, let

o(E) = u(@(E)).

It is clear that ¢ is a bounded complex measure on A/, and ||o| < |||l

We now define a complex measure ¢ on B[0,T] as follows: For E C
BI0,T7,

6(F)=o0(ENB,0,T)),

whenever the latter exists. Then ¢ is defined on A’ by the following
assertion: Let

E={ue B[0,T]:(u, flaps < A},
where f € L2 4[0,T] and A € R. We have

<(D(t_:17)7f>aﬂ = fas = szl/t (t)dva,s5(t)

j=1 I=j [tj—1,t5)

= ZUZZ/ (t)dva 5(t)

] 1t)

n

= Z ) f(t)dva (1)

=1 [0,t1)

so that it follows from the definition of £ and ® that

(I)‘l(EﬂBn[O,T]):{(5,77) ({,7) € A, xR"ZUJ <>\}

7=1
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where 6(t fo $)dv, g(s). Since € is continuous on [0,7], ®~H(E N
Bn[O,T]) is a Borel set, and £ N B,[0,T] € A/,. Since A’ generated by
E of this form, it follows that 6(F) is at least defined on A’. Clearly,
6 € M(B[0,T]) and ||&|| < ||o||. We define for each positive integer m,

2r(g—1) _

2
wgﬂforqzl,Z,...,m
m m

I (W) = exp{i%m'}, where
m

and note that lim,, o J;,(w) = exp{iw} boundedly. Then for w, g,
a.e. x € C[0,T7,

where

For w, g, a.e. x € C[0,T], let

2r(g—1) _ /OT w(t)dz(t) < 27”]}.

/[tj lt

/t - ulz(t) — #(0)]

Emg= {u € B[0,T]

Since

| e@nmast - Z
- 2

3

2
"X

we have

By N BL[0,T])
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Now we have

Fu(z) = Zexp{ 2m} Zexp{ 27?@} (Em.q)

_ /B e ( /0 ' u(t)dx(t)) dé(u).

By letting m — oo, we have for w, ., a.e. z € C[0,T]

Fla)= lm F(x) = /B . exp{i /O : u(t)dq:(t)}d&(u) e,

so that )/, 5., € S, 5., and |F||" < [l6]| < llo]] < [|p]l. Since pu is
arbitrary measure such that F' and p are related by (3), we have || F||" <
|F'||” and the lemma is proved. O

The following theorem is one of our main results. By using Lemma 3.9,
we can prove this theorem.

THEOREM 3.10. The space S(’l’ﬁw is contained in 3&76%0 and if ' €
oo then | F|I" < [[F|".
Note that S 7 o5 18 a Banach space by Theorem 3.4. The following

theorem is needed to prove one of our main results. Its proof is similar
to the proof of Lemma 4.5 in [2].

THEOREM 3.11. The space aﬁ
for F e S ;..

, is complete under the norm |[|F||"

The following lemma is needed to prove our main results. Its proof is
similar to the proof of Lemma 4.6 in [2].

LEMMA 3.12. If G € S we can express GG in the form

n,a,Bip7
G=F+H,
where F' € SZ’Q’&@ and H € 8" tape ifn>1land H=0Iifn=1, and

where
1GIln > I1EN + 1 H -

The following lemma follows from repeated applications of Lemma
3.12.
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LEMMA 3.13. If G € S}, 5.,

6-3°F,
q=1
where F; € S!

wpp for ¢ =1,....n. Moreover, |G|, > 2221 | E4ll-

By Lemma 3.13, we have the following theorem.

we can express G in the form

THEOREM 3.14. For each n = 0,1,2,..., we have S =S

NeNCH R (NN H N
and if F € S}, 5., then |[F||; = || F|]7.

We now have the following lemma and its proof is similar to that of

Lemma 4.9 in [2].
LEMMA 3.15. If F € 8}, 5., G € S}, 5., and H(x) = F(z)G(x) for
Wapp a.e. x € C[0,T], where m,n = 0,1,2,..., then H € S,

dIHIN . < |FIA 1G] e
and ||H|| IFIMIG]n-

m+n —
The following corollary immediately follows from Theorem 3.14 and
Lemma 3.15.

COROLLARY 3.16. 1. Forn =1,2,..., M/ is isometrically isomor-
phic to M. )
2. If we replace Sﬁaﬁw by S, .., In Lemma 3.15, the results hold

still.

By Theorem 3.11 and Corollary 3.16, one can prove the following
theorem which is one of our main results. For a detailed proof, see that
of Theorem 4.2 in [2].

THEOREM 3.17. The space _&6;@ is a Banach algebra with the norm
- 11"

4. Evaluations of the analytic Feynman integrals

Feynman integrals were introduced by Feynman in his formulation of
quantum mechanics, but they are inadequate mathematically [6]. One of
approaches to define rigorously them, is to use an analytic continuation
from real to imaginary time, which is now called the analytic Feynman
integral [7].

In this section we evaluate analytic Feynman integrals of the functions
in ng, which play important roles in treating the heat equation and
the Schrodinger equation by integration over the Wiener space [1].
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THEOREM 4.1. Let n > 0. Let F,(e S}, 3.,) and p,(€ M) be
related by (3). Then for A > 0

Ap xXR™ j=l
+iAT2 ZZ (t)) — alti_y)]v }dun(t 7),
=1 j5=I
where t = (t1,...,t,) and @ = (uy,...,u,). In addition, if there exists

M,, > 0 satisfying

(8) /Aann exp{Re(i)\_z) lz:; ]Z:;[oz(tl) — O‘(tl—l)]vj}d|un|(t, 7)
S Mn

anw )

for any A € C,, then F,(x)dw, s.,(x) is given by the right-hand
+ clo,1) Bip

side of (7). Moreover, if (8) holds for all A € {z € C: Rez > 0,z # 0},

then for any nonzero real q, |, g%f;,] F,(2)dw,, .,(2) is given by the right-

hand side of (7) with replacing A by —iq.

Proof. By Theorem 2.1, we have for A > 0

I, (A
N /C[OT /A xRn7

- Mexp{ z - 2 0)] it ) )
- /A [H 27 () - m_n]] % / ex"{“_; Z talty — vl

j=1 Jj=1

Lo [y —alty) —wjmr +alt-)P ) s -
-5 Z Bt = B }dmL(u)dgp(uo)dun(t, V).

Jj=1

NJ\»—\

2,1, D) dpn(t, v)dwa, gy ()
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For j=1,...,n,let z; = u; — uj_y. Then u; = Z{Zl 21 + ugp so that

Jr. ()
- [

o 2mlB() i 5(%’—1)]] % /]Rn+1 eXp{M% i i vj21

1 [z —alty) +alt)f n (s g
-5 B b (2) (o) 8.,

B(tj-1)

where 2= (2;...,2,). By a simple calculation, we have

I =e®) [ e B(t) - Bti)] (Z )

J=l

FiAE S Y la(t) — altia)ly b lE )

=1 j=l

which implies (7). If (8) holds, then we have the remainder part of this
theorem by the analytic continuation and the dominated convergence
theorem. O

By letting M,, = ||| in (8) of Theorem 4.1, we now have the following
corollary:.

COROLLARY 4.2. Let n > 0. Let F,(€ S}/, 5..) and p,(€ M) be
related by (3). If a is a constant function on [0,T], then we have, for
any A € C,,

o " F () dwa )

clo,7]
- o [ en{5y 300 - s (3 ) Jantin

Moreover, for any nonzero real q, |, Cagfi}] F,(z)dwq,p.,(x) is given by the

right-hand side of (9) with replacing A by —iq.
THEOREM 4.3. Let F' be given by (5). Then for A > 0

(10) Jr(A) = Z Jr, (N)
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where Jg,(A) = Fop(R) and Jg, (N) is given by (7) if n > 1. In addition,
if for each positive integer n, there exists M, > 0 satisfying (8) for any
A € C, such that

(1) S, < oo,
n=1

then fg%wjf] F(z)dw, g (x) Is given by

o

1) [ @) =Y [ R (o),

olo,1) — Jopr
where fg%wTA Fo(z)dwap.o(r) = Fop(R) and fa%wTA Fo(2)dwa, g, (z) is
given by the right-hand side of (7) if n > 1. Moreover, if (8) and
(11) hold for all A € {z € C: Rez > 0, z # 0}, then for any nonzero real

q, fa%f;] F(2)dwa,p.(x) is given by

1) [ i) Z/W’ (&) (),

co,1) C10,7]
where fggfﬁ} Fo(x)dw, g.o(x) = Fop(R) and faﬁ)f; Fo(2)dwa, g, (z) is
given by the right-hand side of (7) with replacing A by —iq if n > 1.

COROLLARY 4.4. Let F' be given by (5). If « is a constant function

on [0,T], then fg%wf] F(x)dwgp,,(x) exists for any A € C, and it is

given by (12), where faféwf] F.(x )dwa5¢($) is expressed by (9) ifn > 1.

Moreover, for any nonzero real g, fc[ F(x)dwg,p,,(x) is given by (13),

where fc[ fe P (x)dwq g,y () is expressed by (9) with replacing A by —iq
ifn>1.

References

[1] S. A. Albeverio, R. J. Hoegh-Krohn and S. Mazzucchi, Mathematical theory
of Feynman path integrals, An introduction, Second edition, Lecture Notes in
Math., 523, Springer-Verlag, Berlin, 2008.

[2] R. H. Cameron and D. A. Storvick, Some Banach algebras of analytic Feynman
integrable functionals, Analytic functions, Kozubnik 1979 (Proc. Seventh Conf.,
Kozubnik, 1979), pp. 18-67, Lecture Notes in Math., 798, Springer, Berlin-New
York, 1980.



3]

A Banach algebra of series of functions over paths 463

D. H. Cho, Measurable functions similar to the Ito integral and the Paley-
Wiener-Zygmund integral over continuous paths, Filomat 32 (2018), no. 18,
6441-6456.

D. H. Cho, A Banach algebra with its applications over paths of bounded varia-
tions, Adv. Oper. Theory 3 (4) (2018), 794-806.

D. H. Cho, A Banach algebra and its equivalent space over continuous paths with
a positive measure, Asian J. Math. (2018), submitted.

R. P. Feynman, Space-time approach to non-relativistic quantum mechanics,
Rev. Modern Physics 20 (1948), 367-387.

G. Kallianpur and C. Bromley, Generalized Feynman integrals using analytic
continuation in several complex variables, Stochastic analysis and applications,
217-267, Adv. Probab. Related Topics, 7, Dekker, New York, 1984.

I. D. Pierce, On a family of generalized Wiener spaces and applications [Ph.D.
thesis], University of Nebraska-Lincoln, Lincoln, Neb, USA, 2011.

K. S. Ryu, The generalized analogue of Wiener measure space and its properties,
Honam Math. J. 32 (4) (2010), 633-642.

K. S. Ryu, The translation theorem on the generalized analogue of Wiener space
and its applications, J. Chungcheong Math. Soc. 26 (4) (2013), 735-742.

Dong Hyun Cho

Department of Mathematics

Kyonggi University, Suwon 16227, Republic of Korea
E-mail: j94385@kyonggi.ac.kr

Mo A Kwon

Department of Mathematics Education

Kyonggi University, Suwon 16227, Republic of Korea
E-mail: kwonmoa@naver. com



