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ON ESTIMATION OF UNIFORM CONVERGENCE OF

ANALYTIC FUNCTIONS BY (p, q)-BERNSTEIN

OPERATORS

M. Mursaleen∗, Faisal Khan, Mohd Saif, and
Abdul Hakim Khan

Abstract. In this paper we study the approximation properties of
a continuous function by the sequence of (p, q)-Bernstein operators
for q > p > 1. We obtain bounds of (p, q)-Bernstein operators.
Further we prove that if a continuous function admits an analytic
continuation into the disk {z : |z| ≤ ρ}, then Bn

p,q(g; z)→ g(z) (n→
∞) uniformly on any compact set in the given disk {z : |z| ≤ ρ},
ρ > 0.

In 1912, S.N. Bernstein [4] defined the famous polynomial known
as Bernstein polynomial to prove the Weierstrasss approximation theo-
rem. Due to the fine properties of approximation, convergence and shape
preserving, Bernstein polynomials play an important role in approxima-
tion theory as well as in analysis, geometry and computer science etc.
Lupas [11] was the first who introduced the q-analogue of well known
Bernstein polynomial and investigated its approximation and later vari-
ous properties of q-Bernstein operators were handled by Phillip [22,23].
The approximation properties of q-generalization of other operators were
studied by several authors. Recently, Mursaleen et al. [15] applied (p, q)-
calculus in approximation theory and introduced the (p, q)-analogue of
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Bernstein operator. Later on many important papers have been ap-
peared on (p, q)-approximations (e.g. [1]- [3], [5], [6]- [10], [12]- [21]).

Here we call up certain definitions and notations of (p, q)-calculus:
The (p, q)-integer [n]p,q is defined as

[n]p,q :=
pn − qn

p− q
, (n ∈ N ∪ {0}).

The (p, q)-binomial expansion is defined as

(y + w)np,q := (y + w) (py + qw) (p2y + q2w) · · · (pn−1y + qn−1w),

=
n∑
k=0

p
(n−k)(n−k−1)

2 q
k(k−1)

2

[
n
k

]
p,q

yk,

and the (p, q)-binomial coefficients are defined by[
n
k

]
p,q

:=
[n]p,q!

[k]p,q![n− k]p,q!
.

By induction, it can be easily seen that

(1+y) (p+qy) (p2+q2y) · · · (pn−1+qn−1y) =
n∑
k=0

p
(n−k)(n−k−1)

2 q
k(k−1)

2

[
n
k

]
p,q

yk.

Let g ∈ C [0, 1] be such that g : [0, 1] −→ R with q > p > 1. Then the
(p, q)-Bernstein operators [16] of g are defined as

Bn
p,q(g; y) :=

n∑
k=0

g

(
pn−k

[k]p,q
[n]p,q

)
pn,k(p, q; y), (n ∈ N)

where polynomial pn,k(p, q; y) is given by
(1)

pn,k (p, q; y) =
1

p
n(n−1)

2

[
n
k

]
p,q

p
k(k−1)

2 yk
n−k−1∏
s=0

(ps − qsy), x ∈ [0, 1].

Note that, for p = 1, Bn
p,q (g; y) yields q-Bernstein operators and upon

agreement, the q-Bernstein operators are used only for the case q 6= 1.
The (p, q)-difference form of Bernstein operators [17] is as follows:

(2) Bn
p,q(g; y) :=

n∑
k=0

λnp,q g

[
0, pn−1

[1]p,q
[n]p,q

, · · · , pn−k [k]p,q
[n]p,q

]
yk,
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where g[y0, y1, . . . , yk] denotes the k-th order divided difference of g with
pairwise distinct nodes, that is

g[y0] = g(y0), g[y0, y1] =
g(y1)− g(y0)

y1 − y0
,

g[y0, y1, . . . , yk] =
g[y1, . . . , yk]− g[y0, . . . , yk−1]

[yk − y0]
and λnp,q is given by

λnp,q =

[
n
k

]
p,q

[k]p,q!

[n]kp,q
p

(n−k)(n−k−1)
2 q

k(k−1)
2

(3) =

(
1− pn−1[1]p,q

[n]p,q

)(
1− pn−2[2]p,q

[n]p,q

)
· · ·
(

1− pn−k+1[k − 1]p,q
[n]p,q

)
,

where, λ0p,q = λ1p,q = 1, 0 ≤ λnp,q ≤ 1, k = 0, 1, . . . , n.
The k-th order divided difference [17] of an analytic function g can be
expressed as

(4) g[y0, y1, . . . , yk] =
1

2πi

∮
L

g(η) dη

(η − y0)(η − y1) · · · (η − yk)
,

where L is contour encircling y0, . . . , yk and g is assumed to be analytic

on and within L. Hence, when the nodes 0, [1]p,q
[n]p,q

, [2]p,q
[n]p,q

, · · · , [k]p,q
[n]p,q

are

inside L and the pole α = pmq−m is outside, one has
(5)

g

[
0,
pn−1[1]p,q

[n]p,q
, · · · , p

n−k[k]p,q
[n]p,q

]
=

1

2πi

∮
L

gm (η) dη{
η
(
η − pn−1[1]p,q

[n]p,q

)
· · ·
(
η − pn−k[k]p,q

[n]p,q

)} .
For a function g(z) analytic in {z : |z| ≤ ρ}, we use the standard notation

(6) M(r; g) = max|z|≤r |g(z)| .

1. Auxiliary results

In this section, we prove two lemmas related to approximation of
analytic functions on compact disk {z : |z| ≤ ρ} in the complex plane.

Lemma 1.1. Let g(x) admit an analytic continuation as an entire
function g(z). Then

(7) Bn
p,q(g; z)→ g(z) as n→∞
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uniformly on any compact set in C.

Lemma 1.2. If j > m, q > p > 1, then the following holds:

lim
n→∞

{
n−j∏
k=1

(
1− pn−m−j qm [k]p,q

[n]p,q

)}
=

(
p2j−m

qj−m
;
p

q

)
∞
.

Proof. It is clear that

log

n−j∏
k=1

(
1− pn−m−j qm [k]p,q

[n]p,q

)
=

n−1∑
k=j

{
log

(
1− pn−m−j qm [n− k]p,q

[n]p,q

)}

=
∞∑
k=j

Dp,q
k,n,

where

Dp,q
k,n =

{
log
(

1− pn−m−j qm [n−k]p,q
[n]p,q

)
k < n

0 k ≥ n
.

Since ∣∣Dp,q
k,n

∣∣ ≤ ∣∣∣∣log

(
1− pn−m−j qm [n− k]p,q

[n]p,q

)∣∣∣∣
≤ q

q − p
pn−m−k qm [n− k]p,q

[n]p,q
≤ q

q − p
pn−k−m qm,

it follows that
∑∞

k=j

∣∣Dp,q
k,n

∣∣ <∞, and the Lebesgue Dominated Conver-
gence Theorem yields:

lim
n→∞

{
n−1∑
k=j

log

(
1− pn−m−jqm [n− k]p,q

[n]p,q

)}

=
∞∑
k=j

{
lim
n→∞

log

(
1− pn−m−jqm [n− k]p,q

[n]p,q

)}

=
∞∑
k=j

lim
n→∞

(
1− pn−k−m qm

qk

)
.

Hence

lim
n→∞

log

n−j∏
k=1

(
1− pn−m−j qm [n− k]p,q

[n]p,q

)
= log

∞∏
k=j

(
1− pn−k−m qm

pk

)
.
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The above derived Lemmas will be used to obtain main results in this
paper.

2. Main Results

Our first theorem illustrates bounds of Bernstein operators Bn
p,q(g; y)

and the second theorem states that for every uniformly continuous func-
tion g which admits an analytic continuation on a closed disk, there is a
sequence of Bernstein operators Bn

p,q(g; y) which is uniformly convergent
to g.

Theorem 2.1. Let g(y) be bounded on [0, 1] such that it has property
of analytic continuation into disk {z : |z| ≤ ρ}, ρ > 0. If

(8) Bn
p,q(g; z) :=

n∑
k=0

Dk,n
p,q z

k (n ∈ N),

then the following relation holds∣∣Dk,n
p,q

∣∣ ≤ D
ρk

where D = Dng,k is independent of both k and n.

Proof. Case (i). Let 0 < ρ < 1.
Since the divided difference form of (p, q)-Bernstein operators is given
by
(9)

g

[
0,
pn−1[1]p,q

[n]p,q
, · · · , p

n−k[k]p,q
[n]p,q

]
=

1

2πi

∮
|η|=ρ

g(η) dη

η
(
η − pn−1[1]p,q

[n]p,q

)
· · ·
(
η − pn−k[k]p,q

[n]p,q

) ,
then, for |η| = ρ and k < n − j, taking modulus of denominator of (9),
we get ∣∣∣∣η (η − pn−1[1]p,q

[n]p,q

)
· · ·
(
η − pn−k[k]p,q

[n]p,q

)∣∣∣∣
≥ η

(
η − pn−1[1]p,q

[n]p,q

)
· · ·
(
η − pn−k[k]p,q

[n]p,q

)
≥ D1 = Dp,q,ρ > 0.
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Now applying Lemma 1.2, we obtain∣∣Dp,q
k,n

∣∣ ≤ ∣∣∣∣g [0, pn−1[1]p,q
[n]p,q

, · · · , p
n−K [k]p,q

[n]p,q

]∣∣∣∣ ≤ 1

2π
.
2πρM(ρ, g)

D1ρk+1
=
D2

ρk

where D2 = Dp,q,ρ,g.
Now, we estimate the coefficients

∣∣Dp,q
k,n

∣∣ for k > n−j, that is, to consider

the case [k]p,q
[n]p,q

> ρ. As we know that

g[y0, y1, . . . , yk] =
1

2πi

k∑
s=0

g(η) dη

(η − y0)(η − y1) · · · (η − yk)
,

therefore

g

[
0,
pn−1[1]p,q

[n]p,q
, · · · , p

n−k[k]p,q
[n]p,q

]
=

k∑
s=0

g(η) dη

η
(
η − pn−1[1]p,q

[n]p,q

)
· · ·
(
η − pn−k[k]p,q

[n]p,q

)
=

n−j∑
s=0

+
k∑

s=n−j+1

.

With the help of Residue theorem and equation (6), we have

n−j∑
s=0

=
1

2πi

∫
|η|=ρ

g(η) dη

η
(
η − pn−1[1]p,q

[n]p,q

)
· · ·
(
η − pn−k[k]p,q

[n]p,q

)
=

1

2πi

∫
|η|=ρ

g(η) dη

ηk+1
(

1− pn−1[1]p,q
η[n]p,q

)
· · ·
(

1− pn−k[k]p,q
η[n]p,q

) .
∣∣∣∣∣
n−j∑
s=0

∣∣∣∣∣ =
1

2π

∣∣∣∣∣∣
∫
|η|=ρ

g(η) dη

η
(
η − pn−1[1]p,q

[n]p,q

)
· · ·
(
η − pn−k[k]p,q

[n]p,q

)
∣∣∣∣∣∣

(10) ≤ 1

2π

M(ρ; g)

ρkC3
=
C4
ρk
.

To estimate
∑n−t

s=n−j+1, we consider∣∣∣pn−s[s]p,q
[n]p,q

.p
n−s[s]p,q−pn

[n]p,q
. . . p

n−s[s]p,q−pn−(s−1)

[n]p,q

pn−s[s]p,q−pn−(s+1)

[n]p,q
. . . p

n−s[s]p,q−pn−(n−t)

[n]p,q

∣∣∣−1
=

[n]n−tp,q (q − p)n−t(
( q
p
)s − 1

)(
( q
p
)s − q

p

)
. . .
(

( q
p
)s − ( q

p
)s−1

)(
( q
p
)s+1 − ( q

p
)s
)
. . .
(

( q
p
)n−t − ( q

p
)s
)
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≤
∞∏
j=1

(
1− pj

qj

)(
p

q

) t(t−1)
2
(
q

p

)n2−s2

2
−n−s

2

≤ D5

(
q

p

)n(n−s)
,

where D5 = Dp,q,ρ. Since s ≥ n− j + 1, it gives(
q

p

)n(n−s)
≤
(
q

p

)n(j−1)
≤ 1

ρn
.

Since M = maxy∈[0,1] |g(y)| , we have

(11)

∣∣∣∣∣
k∑

s=n−j+1

∣∣∣∣∣ ≤M
n−t∑

s=n−j+1

D5

ρn
≤ D6(j − t)

ρn
=
D7

ρk
,

where D7 = Dp,q,g.
Finally, by equations (10) and (11), we get our required result.

Case (ii). Let ρ > 1.
By using (4) and Lemma 1.2, we get
(12)

Dp,q
k,n ≤

∣∣∣∣g [0, pn−1[1]p,q
[n]p,q

, · · · , p
n−k[k]p,q
[n]p,q

]∣∣∣∣ ≤ 1

2π
.
2πρM(ρ, g)

D1 ρk+1
=
D2

ρk
.

Now, by combining (10) and (11) we get our desired result.

Theorem 2.2. Let g(y) be bounded on [0, 1] and admit an analytic
continuation into disk {z : |z| ≤ ρ}, ρ > 0. Then

Bn
p,q(g; z)→ g(z) as n→∞

on any compact set S ⊂ {z : |z| < a}, where ρ < a ≤ 1.

Proof. Let q > p > 1 and g : [0, 1] → C be a bounded function such
that g ∈ C [0, a], a ≤ 1. Then

lim
n→∞

Bn
p,q(g; pmq−m) = g(pmq−m) for all pmq−m ∈ [0, a].

Therefore,

Bn
p,q(g; z) =

n∑
k=0

g

(
pk[n− k]p,q

[n]p,q

)
pn,n−k (p, q; z).



512 M. Mursaleen, F. Khan, M. Saif, and A. H. Khan

Since we know that

lim
n→∞

pn,n−k (p, q; pmq−m) =


0 k > m

0 k < m

1 k = m

and g is continuous at pmq−m, the statement follows. Now let S ⊂
{z : |z| ≤ ρ} be any compact set. Choose 0 < θ < ρ < a such that
S ⊂ {z : |z| ≤ ρ}. Theorem 2.1 implies that for |z| ≤ ρ, we have

∣∣Bn
p,q(g; z)

∣∣ ≤ n∑
k=0

∣∣Dθk/ρk∣∣ ≤ D(
1− θ

ρ

) .
Therefore, the sequence {Bn

p,q(g, z)} of operators is uniformly bounded in
the disk {z : |z| ≤ ρ}. Also, it converges on the sequence {pmq−m} and
has limit point 0 to the function g(z) analytic in this disc. By Vitali’s
Convergence Theorem, Bn

p,q(g; z) → g(z) as n → ∞ uniformly on any
compact set. This completes the proof.
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