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β-FUZZY FILTERS IN MS-ALGEBRAS

Berhanu Assaye Alaba and Teferi Getachew Alemayehu∗

Abstract. In this paper, we introduce the concept of β-fuzzy fil-
ters in MS-algebras and β-fuzzy filters are characterized in terms of
boosters. It is proved that the lattice of β-fuzzy filters is isomorphic
to the fuzzy ideal lattice of boosters.

1. Introduction

Blyth and Varlet [5] introduced the class MS of all MS-algebras which
is a common abstraction of de Morgan algebras and Stone algebras.
Blyth and Varlet [6] characterized the subvarieties of MS. The class
MS contains the well-known classes for examples Boolean algebras, de
Morgan algebras, Kleene algebras and Stone algebras. And also Rao [11]
introduced the concepts of boosters and β-filters of MS-algebras.

On the other hand, fuzzy set theory was introduced by Zadeh [15]
which is a generalization of classical set theory. Next Rosenfeld [10] ap-
plied it to group theory and developed the theory of fuzzy subgroups.
Also, many scholars have worked on fuzzy lattice theory. They intro-
duced the concepts of fuzzy sublattices, fuzzy ideals, fuzzy prime ideals,
in a lattice and gave some interesting results (see [1, 2, 8, 9, 12,14]).

Recently, Alaba and Alemayehu [3] introduced the notion of closure
fuzzy ideals of MS-algebras. And also Alaba, Taye and Alemayehu [4]
introduced the concept of δ-fuzzy ideals in MS-algebras. In this paper,
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the notions of β-fuzzy filters are introduced in MS-algebras. It is proved
that the lattice of β-fuzzy filters is isomorphic to the fuzzy ideals of
lattice of boosters and it is proved that the class of all β-fuzzy filters
forms a complete distributive lattice. It also observed that the minimal
elements of the poset of all prime fuzzy filters of an MS-algebra are β-
fuzzy filters, and every proper β-fuzzy filters of L is the intersection of
all prime β-fuzzy filters containing it.

2. Preliminaries

In this section, we recall some definitions and results which will be
used in this paper. For ordinary crisp theory of β- filters of MS-algebras,
we refer to [11].

Definition 2.1. [5] An MS-algebra is an algebra (L,∨,∧,◦ , 0, 1) of
type (2, 2, 1, 0, 0) such that (L,∨,∧, 0, 1) is a bounded distributive lattice
and a→ a◦ is a unary operation satisfies: a ≤ a◦◦, (a∧ b)◦ = a◦∨ b◦ and
1◦ = 0.

Lemma 2.2. [5] For any two elements a, b of an MS-algebra, we have
the following:

(1) 0◦ = 1,
(2) a ≤ b⇒ b◦ ≤ a◦,
(3) a◦◦◦ = a◦,
(4) (a ∨ b)◦ = a◦ ∧ b◦,
(5) (a ∨ b)◦◦ = a◦◦ ∨ b◦◦,
(6) (a ∧ b)◦◦ = a◦◦ ∧ b◦◦.

Definition 2.3. [11] Let L be an MS-algebra. Then for any a ∈ L,
define the booster of a as follows: (a)+ = {x ∈ L : x ∨ a◦ = 1}. Note
that (0)+ = L and (1)+ = {1}.

Let us denote the set of all boosters of an MS-algebra L by B0(L).
Then we have the following:

Theorem 2.4. [11] For an MS-algebra L, the set B0(L) of all boosters
is a complete distributive lattice on its own. Note that for any boosters
(a)+, (b)+ of B0(L), define the operations ∩ and t as (a)+∩(b)+ = (a∨b)+

and (a)+ t (b)+ = (a∧ b)+. Note that (a∨ b)+ and (a∧ b)+ are infimum
and supremum for both (a)+ and (b)+ in B0(L) respectively.
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Definition 2.5. [11] (1) For any filter F of L, define an operator β
as β(F ) = {(x)+ : x ∈ F}.

(2) For any ideal I of B0(L), define an operator
←−
β as

←−
β (I) = {x ∈

L : (x)+ ∈ I}.

Definition 2.6. [7] A proper filter F of L is a prime filter if A∩B ⊆ F
implies A ⊆ F or B ⊆ F for any fuzzy filters of A and B of L.

We recall that for any nonempty set S, the characteristic function of
S,

χS(x) =

{
1 if x ∈ S,
0 if x /∈ S.

Definition 2.7. [15] Let µ be a fuzzy subset of S and let α ∈ [0, 1].
Then the set

µα = {x ∈ L : α ≤ µ(x)}
is called a level subset of µ.

A fuzzy subset µ of L is proper if it is a non constant function. A fuzzy
subset µ such that µ(x) = 0 for all x ∈ L is an improper fuzzy subset.

Definition 2.8. [10] Let µ and θ be fuzzy subsets of a set L. Define
the fuzzy subsets µ ∪ θ and µ ∩ θ of L as follows: for each x ∈ L,
(µ ∪ θ)(x) = µ(x) ∨ θ(x) and (µ ∩ θ)(x) = µ(x) ∧ θ(x). Then µ ∪ θ and
µ ∩ θ are called the union and intersection of µ and θ respectively.

We define the binary operations ′′∨′′ and ′′∧′′ on all fuzzy subsets of
a lattice L as: (µ ∨ θ)(x) = sup{µ(a) ∧ θ(b) : a, b ∈ L, a ∨ b = x} and
(µ ∧ θ)(x) = sup{µ(a) ∧ θ(b) : a, b ∈ L, a ∧ b = x}.

If µ and θ are fuzzy ideals of L, then µ ∧ θ = µ ∩ θ, and µ ∨ θ is a
fuzzy ideal generated by µ ∪ θ.

Definition 2.9. [12] A fuzzy subset µ of a bounded lattice L is said
to be a fuzzy ideal of L, if for all x, y ∈ L,

1. µ(0) = 1,
2. µ(x ∨ y) ≥ µ(x) ∧ µ(y)
3. µ(x ∧ y) ≥ µ(x) ∨ µ(y) for all x, y ∈ L.

In [12], Swamy and Raju observed that, a fuzzy subset µ of a bounded
lattice L is a fuzzy ideal of L if and only if µ(0) = 1 and µ(x ∨ y) =
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µ(x) ∧ µ(y) for all x, y ∈ L.

Definition 2.10. [12] A fuzzy subset µ of a bounded lattice L is said
to be a fuzzy filter of L, if for all x, y ∈ L,

1. µ(1) = 1,
2. µ(x ∨ y) ≥ µ(x) ∧ µ(y)
3. µ(x ∧ y) ≥ µ(x) ∨ µ(y) for all x, y ∈ L.

In [12] a fuzzy subset µ of a bounded lattice L is a fuzzy filter of L if
and only if µ(1) = 1 and µ(x ∨ y) = µ(x) ∧ µ(y) for all x, y ∈ L.

Theorem 2.11. [12] Let µ be a fuzzy subset of L. Then µ is a fuzzy
ideal of L if and only if, for any α ∈ [0, 1], µα is an ideal of L.

Definition 2.12. [2] (1) A proper fuzzy ideal µ of L is called a prime
fuzzy ideal if for any two fuzzy ideals η, ν of L, η ∩ ν ⊆ µ implies η ⊆ µ
or ν ⊆ µ.

(2) A proper fuzzy filter µ of L is called a prime fuzzy filter if for any
two fuzzy filters η, ν of L, η ∩ ν ⊆ µ implies η ⊆ µ or ν ⊆ µ.

Theorem 2.13. [13] For any α ∈ [0, 1), the fuzzy subset P 1
α of L

given by P 1
α(x) =

{
1 if x ∈ P,
α if x /∈ P

for all x ∈ L is a prime fuzzy filter

if and only if P is a prime filter of L.

Throughout the next sections L stands for an MS-algebra unless oth-
erwise mentioned.

3. β-Fuzzy Filters in MS-algebras

In this section, the concept of β-fuzzy filters is introduced in MS-
algebras and basic properties of β-fuzzy filters are observed.

Definition 3.1. A fuzzy subset µ of B0(L) is called a fuzzy ideal
of B0(L) if µ((1)+) = 1 and µ((a)+ t (b)+) ≥ µ((a)+) ∧ µ((b)+)) and
µ((a)+ ∩ (b)+) ≥ µ((a)+) ∨ µ((b)+)),∀ (a)+, (b)+ ∈ B0(L).

Example 3.2. Consider the MS-algebra L described as the following
Hasse diagram 1
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diagram 1

Clearly B0(L) = {(0)+, (a)+, (b)+, (1)+}. Define a fuzzy subset µ of
B0(L) as µ((0)+) = 0.5 = µ((a)+), µ((b)+) = 0.8 and µ((1)+) = 1. It is
easily verified that µ is a fuzzy ideal of B0(L).

Now we introduce two operators β and
←−
β in the following:

Definition 3.3. Let L be an MS-algebra.

(1) For any fuzzy filter θ of L and for any x in L, define an operator
β as follows: β(θ)((x)+) = sup{θ(y) : (x)+ = (y)+, y ∈ L}.

(2) For any fuzzy ideal µ of B0(L) and for any x in L, define an operator
←−
β as follows:

←−
β (µ)(x) = µ((x)+).

Lemma 3.4. For any MS-algebra L, we have the following:

(1) For any fuzzy filter θ of L, β(θ) is a fuzzy ideal of B0(L),

(2) For any fuzzy ideal µ of B0(L),
←−
β (µ) is a fuzzy filter of L,

(3) β and
←−
β are isotones.

Proof. (1) Let θ be a fuzzy filter of L. Then clearly β(θ)((1)+) = 1.
For any (a)+, (b)+ in B0(L) ,

β(θ)((a)+) ∧ β(θ)((b)+)

= sup{θ(x) : (x)+ = (a)+} ∧ sup{θ(y) : (y)+ = (b)+}
= sup{θ(x) ∧ θ(y) : (x)+ = (a)+, (y)+ = (b)+}
≤ sup{θ(x ∧ y) : (x ∧ y)+ = (a ∧ b)+}
= β(θ)((a ∧ b)+) = β(θ)((a)+ t (b)+),
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β(θ)((a)+) ∨ β(θ)((b)+)

= sup{θ(x) : (x)+ = (a)+} ∨ sup{θ(y) : (y)+ = (b)+}
= sup{θ(x) ∨ θ(y) : (x)+ = (a)+, (y)+ = (b)+}
≤ sup{θ(x ∨ y) : (x ∨ y)+ = (a ∨ b)+}
= β(θ)((a ∨ b)+) = β(θ)((a)+ ∩ (b)+)

Therefore β(θ) is a fuzzy ideal of B0(L).

(2) For any fuzzy ideal µ of B0(L),
←−
β (µ)(1) = µ((1)+) = 1. For any

a, b in L,
←−
β (µ)(a∧b) = µ((a∧b)+) = µ((a)+t(b)+) ≥ µ((a)+)∧µ((b)+) =

←−
β (µ)(a) ∧

←−
β (µ)(b) and

←−
β (µ)(a ∨ b) = µ((a ∨ b)+) = µ((a)+ ∩ (b)+) ≥

µ((a)+) ∨ µ((b)+) =
←−
β (µ)(a) ∨

←−
β (µ)(b).

(3) Suppose that µ and θ are fuzzy filters of L such that µ ⊆ θ.
β(µ)((x)+) = sup{µ(y) : (y)+ = (x)+} ≤ sup{θ(y) : (y)+ = (x)+} =

β(θ)((x)+). Therefore β is an isotone. Similarly, we get that
←−
β is an

isotone.

Theorem 3.5. The map µ →
←−
β β(µ) is a closure operator on the

lattice of fuzzy filters of L. i.e., for any fuzzy filters µ and θ of L,

(1) µ ⊆
←−
β β(µ),

(2) µ ⊆ θ ⇒
←−
β β(µ) ⊆

←−
β β(θ),

(3)
←−
β β{
←−
β β(µ)} =

←−
β β(µ).

Proof. (1) For any x ∈ L,
←−
β β(µ)(x) = sup{µ(y) : (x)+ = (y)+} ≥

µ(x).

(2) It is obvious, since β and
←−
β are isotones.

(3) For any x ∈ L,

←−
β β{
←−
β β(µ)}(x) = β{

←−
β β(µ)}((x)+)

= sup{
←−
β β(µ)(y) : (y)+ = (x)+, y ∈ L}

= sup{β(µ)((y)+) : (y)+ = (x)+, y ∈ L}
= β(µ)((x)+) =

←−
β β(µ)(x)

Theorem 3.6. For any MS-algebra L, β is a homomorphism of the
lattice of fuzzy filters of L into the lattice of fuzzy ideals of B0(L).
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Proof. Let FF(L) be the set of all fuzzy filters of L and FIB0(L) be
the set of all fuzzy ideals in B0(L). For any µ, θ ∈ FF(L), µ ∩ θ ⊆ µ
and µ ∩ θ ⊆ θ. This implies β(µ ∩ θ) ⊆ β(µ) and β(µ ∩ θ) ⊆ β(θ). We
get β(µ ∩ θ) ⊆ β(θ) ∩ β(µ).
Also

(β(µ) ∩ β(θ))((x)+)

= β(µ)((x)+) ∧ β(θ)((x)+)

= sup{µ(a) : (a)+ = (x)+} ∧ sup{θ(b) : (b)+ = (x)+}
≤ sup{µ(a ∨ b) : (a ∨ b)+ = (x)+} ∧ sup{θ(a ∨ b) : (a ∨ b)+ = (x)+}
= sup{µ(a ∨ b) ∧ θ(a ∨ b) : (a ∨ b)+ = (x)+}
= sup{(µ ∩ θ)(a ∨ b) : (a ∨ b)+ = (x)+}
= β(µ ∩ θ)((x)+).

Thus β(µ ∩ θ) = β(µ) ∩ β(θ).
Since µ ⊆ µ ∨ θ and µ ⊆ µ ∨ θ, β(µ) ⊆ β(µ ∨ θ) and β(µ) ⊆ β(µ ∨ θ).
This gives β(µ) t β(µ) ⊆ β(µ ∨ θ). Again

(β(µ ∨ θ))((x)+)

= sup{(µ ∨ θ)(a) : (a)+ = (x)+}
= sup{sup{µ(a1) ∧ θ(a2) : a = a1 ∧ a2} : (a)+ = (x)+}
≤ sup{sup{µ(b1) ∧ θ(b2) : (b1)+ = (a1)+, (b2)+ = (a2)+} :

(a1 ∧ a2)+ = (x)+}
= sup{sup{µ(b1) : (b1)+ = (a1)+} ∧ sup{θ(b2) : (b2)+ = (a2)+} :

(a1)+ t (a2)+ = (x)+}
= sup{β(µ)((a1)+) ∧ β(θ)((a2)+) : (a1)+ t (a2)+ = (x)+}
= (β(µ) t β(θ))((x)+)

This implies β(µ ∨ θ) ⊆ β(µ) t β(µ). Therefore β(µ ∨ θ) = β(µ) t β(θ)
and clearly χ{1}, χL are the smallest and the largest fuzzy filters of L
respectively and also β(χ{1}), β(χL) are smallest and greatest fuzzy ideals
of B0(L) respectively. Therefore β is a homomorphism from FF(L) into
FIB0(L).

Corollary 3.7. For any two fuzzy filters µ and θ of an MS-algebra

L, we have
←−
β β(µ ∩ θ) =

←−
β β(µ) ∩

←−
β β(θ).
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Proof. By Theorem 3.6 , β(µ∩θ) = β(µ)∩β(θ). Now
←−
β β(µ∩θ)(y) =

β(µ ∩ θ)((y)+) = β(µ)((y)+) ∧ β(θ)((y)+) =
←−
β β(µ)((y)) ∧

←−
β β(θ)((y)).

Therefore
←−
β β(µ ∩ θ) =

←−
β β(µ) ∩

←−
β β(θ).

Now we introduce the notion of β-fuzzy filters in MS-algebras.

Definition 3.8. A fuzzy filter µ of L is called a β-fuzzy filter if←−
β β(µ) = µ.

Example 3.9. Consider the MS-algebra L given in diagram 1, define
a fuzzy subset µ of L as µ(a) = µ(0) = 0.5 and µ(1) = µ(b) = 1. Then
µ is a β-fuzzy filter of L.

Example 3.10. Let us consider the MS-algebra L described in the
diagram 2

0 a b c d e 1
◦ 1 e e e e e 0

diagram 2

The fuzzy subsets µ and θ of L defined as µ(a) = µ(b) = 0.3, µ(c) =
µ(d) = 0.6, µ(e) = µ(1) = 1 and µ(0) = 0, and θ(a) = θ(b) = θ(c) =
θ(d) = θ(e) = θ(1) = 1 and θ(0) = 0.6. Then it can be easily verified
that µ is a fuzzy filter of L but not a β-fuzzy filter of L, and θ is a
β-fuzzy filter of L.

In the following Theorem, we characterize β-fuzzy filters in terms of
its level subsets and characteristic functions.

Theorem 3.11. For proper fuzzy subset µ of L, µ is a β-fuzzy filter
if and only if µα,∀α ∈ [0, 1], is a β-filter of L.
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Proof. Suppose that µ is a β-fuzzy filter of L. Then (
←−
β β(µ))α = µα.

To prove each level subset of µ is a β-filter of L, it is enough to show←−
β β(µα) = µα. Clearly µα ⊆

←−
β β(µα). Next, let x ∈

←−
β β(µα). Then

(x)+ ∈ β(µα). This implies there exists y ∈ µα such that (x)+ = (y)+,
and so µ(y) ≥ α such that (x)+ = (y)+. This gives β(µ)((x)+) =

sup{µ(y) : (x)+ = (y)+} ≥ α and so
←−
β β(µ)(x) ≥ α. we have x ∈

(
←−
β β(µ))α. Thus

←−
β β(µα) ⊆ µα. Therefore

←−
β β(µα) = µα.

Conversely, it is clear that µ ⊆
←−
β β(µ). Next, let α =

←−
β β(µ)(x) =

sup{µ(y) : (y)+ = (x)+}. Then for each ε > 0, there is a ∈ L, (a)+ =
(x)+ such that µ(a) > α − ε. Since ε is arbitrary then µ(a) ≥ α such

that (a)+ = (x)+. This implies a ∈ µα. Thus x ∈
←−
β β(µα) = µα. Hence

µ(x) ≥ α =
←−
β β(µ)(x). Therefore µ =

←−
β β(µ).

Corollary 3.12. For a nonempty subset F of L, F is a β-filter if
and only if χF is a β-fuzzy filter of L.

In the following theorem, the class of all β-fuzzy filters of an MS-
algebra can be characterized in terms of boosters.

Theorem 3.13. A fuzzy filter µ of an MS-algebra L is a β-fuzzy filter
if and only if for all x, y ∈ L, (x)+ = (y)+ implies µ(x) = µ(y).

Proof. Suppose that µ(x) =
←−
β β(µ)(x), ∀x ∈ L and x, y ∈ L such

that (x)+ = (y)+. This implies µ(x) =
←−
β β(µ)((x) = β(µ)((x)+) =

β(µ)((y)+) =
←−
β β(µ)(y) = µ(y).

Conversely, suppose that ∀x, y ∈ L, (x)+ = (y)+ implies µ(x) = µ(y).

Now
←−
β β(µ)(x) = sup{µ(y) : (y)+ = (x)+} = µ(x). Therefore

←−
β β(µ) =

µ.

Theorem 3.14. Let {µi : i ∈ Ω} be a family of β-fuzzy filters in an
MS-algebra L. Then ∩i∈Ωµi is a β-fuzzy filter of L.

Corollary 3.15. Let L be an MS-algebra. Then the set FFβ(L)
of all β-fuzzy filters of L is a complete distributive lattice with relation
⊆. The sup and inf of any subfamily {µi|i ∈ Ω} of β-fuzzy filters are
←−
β β(

∨
µi) and ∩i∈Ωµi respectively, where

∨
µi is their supremum in the

lattice of fuzzy filters of L.

Lemma 3.16. For any fuzzy ideal µ of B0(L), β
←−
β (µ) = µ.
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Proof. Let (x)+ ∈ B0(L). Now β
←−
β (µ)((x)+) = sup{

←−
β (µ)(y) : (y)+ =

(x)+} = sup{µ((y)+) : (y)+ = (x)+} = µ((x)+). Therefore β
←−
β (µ) =

µ.

Using Corollary 3.15 and Lemma 3.16, we prove that the lattice of
β-fuzzy filters of L is isomorphic to the lattice of fuzzy ideals of B0(L).

Theorem 3.17. Let L be an MS-algebra. Then there is an isomor-
phism of the lattice of β-fuzzy filters of L onto the lattice of fuzzy ideals
of B0(L).

Proof. Let FFβ(L) be the set of all β-fuzzy filters of L, FIB0(L) be
the set of all fuzzy ideals of B0(L) and f : FFβ(L) → FIB0(L) be a
mapping defined by f(µ) = β(µ), for any µ ∈ FFβ(L). Then clearly

f is one-to-one. Let µ be any fuzzy ideal of B0(L). Then
←−
β (µ) is a

fuzzy filter of L. By Lemma 3.16,
←−
β β(
←−
β (µ)) =

←−
β (β
←−
β (µ)) =

←−
β (µ).

Thus
←−
β (µ) is a β-fuzzy filter of L. Now f(

←−
β (µ)) = β(

←−
β (µ)) = µ. This

gives f is onto. Let µ, θ be any two β-fuzzy filters of L. Then clearly

f(µ∩θ) = β(µ∩θ) = β(µ)∩β(θ). Again f(
←−
β β(µ∨θ)) = β(

←−
β β(µ∨θ)) =

β(µ ∨ θ) = β(µ) t β(θ). Therefore f is an isomorphism of the lattice of
β-fuzzy filters of L onto the lattice of fuzzy ideals of B0(L).

4. Prime β-Fuzzy Filters and Maximal β-Fuzzy Filters of
MS-algebras

In this section, we study prime β-fuzzy filters and maximal β-fuzzy
filters of MS-algebras and discussed about some properties of them.

Definition 4.1. A proper β-fuzzy filter µ of L is called a prime β-
fuzzy filter if for any fuzzy filters θ and ν such that θ ∩ ν ⊆ µ, we have
θ ⊆ µ or ν ⊆ µ.

Lemma 4.2. A proper β-filter P of L is a prime β-filter of L , α ∈ [0, 1)
if and only if

P 1
α(z) =

{
1 if z ∈ P
α otherwise

is a prime β-fuzzy filter of L.
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Proof. Suppose that P is a proper β-filter of L and α ∈ [0, 1). It is
easily verified P 1

α is a proper fuzzy filter of L. Now, we prove that P 1
α

is a prime fuzzy filter of L. Let θ and λ be fuzzy filters of L such that
θ * P 1

α and λ * P 1
α. Then there exist x, y ∈ L such that θ(x) > P 1

α(x)
and λ(y) > P 1

α(y). This implies x /∈ P and y /∈ P , and so x∨ y /∈ P and
P 1
α(x∨y) = α. It follows that θ(x)∧λ(y) > α. Since θ and λ are isotones,

we have (θ∩λ)(x∨y) = θ(x∨y)∧λ(x∨y) ≥ θ(x)∧λ(x) > α = P 1
α(x∨y).

This implies θ ∩ λ * P 1
α. Thus P 1

α is a prime fuzzy filter of L. Next, we
prove that P 1

α is a prime β-fuzzy filter of L. Since P is a prime β-filter
of L and α ∈ [0, 1), for any x, y ∈ L such that (x)+ = (y)+,
If P 1

α(x) = 1, then x ∈ P . This implies y ∈ P and P 1
α(y) = 1.

If P 1
α(x) = α, then x /∈ P . This implies y /∈ P and P 1

α(y) = α. Hence
P 1
α is a prime β-fuzzy filter of L.

Conversely, suppose that P 1
α is a prime fuzzy filter of L. If I and J are

any filters of L such that I ∩ J ⊆ P , then (I ∩ J)1
α = I1

α ∩ J1
α ⊆ P 1

α.
This implies I1

α ⊆ P 1
α or J1

α ⊆ P 1
α, so that I ⊆ P or J ⊆ P . Therefore

P is a prime filter of L. Now, suppose that P 1
α is a prime β-fuzzy filter

of L and for any x, y ∈ L such that (x)+ = (y)+. Let x ∈ P . Then
1 = P 1

α(x) = P 1
α(y). This implies y ∈ P . Hence P is a prime β-filter of

L.

Example 4.3. In diagram 2, A = {1}, B = {1, e}, C = {1, e, d},
D = {1, e, d, b}, E = {1, e, d, c, }, F = {1, a, b, c, d, e} are filters of L and
all except for C are prime filters of L and also F is a prime β-filter of L.

In addition, it is easily verified that A1
α,B1

α,D1
α, E1

α and F 1
α are prime

fuzzy filters of L, for any α ∈ [0, 1).
F 1
α is a prime β-fuzzy filter of L, and A1

α, B1
α, D1

α and E1
α are not prime

β-fuzzy filters of L .

Corollary 4.4. A proper filter P is a prime β-filter of L if and only
if χP is a prime β-fuzzy filter of L.

Proof. Suppose that P is a prime β-filter of L. First we prove that
χP is a prime fuzzy filter of L. For any µ and λ be any fuzzy filters of L
such that θ ∩ λ ⊆ χP . Suppose that λ * χP and λ * χP . This implies
there exist x, y ∈ L such that λ(x) > χP (x) and θ(y) > χP (y). This
implies x /∈ P and y /∈ P . Since P is a prime filter, x ∨ y /∈ P . Thus
χP (x ∨ y) = 0.
Now (λ∩θ)(x∨y) = λ(x∨y)∧θ(x∨y) ≥ λ(x)∧θ(y) > χP (x)∧χP (y) =
0 = χP (x ∨ y). This implies θ ∩ λ * χP , which is a contradiction. Thus
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χP is a prime filter of L. Next we prove that χP is a prime β-fuzzy filter.
For all x, y ∈ L such that (x)+ = (y)+.
If χP (x) = 1, then x ∈ P . This implies y ∈ P . Thus χP (y) = 1.
If χP (x) = 0, then x /∈ P . This implies y /∈ P . Thus χP (y) = 0.
Hence χP is a prime β-fuzzy filter of L.
Conversely, suppose that χP is a prime β-filter of L. First we prove
that P is a prime filter of L. Let I and J be any filters of L such that
I ∩ J ⊆ P .

⇒ χI∩J ⊆ χP

⇒ χI ⊆ χP or χJ ⊆ χP

⇒ I ⊆ P or J ⊆ P

This implies P is a prime filter.
Next, we prove that P is a prime β-filter of L. Suppose for all x, y ∈ L
such that (x)+ = (y)+. Let x ∈ P . Then χP (x) = 1 = χP (y). Thus
y ∈ P . Hence P is a prime β-fuzzy filter of L.

Theorem 4.5. A proper fuzzy filter µ of L is a prime β-fuzzy filter
if and only if Img(µ) = {1, α}, where α ∈ [0, 1) and the set µ∗ = {x ∈
L : µ(x) = 1} is a prime β-filter of L.

Proof. The converse part of this theorem follows from Lemma 4.2.
Suppose that µ is a prime β-fuzzy filter. Clearly 1 ∈ Im(µ) and since µ
is proper, there is x ∈ L such that µ(x) < 1. We prove that µ(x) = µ(y)
for all x, y ∈ L− µ∗. Suppose that µ(x) 6= µ(y) for some x, y ∈ L− µ∗.
Without loss of generality we can assume that µ(y) < µ(x) < 1. Define
fuzzy subsets θ and λ as follows:

θ(z) =

{
1 if z ∈ [x)

0 otherwise.

and

λ(z) =

{
1 if z ∈ µ∗
µ(x) otherwise.

for all z ∈ L. Then it can be easily verified that both θ and λ are fuzzy
filters of L. Let z ∈ L. If z ∈ µ∗, then (θ ∩ λ)(z) ≤ 1 = µ(z). If
z ∈ [x) − µ∗, then z = x ∨ z, and we have (θ ∩ λ)(z) = θ(z) ∧ λ(z) =
1 ∧ µ(x) = µ(x) ≤ µ(z).
Also if z /∈ [x), then θ(z) = 0, so that (θ ∩ λ)(z) = 0 ≤ µ(z). Therefore
θ ∩ λ ⊆ µ. But we have θ(x) = 1 > µ(x) and λ(y) = µ(x) > µ(y). This
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implies λ * µ and θ * λ, which is a contradiction. Thus µ(x) = µ(y)
for all x, y ∈ L− µ∗ and hence Im(µ) = {1, α} for some α ∈ [0, 1). Let
P = {x ∈ L : µ(x) = 1}. Since µ is proper, we get that P is a proper
filter of L. Let α 6= 1. Then

µ(z) =

{
1 if z ∈ P
α if z /∈ P.

Hence by Lemma 4.2, P = µ∗.

Now we introduce maximal β-filters of an MS-algebra L.

Definition 4.6. A proper fuzzy filter µ of an MS-algebra L is called
a maximal fuzzy filter of L if Imµ = {1, α}, where α ∈ [0, 1) and the
level filter µ∗ = {x ∈ L : µ(x) = 1} is a maximal filter.

Definition 4.7. A proper fuzzy filter µ of an MS-algebra L is called
a maximal β-fuzzy filter of L if Imµ = {1, α}, where α ∈ [0, 1) and the
level filter µ∗ is a maximal β-filter.

Example 4.8. In Example 3.9, µ? = {1, b}, Imµ = {1, α} and µ∗ is
a maximal β-filter of L. Hence µ is a maximal β-fuzzy filter of L.

Theorem 4.9. Every maximal fuzzy filter of an MS-algebra is a β-
fuzzy filter.

Proof. Suppose that µ is a maximal fuzzy filter of L. Then µ∗ is
a maximal filter and Imµ = {1, α}. This implies µ∗ is maximal and
µα = L. Since every maximal filter is a β-filter of L. This implies the
level subsets of L is β filters of L. Hence µ is a β-fuzzy filter of L.

Corollary 4.10. Every maximal β-fuzzy filter of L is a maximal
fuzzy filter.

Corollary 4.11. Every maximal β-fuzzy filter of L is a prime β-
fuzzy filter.

Theorem 4.12. Let L be an MS-algebra. If µ is minimal in the class
of all prime fuzzy filters containing a given β-fuzzy filter, then µ is a
β-fuzzy filter.

Proof. Suppose µ is minimal in the class of all prime fuzzy filters
containing a β-fuzzy filter θ of L. Since µ is a prime fuzzy filter of L,
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there exists a prime filter P of L such

µ(z) =

{
1 if z ∈ P
α otherwise.

for some α ∈ [0, 1). Suppose that µ is not a β-fuzzy filter of L. Then
there exist x, y ∈ L, (x)+ = (y)+ such that µ(x) 6= µ(y). Without loss of
generality µ(x) = 1 and µ(y) = α. Consider a fuzzy ideal φ of L defined
by

φ(z) =

{
1 if z ∈ (L− P ) ∨ (x ∨ y]

α otherwise.

Then θ ∩ φ ≤ α. Otherwise there exists a ∈ L such that φ(a) = 1. This
implies a ∈ (L− P ) ∨ (x ∨ y].

=⇒ a = r ∨ s for some r ∈ (L− P ) and s ∈ (x ∨ y]

=⇒ a = r ∨ s = r ∨ (s ∧ ((x ∨ y)) = (r ∨ s) ∧ (s ∨ x ∨ y) ≤ s ∨ x ∨ y
Since θ is a β-fuzzy filter of L, α < θ(r∨ s) ≤ θ(r∨x∨ y) ≤ µ(r∨x∨ y).
Also x+ = y+ implies (r ∨ x ∨ y)+ = (r ∨ y)+. This implies θ(r ∨ x ∨
y) = θ(r ∨ y) ≤ µ(r ∨ y) = 1. Since µ is a prime filter, µ(r) = 1 or
µ(y) = 1, which is a contradiction. Thus θ ∩ φ ≤ α. This implies there
exists a prime fuzzy filter η such that η ∩ φ ≤ α and θ ⊆ η. Clearly
x∨y ∈ (L−P )∨ (x∨y]. This implies φ(x∨y) = 1 and φ∩η ≤ α. Hence
η(x ∨ y) ≤ α < µ(x ∨ y) = 1. This implies µ * η. Therefore µ is not
minimal in the class of all prime fuzzy filters containing a given β-fuzzy
filter, which is a contradiction. Therefore µ is a β-fuzzy filter.

Corollary 4.13. Let L be an MS-algebra. Then prime β-fuzzy
filters of L are one to one correspondence with the prime fuzzy ideals of
B0(L).

Proof. From Theorem 3.17 we have seen that β-fuzzy filters of L are
one to one correspondence with the fuzzy ideals of B0(L). Now we prove
that if µ is a prime β-fuzzy filter then β(µ) is a prime fuzzy ideal of B0(L)
and vice versa. Let µ be a prime β-fuzzy filter of L. Then β(µ) is a fuzzy
ideal of B0(L). Let θ and ν be any ideals of B0(L). Then there exist a
β-fuzzy filter of L, φ and ψ such that θ = β(φ) and ν = β(ψ). Assume
β(φ) ∩ β(ψ) ⊆ β(µ). Then β(φ ∩ ψ) ⊆ β(µ) and so φ ∩ ψ ⊆ µ. Since µ
is a prime β-filter of L, then φ ⊆ µ or ψ ⊆ µ. This gives β(φ) ⊆ β(µ) or
β(ψ) ⊆ β(µ).
Let µ be a prime ideal of B0(L). Then there exists a β-fuzzy filter of η
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of L such that µ = β(η). Let φ, ψ be any fuzzy filters of L such that
φ ∩ ψ ⊆ η. Then β(φ ∩ ψ) = β(φ) ∩ β(ψ) ⊆ β(η). Since β(η) is a prime
ideal of L, then β(φ) ⊆ β(η) or β(ψ) ⊆ β(η) and so φ ⊆ η or ψ ⊆ η. This
implies η is a prime β-fuzzy filter of L. Thus prime β-fuzzy filters of L
are one to one correspondence with the prime fuzzy ideals of B0(L).

In the following Theorem we prove the existence of prime β-fuzzy
filters in MS-algebra.

Theorem 4.14. Let α ∈ [0, 1), µ be a β-fuzzy filter and σ be a fuzzy
ideal of an MS-algebra L such that µ∩σ ≤ α. Then there exists a prime
β-fuzzy filter η such that µ ⊆ η and η ∩ σ ≤ α.

Proof. Put ξ = {θ ∈ FFβ(L) : µ ⊆ θ, θ ∩ σ ≤ α}. Clearly µ ∈ ξ,
ξ 6= ∅, and (ξ,⊆) is a poset. Let Q = {µi : i ∈ Ω} be a chain in ξ. We
prove that ∪i∈Ωµi ∈ ξ. Clearly (∪i∈Ωµi)(1) = 1. For any x, y ∈ L,

(∪i∈Ωµi)(x) ∧ (∪i∈Ωµi)(y) = sup{µi(x) : i ∈ Ω} ∧ sup{µj(y) : j ∈ Ω}
= sup{µi(x) ∧ µj(y) : i, j ∈ Ω}
≤ sup{(µi ∪ µj)(x) ∧ (µi ∪ µj)(y) : i, j ∈ Ω}

Since Q is a chain, µi ⊆ µj or µj ⊆ µi. Without loss of generality,
assume µj ⊆ µi. This implies µi ∪ µj = µi. This shows,

(∪i∈Ωµi)(x) ∧ (∪i∈Ωµi)(y) ≤ sup{µi(x) ∧ µi(y), i ∈ Ω}
= sup{µi(x ∧ y), i ∈ Ω}
= (∪i∈Ωµi)(x ∧ y)

Again (∪i∈Ωµi)(x) = sup{µi(x) : i ∈ Ω} ≤ sup{µi(x ∨ y) : i ∈ Ω} =
(∪i∈Ωµi)(x ∨ y). Similarly (∪i∈Ωµi)(y) ≤ (∪i∈Ωµi)(x ∨ y). This implies
(∪i∈Ωµi)(x) ∨ (∪i∈Ωµi)(y) ≤ (∪i∈Ωµi)(x ∨ y). Hence ∪i∈Ωµi is a fuzzy
filter of L. Now prove that (∪i∈Ωµi) is a β-fuzzy filter.

←−
β β(∪i∈Ωµi)(x) = sup{(∪i∈Ωµi)(a) : (x)+ = (a)+, a ∈ L}

= sup{sup{(µi)(a) :, i ∈ Ω} : (x)+ = (a)+, a ∈ L}
= sup{sup{(µi)(a) : (x)+ = (a)+, a ∈ L}, i ∈ Ω}
= sup{

←−
β β(µi)(x), i ∈ Ω} = sup{µi(x), i ∈ Ω}

= (∪i∈Ωµi)(x)
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Thus ∪i∈Ωµi is a β-fuzzy filter of L. Since µi ∩ σ ≤ α for each i ∈ Ω,

((∪i∈Ωµi) ∩ σ)(x) = (∪i∈Ωµi)(x) ∧ σ(x)

= sup{µi(x), i ∈ Ω} ∧ σ(x)

= sup{µi(x) ∧ σ(x), i ∈ Ω}
= sup{(µi ∧ σ)(x), i ∈ Ω} ≤ α

Thus (∪i∈Ωµi)∩σ) ≤ α. Hence ∪i∈Ωµi ∈ ξ. By applying Zorn’s Lemma,
we get a maximal element, say δ, i.e, δ is a β-fuzzy filter of L such
that µ ⊆ δ and δ ∩ θ ≤ α. Next we show that δ is a prime β-fuzzy
filter of L. Assume that δ is not a prime β-fuzzy filter. Let λ1, λ2 ∈
FF (L), and λ1 ∩ λ2 ⊆ δ such thatλ1 * δ and λ2 * δ. If we put

δ1 =
←−
β β(λ1 ∨ δ) and δ2 =

←−
β β(λ2 ∨ δ), then both δ1, δ2 are β-fuzzy

filters of L properly containing δ. Since δ is a maximal in ξ, we get
δ1, δ2 /∈ ξ. This indicates δ1 ∩ θ � α and δ2 ∩ θ � α. This implies there
exist x, y ∈ L such that (δ1 ∩ σ)(x) > α and (δ2 ∩ σ)(y) > α. We have
(δ1 ∩ σ)(x ∨ y) ∧ (δ2 ∩ σ)(x ∨ y) ≥ (δ1 ∩ σ)(x) ∧ (δ2 ∩ σ)(y) > α, which
implies

(δ1 ∩ σ)(x ∨ y) ∧ (δ2 ∩ σ)(x ∨ y)

= ((δ1 ∩ θ) ∩ (δ2 ∩ σ))(x ∨ y)

= ((δ2 ∩ δ2) ∩ σ)(x ∨ y)

= ((
←−
β β(λ1 ∨ δ) ∩

←−
β β(λ2 ∨ δ)) ∩ σ)(x ∨ y)

= (
←−
β β((λ1 ∩ λ2) ∨ δ) ∩ σ)(x ∨ y)

= (
←−
β β(δ) ∩ σ)(x ∨ y) becouse λ1 ⊆ δ and λ2 ⊆ δ

= (δ ∩ θ)(x ∨ y)

> α

This shows (δ ∩ σ)(x ∨ y) > α, which is a contradiction δ ∩ σ ≤ α. This
δ is a prime β-fuzzy filter of L.

Corollary 4.15. Let µ be a fuzzy β-filter and σ be a fuzzy ideal of
an MS-algebra L such that µ∩σ = 0. Then there exists a prime β-fuzzy
filter η such that µ ⊆ η and η ∩ σ = 0.

Corollary 4.16. Let α ∈ [0, 1), µ be a β-fuzzy filter of an MS-
algebra L and µ(x) ≤ α. Then there exists a prime β-fuzzy filter θ of L
such that µ ⊆ θ and θ(x) ≤ α.
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Proof. Put ξ = {θ ∈ FFβ(L) : µ ⊆ θ and θ(x) ≤ α}. Clearly µ ∈ ξ,
ξ 6= ∅, and (ξ,⊆) is a poset. Let Q = {µi : i ∈ Ω} be a chain in ξ. We
prove that ∪i∈Ωµi ∈ ξ. By Theorem 4.14, (∪i∈Ωµi) is a β-fuzzy filter of
L. Since µi ⊆ θ for each i ∈ Ω and θ(x) ≤ α.

(∪i∈Ωµi)(x) = sup{µi(x), i ∈ Ω} ≤ θ(x) ≤ α.
Hence ∪i∈Ωµi ∈ ξ. By applying Zorn’s Lemma, we get a maximal el-
ement of ξ, say δ, i.e, δ is an β-fuzzy filter of L such that µ ⊆ δ and
δ(x) ≤ α. Next we show that δ is a prime β-fuzzy filter of L. As-
sume that δ is not a prime β-fuzzy filter. Let λ1, λ2 ∈ FF (L), and

λ1 ∩ λ2 ⊆ δ such that λ1 * δ and λ2 * δ. If we put δ1 =
←−
β β(λ1 ∨ δ)

and δ2 =
←−
β β(λ2 ∨ δ), then both δ1, δ2 are β-fuzzy filters of L properly

containing δ. Since δ is maximal in ξ, we get δ1, δ2 /∈ ξ. This we show
that δ1(x) � α and δ2(x) � α. Thus implies δ1(x) > α and δ2(x) > α.
We get (δ1(x) ∧ (δ2)(x) = (δ1 ∩ δ2)(x) > α, which implies

δ1(x) ∧ δ2(x) = (
←−
β β(λ1 ∨ δ) ∩

←−
β β(λ2 ∨ δ))(x)

= (
←−
β β((λ1 ∩ λ2) ∨ δ))(x)

=
←−
β β(δ)(x) becouse λ1 ⊆ δ and λ2 ⊆ δ

= δ(x)

> α

This shows δ(x) > α, which is a contradiction δ(x) ≤ α. Thus δ is a
prime β-fuzzy filter of L.

Corollary 4.17. Let L be an MS-algebra. Then every proper β-
fuzzy filters of L is the intersection of all prime β-fuzzy filters containing
it.

Proof. Let µ be a proper β-fuzzy filter of L Put η = ∩{θ : θ is a
prime β-fuzzy filter such that µ ⊆ θ}. Now, we prove that µ = η.
Clearly µ ⊆ η. Put α = µ(a) for some a ∈ L. This implies µ ⊆ µ and
µ(a) ≤ α. Thus by the Corollary 4.16, there exists a prime β-fuzzy filter
δ such that µ ⊆ δ and δ(a) ≤ α. Thus η ⊆ µ. Hence µ = η. This implies
every proper β-fuzzy filters of L is the intersection of all prime β-fuzzy
filters containing it.
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