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COMMON FIXED POINT RESULTS FOR
NON-COMPATIBLE R-WEAKLY COMMUTING
MAPPINGS IN PROBABILISTIC SEMIMETRIC SPACES
USING CONTROL FUNCTIONS

KRISHNAPADA DAS

ABSTRACT. In common fixed point problems in metric spaces sev-
eral versions of weak commutativity have been considered. Mappings
which are not compatible have also been discussed in common fixed
point problems. Here we consider common fixed point problems of
non-compatible and R-weakly commuting mappings in probabilistic
semimetric spaces with the help of a control function. This work is
in line with research in probabilistic fixed point theory using control
functions. Further we support our results by examples.

1. Introduction

The problem of finding common fixed points of more than one map-
pings have been considered in several contemporary works. In this con-
text the commuting condition on a pair of mappings has been relaxed
mainly in two directions. In one direction the notion of compatibility of
various types have been introduced and common fixed point results of
several types of compatible mappings have been established. This line of
research was initiated by Junngck [11]. It has also been noted that fixed
point problems of non-compatible mappings are also important and have
been considered in a number of recent works [20,23].
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In another direction weaker versions of commutativity have been con-
sidered in a large number of works. One such concept is R-weakly com-
mutativity, which was introduced by Pant [19]. This is an extension of
weakly commuting mappings [18,28]. Some of other references dealing
with R-weakly commutating mappings are [20-22] and [23]. Recently
commutativity conditions have also been used to find coupled coinci-
dence point in [5-7].

In metric fixed point theory a new direction was opened by Khan et
al in [13]. They introduced a new contraction mapping principle and
proved a fixed point result with the help of a control function which
they called altering distance function. Altering distance function has
been used in a number of papers in metric fixed point theory. Some of
these results are noted in [17,24] and [25].

K. Menger [15] introduced the notion of probabilistic metric space in
1942 and since then the theory of probabilistic metric spaces has emerged
as an active area of research. Menger utilized distribution functions in-
stead of non-negative real numbers as the values of the metric. The no-
tion of probabilistic metric space corresponds to the situation when we
do not know exactly the distance between two points, we only know the
probabilities of possible values of the distances. Probabilistic generaliza-
tions of the metric spaces appears to be interesting in the investigation
of physical quantities and useful in modelling some physical phenomena.

First fixed point result in probabilistic metric spaces appeared in lit-
erature in the work of Sehgal and Bharucha-Reid [27]. After that result
fixed point and common fixed point properties for mappings defined on
probabilistic spaces has been studied by many authors. Hadzic and Pap
in [12] has given a comprehensive survey of this line of research.

Recently in [2] Choudhury and Das have extended the idea of altering
distance function to probabilistic metric spaces and have established a
generalization of Sehgal’s contraction, where a probabilistic contraction
mapping principle has been established through the application of a
control function. The introduction of control function in probabilistic
spaces opens new possibilities of establishing new fixed point results.
Some recent works in probabilistic spaces where this control function
have been utilized are noted in [1,3,4,8-10, 14, 16, 29] and [30]. Here
we make another use of this control function to fixed point problems in
probabilistic spaces. Precisely in this work we use the control function to
establish common fixed point results in probabilistic semimetric spaces
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for mappings which are non-compatible and satistfy R-weakly commuting
condition. Our results are supported by examples.

2. Definitions and Mathematical Preliminaries

In this section we give some definitions and results which are needed
for our results.

DEFINITION 2.1. T-NORM [12, 26]
A t-norm is a function A : [0,1] x [0,1] — [0, 1] which satisfies the
following conditions
(i)  A(La)=a,
() Aab) = Alb,a),
(i)  A(c,d) > A(a,b) whenever ¢ > a and d > b,
(V) A(A(b),¢) = Ala, Ab, ).

DEFINITION 2.2. [12,26] A mapping F': R — R* is called a distribu-

tion function if it is non-decreasing and left continuous with 2n}£ F(t)=0
S

and sup F'(t) = 1, where R is the set of real numbers and R denotes

teR
the set of non-negative real numbers.

DEFINITION 2.3. PROBABILISTIC SEMIMETRIC SPACE [12, 26]
Let M be a non empty set, F' is a function defined on M x M to the set
of distribution functions. (M, F') is said to be a probabilistic semimetric
spaces if the following are satisfied:
(i) F,y(0)=0forall z,y € M,
(i) F,y(s)=1forall s >0and x,y € M if and only if z =y,
(i) Fuy(s) = F,.(s) for all z,y € M,s > 0.

DEFINITION 2.4. MENGER SPACE [12, 26]
A Menger space is a triplet (M, F, A) where M is a non empty set, F is
a function defined on M x M to the set of distribution functions and A
is a t-norm, such that the following are satisfied:

(i) F,y(0)=0foral z,y € M,
(i) Fpyu(s)=1forall s >0and xz,y € M if and only if z =y,
(ili) Fyy(s) = F,.(s) for all z,y € M,s > 0 and
(iv) Foy(u+v) > A(F,.(u), F,,(v)) for all u,v > 0 and z,y,2 €

M.
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A sequence {x,} C M converges to some pointx € M if for given
e > 0, > 0 we can find a positive integer N, such that for all n >
Ne,)n
F, () >1—\

DEFINITION 2.5. ALTERING DISTANCE FUNCTION [13]
A function h : [0, 00) — [0,00) is an altering distance function if

(i) h is monotone increasing and continuous and

(ii) h(t) = 0 if and only if t =0.
Khan et al. proved the following generalization of Banach contraction
mapping principle.

THEOREM 2.6. [13] Let (X, d) be a complete metric space, h be an
altering distance function and let f : X — X be a self mapping which
satisfies the following inequality

h(d(fz, fy)) < ch(d(z,y))
for all x,y € X and for some 0 < ¢ < 1. Then f has a unique fixed
point.

In fact Khan et al. proved a more general theorem (Theorem-2 in [13])
of which the above result is a corollary.

DEFINITION 2.7. ®-FUNCTION |[2]
A function ¢ : [0,00) — [0, 00) is said to be a ®-function if it satisfies
the following conditions:
(i)  ¢(t) =0if and only if ¢t = 0,
(ii)  ¢(t) is strictly increasing and ¢(t) — oo as t — oo,
(i) ¢ is left continuous in (0, c0) and
(iv) ¢ is continuous at 0.
An altering distance function with the additional property that h(t) —
oo as t — oo generates a ®-function in the following way.

| sup{s: h(s) < t}, if t>0,
W)—{ 0, if ¢=0.
It can be easily seen that ¢ is a -function.

The following result has been established in [2].

THEOREM 2.8. [2] Let (M, F, A) be a complete Menger space with
A(a,b) = min{a,b} and f : M — M be a self mapping such that the
following inequality is satisfied.



Common fixed point results for non-compatible R-weakly mappings 633

Frapy(0(t)) = Fry(9(t/c))
where ¢ is a -function, 0 < c< 1,¢t >0 and x,y € M. Then f has a
unique fixed point.

DEFINITION 2.9. Two self-mappings f and g of a probabilistic semi-
metric space (M, F') are called compatible if lim Fyg,, o520, (f) = 1 for
n—oo

all t > 0 whenever {z,} is a sequence such that lim fz, = lim gz, = 2
n— oo n—oo

for some 2z in M.

DEFINITION 2.10. Two self-mappings f and g of a probabilistic
semimetric space (M, F) are called (¢, R)-weakly commuting if there
exists some real number R > 0 such that

Foo952(0(t) > Frago(¢(%)) for all t > 0 and for all z € M.

Now f and g will be called pointwise (¢, R)-weakly commuting if given
x in M, there exists R > 0 such that

ngx,gfx(¢(t)) > fo,gx(Qb(%)) for all t > 0.

DEFINITION 2.11. W-FUNCTION
A function ¢ :[0,1] x [0,1] — [0,1] is said to be a WU-function if

(i) ¢ is monotone increasing and continuous,
(ii) Y(z,x) >z forall 0 <z <1,
(iii) ¥(0,0) =0,
(iv) ¥(z,z) =1 if and only if x = 1.
An example of U-function.

1. ¢(x,y) = p@%g‘/g, p and ¢ are positive real numbers.

3. Main Results

THEOREM 3.1. Let (M, F) be a probabilistic semimetric space and
fog: M — M be non-compatible pointwise (¢, R)—weakly commuting
mappings such that

[i] fM C gM (2.1)
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[ii] Fya,py(6(t)) > mind Foa,gy($(£)), U (Fraga(@(35)); Frygy(S(2))),
Y (Fryga(d(32)), Ffwgy(¢(t )} (2.2)

where x,y € M with x # vy, a1,as,b1,00 >0, with 0 < a; +b; < 1,0 <
as+by < 1, t,t,ta,t3,t4 > 0 with t; +1to =t = t3+ty, ¢ is a D-function
and v is a V-function. If the range of f or g is a complete subspace of
M then f and g have a unique common fixed point.

Proof. The mappings f and ¢ are non-compatible maps, hence there
exists a sequence {x,} in M such that hm fx, = hm gz, = z for some

z € M but lim Fgp g2, (P(1)) # 1 for some ¢ > O or the limit does not
n—oo

exists.

Let us suppose that the range of g is a complete subspace of M. Then

there exists some point u € M such that z = gu where z = lim gx,,. If
n—oo

possible let fu # gu.
Also let us take t; = 45—, ty = alb%bl, ty = 720, ty = ;- (2.3)

and ¢; = a1 + by, ¢ = as + by and mazx{cy, 2} = c. (2.4)
Now we have

fon fu(gb(t)) > mln{ gTn, QU(¢(t))a w(fon,gxn (gb(t_ll))’ Ffu,gu<¢(2?)))v
¢(Ffugxn(¢(éz))a fon,gu(¢(£_i)) }
2> min{ Fa, gu($(8)), U(F g0, (0(0))s Frugu(@(2))),
V(Ffugen (0(2): Frengu(9(2)))}
2> M Fyar gu(0()), Y (F g, (9(8))s Frugu(6(1))),
O (Epugen (0(1)); Fpan,gu(6(1))) (2.5)

Fpuu(9(t)) = min{Fyu((2)
» ¢(Ffu,gu(¢( ) gu,g
> min{1, (1, Fugu(6(t))), ¥(Frugu(t)), 1)} (2.6)
We claim Ff, g, (¢(t)) = 1 for all £ > 0. If not then for some ¢ > 0,
0 < Frugu(¢(t) < 1 and by the property of ) we have from (2.6)

Fyu,ru(6(1)) = min{ (1, Fyugu(t))), 0(Frugu(9(1)) 1)}
> min{(Fpu,gu(¢(t)), Frugu(¢(1))),
O(Efugu(@(t)); Frugu(¢(t)))}
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= V(Frugu(9(1)), Frugu(d(t)))
> Frugu(o(t)) , which is a contradiction.

Therefore for all t > 0 we have ,  F, r,(¢(t)) = 1. (2.7)
From the property of ¢ it follows that given s > 0 we can find ¢ > 0
such that s > ¢(t) > 0
Therefore for all s > 0 we have ,  Fy, ,(s) =1 that is, gu = fu.

Now f and g are (¢, R)-weakly commuting maps, therefore there ex-
ists Ry > 0 such that for all ¢t > 0

Frgugra(@(t) = Frugu(d(5;)) = Frupu(d(5)) = 1.

Therefore we can say as in above fgu = gfu and hence
ffu= fgu=gfu=ggu.

Now we claim that fu = ffu. If fu # ffu then we have,

Fpu,pra(@(t) > min{ Fypu gu(6(t)) ¥ (Fpugu(@(35)s Fifugra(@(3))),
(Fffugu(?(_g()) ];fugfu( (EN}
<’—z>> Frusra(6(2)))

and ¢y = as + by we have from above,

> min{ Fpu s pu(0(1)
Y(Ffpu,pu(@

~

ast — ast
ag+by? 4 az+b2

By taking t3 =

Fruppu(0(t)) > min{ Fru pru(9(t)), 1,0 (Fruu(d(5)s Frupra(é(5)))}
> min{ Fro, 1 (6(1)), 1, Fffufu(¢( L))}
> min{Ffuvfo( (t))> 1, Fffu fu<¢(t))}
= min{Fyy 7. (0(1)), 1}

If min{Fry rru(0(t)),1} = Frufru(@(t)), then we arrived at contra-
diction. On the other hand if min{Fy, sr.(¢(t)),1} = 1, then we have
Frurru(@(t)) > 1, which is impossible.

Therefore fu = ffu = gfu. Hence fu is a common fixed point of f
and g.

For uniqueness let fu and fv be the two common fixed points of f
and g. If fu # fv then we have,

Fpu,po(0(8)) > mind Fyugu(6(1)), w(Ffugu(¢( ) Frogo(8(32))),
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¢<Ffvgu(¢(a_i)) Ffugv(qs(z%)))}
= min{Fyu g (0(1)),¥(1,1),
7vD<Ffv,fu(gb(a_g))) Ffufv(¢( )))

Now taking t1,ts,t3,t4 as in (2.3) and ¢y, ¢o, ¢ as in (2.4) we have |
;¥(1,

Frupo(9(t)) > min{ Fru,p0(¢ (t)) 1), (Ffvvf“(gb(c))’Ff“’f”(gb(i)))}
> min{ Fry p(0(1)), 1, F vfu( ()}
> min{ Fu_o(6(0), 1, Fro ru(6(8))}
= min{ Fr, o (p(1)), 1}

If min{Fry po(0(t)), 1} = Fpuro(p(t)) then we have Fy, p(0(t)) >
Fpu o(@(t)), which is a contradiction. Again if min{Fy, r,(¢(t)),1} =1
then we have Fy, ,(¢(t)) > 1 which is impossible.

Therefore fu = fv. This completes the proof of the theorem. O

Taking a; = by = as = by = a in above theorem we get the following
corollary.

COROLLARY 3.2. Let (M, F) be a probabilistic semimetric space and
fog: M — M be non-compatible pointwise (¢, R)—weakly commuting
mappings such that

fi] M C gM (2.8)

/M/ Fffc,fyw(t)) > mzn{ gwgy(¢( )) 1/’(Ff$gw( (%))u 9y( (32)))7
V(Fryga(0(2)), Ffzgy(¢(%)))} (2.9)

where x,y € M withx # vy, 0 <a < %, t,t1,to,t3,t4 > 0 withty +t3 =1
and ts+t, =t, ¢ 1s a P-function and ¥ is a V-function. If the range of
f or g is a complete subspace of M then f and g have a unique common
fixed point.

THEOREM 3.3. Let (M, F') be a probabilistic semimetric space, (A, S)
and (B,T) be pairwise (¢, R)—weakly commuting self-mappings on
(M, F,A) such that

fil AM C TM and BM C SM (2.10)
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[ii] Faapy(6(t)) > min{ Fsory($(£)), ¥ (Faz,so(6(2)), Fryry (S(32))),
Y (Fazry(6(32)), Fipy (6 w)F o (211)

where x,y € M with x # vy, ay,as,b1,by >0, with0 < ¢y =a;+b; <1,
0 <y =as +bg < 1, t,t1,t0,t3,t4 > 0 with t, + iy =1 = 13 + 1y, ¢
is a ®-function and ¢ is a V-function. Let (A,S) or (B,T) be a non-
compatible pair of mappings. If the range of one of the mappings is a
complete subspace of M then A, B, S and T have a unique common fixed
point.

Proof. Let B and T be non-compatible pair of mappings. Then there

exists a sequence {x,} in M such that lim Bz, = lim Tz, = z for
n—oo n—oo

some z € M but lim Fpr,, 152, ¢(t) # 1 for some ¢t > 0 or the limit
n—oo
does not exists. Since BM C SM, for each z,, there exists 1, in M such
that Bx,, = Sy,. Thus Bx,, — z, Tz, — z and Sy, — 2z as n — oc.
We claim that Ay, — z as n — oo,
that is, lim Fjy,, .¢(t) — 1 for all t > 0,
n—oo

that is, there exists a positive integer N; such that lim Fl,, .¢(t) >
n—oo

1—Aforall £t >0 and for all n > Nj.
Otherwise, we have for some ' > 0 a subsequence {Ay,,} of {Ay,}
and a positive number 7, 0 < r <1 — X such that lim Fl,, .¢(t') =r.
m—00

FAym,me(¢<t,)) , ,
> min{ Fsy,, 70, (9(t')), 0 (Fay.syn ($(50))s Fan 7, (9(32)),

ai

U(FayTom (S(2)), Fpa,, s0m (0(2))}. (2.12)

: r _ art! /. bt ! ast ! ast :
Taking t| = S b= hhes ty = A, Uy = R and ¢y, co, C as in

(2.4) we have from (2.12),

F oy, B, (0(1))
> min{ Fsy,, 12,, (¢

t/ (FAym,Sym (gb(%’/)) Fme Txm (qb(t_c/)))v

))s F, 5 (0(5))) -

w<FAym,Sym (¢(t )) FB:Em sz(¢<t,)))7
(o(t')

))s FBr 59 (0())) -

(),

(FAym Ta:m< (t

> min{ Fsy,, 12, (P(t ,))
(FAym Txm (¢(t

~ o

Letting n — oo we get,
r > min{ F, . (6(t), Y(r, Fe.)(6(t)), ©(r, F. (o))}
> min{l, ¢(T7 1)7 w(rv 1)}
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=(r,1)
> (r,r)
>r

, which is a contradiction.

Therefore, Ay, — z as n — oo. (2.13)

Suppose that SM is a complete subspace of M. Then, since Sy, — z,
there exists a point w in M such that z = Su. If Au # Su then we have

Fu,Ba, (9(1))
> min{FSu,Txn (¢(t)) w(FAu Su( (a_l)) Fan,Tmn ((b(z_i)))?
U(Fauge,(3(2)), Fpo,.su(0(32)))}- (2.14)

Now as (2.3) and (2.4) the same choice of ¢y, to, t3,t4 and ¢y, ¢z, ¢ gives

Fau,Ba, ((1))
> min{ Foure, (9(1), ¥ (Fausu(9(3))s Fpa, 1, (0(2)));
(FAu Ty (¢(£))a Fan Su(qs(é)))}
> min{ Fsu 1z, (0(t)), ¥ (Fausu(6(t)), Fpas, 11, (o(1))),
(FAu Tx L(gb( )) FBIn,Su(gb(t)))}

Therefore taking limit as n — co we get,

us,

FAu,Su(¢<t>) 2 mln{FSu,Su(¢<t)>7 w<FAu,Su(¢(t))a FSu,Su(d)(t)))a
(Fausu(d(t)), F=-(6(1)))}- (2.15)

If for all ¢ > 0, Fausu(¢(t)) = 1 then as above we have Au = Su. If
not then there exists some ¢ > 0 such that 0 < Fla, gu(¢(t)) < 1.

Therefore,

Fau,su(@(t)) = min{1, ¥ (Fausu(6(t)), 1), ¥(Fausu(d(t)), 1)}
= Y(Fau,su(P(1)),1)
> ¢(FAu SU<¢( ))7 Fay Su( ( )))

> Fau,su(9(t))
which is a contradiction.

Therefore Au = Su.
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Now pointwise R-weak commutativity of A and S implies that there
exist a Ry > 0 such that for all t > 0,

Fasusau(¢(t) > Fausu(9(5)) = 1,

that is, ASu = SAu and that of AAu = ASu = SAu = SSu. Since
AM C TM, there exists a w in M such that Au = Tw. We next show
that Tw = Bw. If not then we have,

FAU,Bw(¢(t))
> min{ Fsyrw(0(t)), V(Faysu(¢ (al)) Fpwrw(® (1%)))7
77Z)(FYAuTw(¢( )) FBwSu( (bi)))} (2'16)

By the similar choice of ¢y, t,t3,t4 and ¢y, ¢, ¢ as in (2.3) and (2.4)
respectively gives us,

Fau,p0(0(1))
> mzn{FSu Tw( (t))7 ¢(FAu Su( (E)) FBw,Tw(¢(£)))7
U(Faurw(0(2))s Fpusu(9(2)))}
= mln{FAu Au(B(1)), w(FAu Au(@ (E)) FBw,Au(Qb(i)))a

(FAuAu(¢(£))> BwAu( (E)))}
= min{1, (1, Fpuw,au($(£))), ¥(L, Fruw,au(¢(£)))}
> min{1, (Fpu.u(6()))s Fouwau(#(4))).
U(Fpuw,4u(9(2))): Fiw,au(® (tz)))}

> min{1l, Fpwau(9(2)), Fow,au(d(;))}

> Fpu,au(0(3))

> Fpuw.au(@(t)), which is a contradiction.
Hence Au = Bw = Tw = Su. Pointwise R-weakly commutativity of B
and T implies that BTw = TBw and BBw = BTw = TBw = TTw.
Now if Au # AAu then applying the same procedure we have,

E
c
E
c

Fau,a4u(0(1))
= FAAu,Au(Qb(t)) - FAAu7Bw(¢(t))
> min{ Fsauwrw(0(t)), ¢(FAAu,5Au(¢(t

(23 7FBwTw< (t)))a
V(FanuTw </§ ), Fuw,s4u(6(%)
t

( )

(o(% )}

= min{ Fanu,au(0(t)), ¥ (Fanuaau(D(5)); Fauau(d())),
V(Fanuau(P(2)), Favaau(9()))

> min{ Fanu,au(0(t)), ¥(1,1), Faauau(6(4))}

> min{ Faau, au(@ (t)%l,FAAuAu( )
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> min{ Fanu, 4u(9(1)); Fanu,4u(9(1))}
= Faau,au(@(t)), which is a contradiction.

Therefore, Au = AAu = SAu and Au is a common fixed point of
A and S. Similarly Au = Bw is fixed point of B and 7. The proof is
similar when T'M is assumed to be a complete subspace of M. When
AM or BM is a complete subspace of M the proof will be similar to
the case when T'M or SM is complete respectively as AM C TM and
BM C SM.

For uniqueness if possible let u and v be two distinct common fixed
points of A, B,S and T that is, Au = Bu = Su = Tu = u and
Av = Bv = Sv = Tv = v . Since u and v be two distinct points
we can find a ¢ > 0 such that, 0 < F, ,(¢(¢)) < 1 and we have

Fuo(o(t))
= Fau Bv( (t))
> min{ Fsu,ro(6(1)), ¥ (Fausu(6(3)), Fporo(6(32))), ¥(Fauro(¢ (%)) Fpo,su(@(32)))}
= min{Fuo($(t)), ¥(Fuu(¢(3H)), Fuv(¢(bl))) (Fuo(d(22)), Fou(d(32)))}
— min{ P (6(0), (1, 1), (Fun (6(20)), Foa (6(2)))} (2.17)

By the same choice of t3,t4 and ¢ as in (2.3) and (2.4) respectively we
have from (2.17),

Fuu((t)) > min{ Fuy(6(t)), ¢ (17 D), (Fuo(8(2)): Foul(e(2)))}
> min{Fuu(6(t)), 1, Fuo((2))}

> min{ F,(6(1)), F. (925(?5))}
= Fu0(6(t)), Wthh is a contradiction.

Hence the uniqueness of the common fixed point is proved.

This completes the proof of the theorem. n

EXAMPLE 3.4. Let (M, F') be a probabilistic semimetric space, where

M =[2,20] and F,,(t) = e~ Define frg: M — M as follows:
2, if =2,

fx =< 6, if 2<ax<5,
2, if x>05,
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2, if =2,
gr =< 12 if 2<a<5,
o+l if x>05.

R

t? if 0<z<1
If ki = ’ —
then f and g satisfies all the conditions of Theorem 3.1 have a unique
common fixed point at x = 2.

and () = L0

EXAMPLE 3.5. Let (M, F') be a probabilistic semimetric space, where

(o2
M = [2,20] and F,,(t) = e~ 7". Define A, B,S,T : M — M as fol-
lows:
Ar =2 if 2<az<20,
2. if =2
Bx =< 8, if 2<ax<5,
2, it x>05,
S if 2<2<8,
7 s, if x> 8,
2. if =2
Tr=< 124z, if 2<2<5,
T — 3, if x>5.
2, if 0<z<1, NI
If we take ¢(t) :{ 241 P and Y(z,y) = Y5

2 )
then A, B,S and T satisfies all the conditions of Theorem 3.3 have a
unique common fixed point at x = 2.

4. Conclusion

The structure of the probabilistic metric space allows us to develop
fixed point theory in several ways not always available in ordinary met-
ric space. In this paper we have proved some fixed point results for
non-compatible R-weakly commuting mappings. Our paper is also an
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instance of the use of control functions in fixed point theory in prob-
abilistic metric spaces. This control function appears to be helpful in
exploring the geometric aspects of Menger spaces which is also relevant
to the study of geometry at the quantum level.
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