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ON STEFFENSEN INEQUALITY IN p-CALCULUS

MILAD YADOLLAHZADEH, MEHDI TOURANI, AND
GHOLAMREZA KARAMALI*

ABSTRACT. In this paper, we provide a new version of Steffensen
inequality for p-calculus analogue in [17, 18] which is a generaliza-
tion of previous results. Also, the conditions for validity of reverse to
p-Steffensen inequalities are given. Lastly, we will obtain a general-
ization of p-Steffensen inequality to the case of monotonic functions.

1. Introduction

Many applied sciences and engineering problems, for instance, can
be pursued without their explicit mention. Nevertheless, a facility with
inequalities seem to be necessary for an understanding of much of math-
ematics at intermediate and higher levels. Inequalities serve a natural
purpose of comparison, and they sometimes afford us indirect routes of
reasoning or problem solving when more direct routes might be incon-
venient or unavailable.

The Steffensen inequality is of great interest in differential and dif-
ference equations [20]. Many authors have dealt with this renowned
inequality [3,4,8,12,21]. Steffensen inequality is important not only in
the theory of inequalities also in many applications such as statistics,
functional equations, special functions, time scales etc. Some of these
applications can be found in [5,6,9-11].
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The purpose of this paper is to find p-generalization of the classical
Steffensen inequality. We will present some of the necessary conditions
for validity of reverse to p-Steffensen inequality. As well as we will show
that by using a quite different form, we can to access to p-Steffensen
inequality. Before beginning the main subject of the paper, let us to
present definitions and facts from the quantum calculus and p-calculus
necessary for understanding of this paper.

Quantum calculus is usually known as ”calculus without limit”. In
1750 Euler introduced a type of quantum calculus called the g-calculus.
The notions of the ¢g-derivative and the definite g-integral were (re)intro-
duced by Jackson in the early twentieth century [13]. The following
expression,

flqz) — f(x)
(q— 1)z

is called the g-derivative of the function f(z), where ¢ is a fixed number
different from 1. The g-calculus has developed into an interdisciplinary
subject and has a lot of applications in different mathematical areas and
physics and chemical physics [7,15,16]. For more details about quantum
calculus, we refer the readers to [1,2,7,14,19].

D,f(x) =

Recently, the authors presented a new type of quantum calculus,
called the p-calculus involving two concepts of p-derivative and p-integral
in [17]. Moreover, some new properties of functions in p-calculus such as
effects of a convex or monotone function on the p-derivative, the behav-
ior of p-derivative in a neighborhood of a local extreme point and mean
value theorems for p-derivatives and p-integrals were proposed in [18].

Throughout this paper, we assume that p is a fixed number different
from 1 and domain of function f(z) is [0,+00). Here, we recall some
definitions and fundamental results on p-calculus that is needed to prove
our results (see [17,18]).

DEFINITION 1.1. Let f(z) be an arbitrary function. Then the p-
differential is defined as

dpf(x) = f(z") = f(z).

In particular, d,(x) = 2P — z. By the p-differential, we can define
p-derivative of a function.
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DEFINITION 1.2. For an arbitrary function f(x), the p-derivative is

defined by
dpf(x) _ f(a?) — f(2)
D, f(z) = &2\ _
Pf(‘r) dp(l') P —
COROLLARY 1.3. If f(x) is differentiable, then lin%Dpf(x) = f'(x),
2

and also if f'(x) exists in a neighborhood of x = 0, x = 1 and is contin-
uous at x =0 and x = 1, then we have

D, f(0) = f1.(0), Dypf(1) = f'(1).

DEFINITION 1.4. The p-derivative of higher order of function f is
defined by

(Dpf)(@) = f(z), (Dpf)(@) = Dyp(Dy~" f)(),n € N.

Notice that the p-derivative is a linear operator, i.e., for any constants
a and b, and arbitrary functions f(z) and g(z), we have

Dy(af(x) +bg(z)) = aD,f(z) + bD,g(x).

DEFINITION 1.5. A function F(x) is a p-antiderivative of f(x) if
D,F(x) = f(x). It is denoted by

_ / f@)dyo

To constructing the p-antiderivative, we define an operator Mp, by
M,(F(z)) = F(aP). Then we have:

(i, - )F(@) = DT

: if 20,1

= DpF(x) = f(x).

P —x P —x

Since Mj(F(z)) = F(2*) for j € {0,1,2,3,..}, and also by the
geometric series expansion, we formally have

(1.1)
-1 z—xP) f(x)) = 3 x—aP)f 3 xpj p]+1 pj
o) = 1 (ea) () = 3= @) = 3 )

It is worth mentioning that we say that (1.1) is formal because the
series does not always converge.
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DEFINITION 1.6. The p-integral of f(z) is defined to be the series

o0

Y@ =) fa).

J=0

We now want to define the definite p-integral. We consider the follow-
ing three cases. Then, the definite p-integral related to each case is given.

Case 1. Let 1 < a < b where a,b € R, p € (0,1) and function f is
defined on (1,b]. Notice that for any j € {0,1,2,3,...}, b*’ € (1,b]. We
now define the definite p-integral of f(x) on interval (1, b)].

DEFINITION 1.7. The p-integral of a function f(z) on the interval
(1,0] is defined as

& =) (07,

NE

J

/abf(:v)dpx = /lbf(x)dp:p - /1a f(z)d .

NOTE 1.8. Geometrically, the integral in (1.2) corresponds to the area
of the union of an infinite number of rectangles. On [1 + €, b], where € is
a small positive number, the sum consists of finitely many terms, and is
a Riemann sum. Therefore, as p — 1, the norm of partition approaches
zero, and the sum tends to the Riemann integral on [1 + €, b]. Since € is
arbitrary, provided that f(z) is continuous in the interval [1,0], thus we
have

(1.2) /1 f(x)dyx = Nli_r)nOOZ(bp"_bpﬁl)f(bpj) =

Il
o

and

lim /1 Ky = /1  Ha)de.

p—1

Case 2. Let 0 <b < 1and p € (0,1). It should be noted that for any
7€{0,1,2,3,..}, 0" e [b,1) and ¥’ < "', We will define the definite
p-integral of f(x) on interval [b, 1) as follows.

DEFINITION 1.9. The p-integral of a function f(x) on the interval
[b, 1) is defined as

f(@)dye = Tim S (07 =) fO) =07 =) F7).

Jj=0 J
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NoTE 1.10. The p-integrals defined above are also denoted by

b 1
/1 f(x)dpx = I+ f(D), /b f(x)dpx = I,- f(D).

Case 3. Let 0 < a <b < 1and p € (0,1). Then for any j €
{0,1,2,3,..}, 777 € (0,0 and b < b"’. Let us to state the definite
p-integral of f(x) on interval (0, b].

DEFINITION 1.11. The p-integral of a function f(x) on the interval
(0,b] (b < 1) is defined as

b N o o
L10) = [ f@yde = Jim S0 e
=0

—ji—1

=N T e,

=0

/abf(a:)dpa: = /Obf(a:)dpa: - /Oa f(z)dz.

NoOTE 1.12. We can also apply Note 1.8 for the p-integrals defined in
the cases 2 and 3 on the intervals [b, 1 — €] and [e, b] respectively, and by
it define the Riemann integral.

REMARK 1.13. If p € (0,1), then for any j € {0, %1, 42, ...}, we have
P’ € (0,1), p” <p”" and

/0 = 3

j=—o0

PROPERTY 1.14. Suppose 0 < a < 1 < b. Then by Note 1.8 and Note
1.12, we have

and

ppj+1 oo

L @de = 30 =),

j=—o0

/abf(:lf)dp:lt = /al f(x)dyx + /1bf(33)dpx.

DEFINITION 1.15. The p-integral of higher order of a function f is
given by
(L) = f@), (@)=L f)(x), neN.
LEMMA 1.16. [17] If z > 1 and p € (0,1), then D,I+f(x) = f(z),
and also if function f is continuous at x = 1, then we have I+ D, f(z) =

fl@) = f(1).
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LEMMA 1.17. Ifz,p € (0,1) and I, f (z) = [ f(s)dps, then D, I, f(x) =

f(z), and also if function f is contmuous at v = 0, then we have

L,Dyf(x) = f(z) — f(0).
An important difference between the definite p-integral and its ordi-
nary counterpart is that if we are integrating a function on an interval

1
like [2, 3] or [=

3 2] we have to care about its behavior at x =1 or x = 0,

respectively.

The definite p-integrals defined above are too general for our purpose
of studying inequalities. For example if f(z) > g(x) > 0, it is not
necessarily true fabf Ydpz > f g(z)dyx >0 (a #0,1). From now on,
we will use a special type of the deﬁnlte p-integral, or in other words we
will study the definite p-integrals on interval [a,b], where a = b and
b > 1, or on interval [b,a], where a = V*", b < 1 and n € ZT. The
following formulae are concluded as follows:

/f da= | " H@)r = S ), it 1<a<

7=0

n—1

" ) ) .
/ f@)dya = f(z)d, Z( BT RO, i O<b<a< 1.
b

Obviously, if f(x) > g(x) on [a,b], then fff(a:)dpx > f:g(x)d x

DEFINITION 1.18. f(x) is called p-increasing (respectively, p-decreasing)
on [a,b] if f(2?) < f(z) (respectively, f(z?) > f(zx)) for all 27 < z, or
f(z?) > f(x) (respectively, f(aP) < f(z)) for all 7 > x, whenever
x € [a,b] and 2P € [a, b].

NoOTE 1.19. If f(z) is increasing (decreasing), then it is also p-increasing
( p-decreasing).

2. Steffensen Inequality

In 1918, Steffensen proved the following theorem [20]:

THEOREM 2.1. Suppose that f and g are integrable functions defined
n (a,b), f is decreasing and for each x € (a,b), 0 < g(z) < 1. Set
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A= f g(z)dx. Then,

" swe < [ s@owar < [ s

We now establish p-generalization of Theorem 2.1.

THEOREM 2.2. (p-Steffensen inequa]ity) Suppose 0 < p < 1,b>1
and a = b*", wheren € Z*. Let f,g,h : [1,b] — R be three funcmons
such that f is p-decreasing and 0 < g(x ) < h(x) on [a,b]. Assume that
kl €{0,1,2,...,n}, such that

b b pr"
/l h(x)d,x §/ g(x)dyz §/ h(x)d,x, if f>0, onla,b|,
br a a
and
pr" b b
/ h(x)d,x §/ g(x)dyx < /l h(x)d,x, if f<0, onla,b.
a a bp
Then,
pr"
(2.1) x)dyr < / f(x)g(z)dyr < f(x)h(z)dyz

Proof. We prove only the left inequality in (2.1) in the case f > 0.
The proofs of the other cases are similar. Since f is p-decreasing and g
is nonnegative, we have

/ f(x)g(z)d,x — . f(x)h(x)dyz

= f( )g(@)dpr + . f(@)g(x)dypr — . f(@)h(z)dyz

a
bPt

= f(@)g(z)dyr — . f(@)(h(x) = g(x))dpz

a
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_ / fa dx— S - ) — ot

> / f dm— <bf“ P ) ((B) = g(b)

_ / o da:— (bp] v ()

C W T g

j=

v

REMARK 2.3. Setting h(x) = 1 in Theorem 2.2, we obtain the special
case of (2.1), that is

b b bpk
" f(z)dyx < / f(x)g(x)dyr < / f(x)dyx

The Theorem 2.2 is also true for the case 0 < b < 1 that we state it
as follows.
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THEOREM 2.4. Suppose p,b € (0,1) and a = V*", wheren € ZT. Let
fyg,h : [0,a] = R be three functions such that f is p-decreasing and
0 < g(z) < h(x) on [b,a]. Assume that k,l € {0,1,2,...n} such that

a a bpk

/l h(x)d,x S/ g(x)dyx S/ h(x)d,z, if f>0, onb,al,
b b b

and
" a a

/ h(zx)d,x S/ g(z)d,x < /l h(zx)d,z, if f<0, onbal.
b b br

Then,

a a b”k
(2.2) f(@)h(z)dyr S/ f(z)g(z)dpr < f@)h(z)dyz.
b b b
Proof. The proof is very similar to the proof of Theorem 2.2. We
prove only the right inequality in (2.2) in the case f > 0. In the fol-
lowing calculation, we use of the fact that f is p-decreasing and g(x) is
nonnegative.

pr”

/ﬂf@mmm%x— F@)h(a)dy
b b

pr" pp"

= f(x)g(x)dpx—i—/b:k f(x)g(x)dpx — A f(x)h(x)dpz
p"

b

= [ @@= [ @)hia) - gle)dya
a k-l i—1 k—j—1 k—j—1
= | @g@ydsz = 3 = () - g
j=0
@ k—1
< | @@y =3 =R - g0 )]
=0
@ 2_1 k k 1 k k 1
= | S @@ =3 = e
P =0
" k k 1 k k 1
DD G A OV
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a b" b"
= [ @@= 10" [ h@da e 10") [ g

pp"

[ t@a@de = 1067 [ o@idpa+ 1) [ gla)da

b

IN

k

a a P
= [ f@a@de = &) s@de— [ g@da

= /. f(2)g(z)dpx — f(P )/k 9(x)dpx

b

-/ " @) — FEg(@)dyr < 0.

pk

]

The above result is also true for the case that b =0 and a € (0,1) is
arbitrary as follows.

THEOREM 2.5. Suppose p,a € (0,1) and f,g,h : [0,a] = R be three
functions such that f is p-decreasing and 0 < g(x) < h(z) on [0,a).
Assume that k,l € {0,1,2...} such that

/a:—l h(z)d,z < /Oag(x)dpx < /Oap h(zx)d,z, if f>0, onl0,ad,
and

/ap h(x)d,z < /ag(SC)dpiU < /:l h(z)d,z, if f<0, on|b,al.
lghen, ’ ’

—k

23 [ oneie< [ s [T fand

P

Proof. The proof is analogous to the one of Theorem 2.4. m

In Theorem 2.2, we used a special type of definite p-integral, namely
a = b". The lower limit of integral, namely a > 1, can be arbitrary,
but in this case the result holds for some p € (0,1). We explain this as
follows.

THEOREM 2.6. Let 1 < a < b and f,g,h : [1,b] — R be three
functions such that f is p-decreasing and 0 < g(x) < h(z) on [a, b]. Then,
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there exists p € (0,1) such that (2.1) hold (k,l hold in the assumptions
of Theorem 2.2).

Proof. Since 1 < a < b, there exists p € (0,1) and n € Z* such that
a = b"". Using Theorem 2.2, we obtain (2.1). O

3. Reverse Inequality

Here we want to state reverse to p-Steffensen inequalities. By the use
of identities similar to those in (2.2), the conditions for validity of reverse
to p-Steffensen inequalities are given. Let us to present it as follows.

THEOREM 3.1. Suppose(0) < p<1,b>1anda=b", wheren € Z7.
Let f,g,h : [1,b] — R be three functions such that f is p-decreasing
on [a,b] and I € {0,1,2,..n} such that g(z) < 0 for a < x < V' and
g(x) > h(x) for W' <z < b and also

b b
/ g(z)d,x < / h(zx)d,z, if f>0, onla,b,
a b

pl
and

b b
/ h(z)dyx < / g(z)d,x, if f<0, onla,b.
b a

pl

Then, , ,
/f(a:)g(x)dpxg . f(x)h(z)d,x.

THEOREM 3.2. Suppose0 < p <1,b>1anda = b", wheren € Z*.
Let f,g,h:[1,b] = R be three functions such that f is p-decreasing on
[a,b] and k € {0,1,2,..n} such that g(x) > h(zx) for a < z < b*" and
g(x) <0 for " < x < b and also

b b
/ h(x)d,x S/ g(x)dyz, if f>0, onla,b,
and
b oP"
/ g(x)dyx §/ h(x)d,x, if f<0, on]a,b.
Then,
pp"

f@h()dye < [ f@)gla)dya

a
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THEOREM 3.3. Suppose0 < p < 1,b>1anda = b", wheren € Z+.
Let f,g,h : [1,b] = R be three functions such that f is p-increasing and
0 <g(z) < h(x) on [a,b]. If k,l € {0,1,2,...,n}, such that

b" b b
/ h(x)d,z §/ g(x)dyx < /l h(x)d,x, if f>0, onla,b,
a a bp
and
b b bpk
/l h(x)d,x g/ g(x)dyx §/ h(x)d,x, if f<0, onla,b.
b a a
Then,
b"

flah(@yde < [ g < [ f@had

a

4. Access to p-Steffensen Inequality

The following theorem helps us to achieve to p-Steffensen inequality.

THEOREM 4.1. Suppose 0 < p < 1, b > 1 and a = b*". Let G be
increasing and f : [1,A] — R decreasing (A € R such that A > 1
and also a, b, G(a), G(b) € [1,A] ). Assume that there exists j €
{0,1,2,...,n} such that G(a) = G(b)? .

(i) If G(x) > z, then

b G(b)
(4.1) [ ren,G@ie = [ I
a G(a
(i) If G(z) < z, then the opposite inequality in (4.1) holds.

Proof. Set G(z) = z. Then, we have

Lbf($)DpG($)dpx = /abf(:v)dpG(x) = /G(b) F(G7Y(2))d,z.

G(a)
If G(z) > z, then G7!(2) < z and f(G7'(2)) > f(z). Hence, we have
G(b) G(b)
| HE ez [ ey
G(a) G(a)
If G(z) < z, the opposite inequality holds. ]
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Note 4.2. If G(r) < x and G(a) = 1 in Theorem 4.1, then the
condition G(a) = G(b)?" is omitted.

REMARK 4.3. The above result is a generalization of Remark 2.3 by
adding a condition of monotony. Consider G(z) = 1+ ;" g(¢)d,t on [1,b],
where ¢ is the function from Theorem 2.2 with h(z) = 1 (Remark 2.3
), including g is increasing. Then, G(z) < z and G is increasing. Since
G(1) =1, by Note 4.2 the conditions of Theorem 4.1 are satisfied. Now
if £ € {0,1,2,...,n} such that 1 + flb g(t)dyt = b from the opposite
inequality to inequality (4.1), the second inequality in (2.1) for the case
a = 1 follows.

Let us notice that the results of Theorem 4.1 also hold for the case
b < 1and a = b". On the basis of the proof of Theorem 4.1, we can
formulate the following results.

THEOREM 4.4. Suppose p,b € (0,1), a = VW' (n € ZT). Consider
functions f, G such that G is increasing and f : [0, A] — R decreasing,
where A < 1. Assume that there exists j € {0,1,2,...,n} such that
G(a) = G(b)" (a,b,G(a), G(b) € [0, A)).

(i) If G(z) > x, then

a G(a)
(42) | t@D6@de= [ 1
b G (b)
(ii) If G(x) < z, then the opposite inequality in (4.2) holds.

Proof. The proof is analogous to the one of Theorem 4.1. n

The above result is also true for the case that b =0 and a € (0,1) is
arbitrary as follows.

THEOREM 4.5. Let p,a € (0,1), G is increasing and f : [0, A] — R
decreasing, where A < 1. Assume that there exists j € {0,1,2,...,n}
such that G(a) = G(0)?' (0, a, G(0),G(a) € [0, A]).

(i) If G(z) > x, then

a G(a)
(43) | r@nG@da= [ e

G(0)
(ii) If G(x) < z, then the opposite inequality in (4.3) holds.

Proof. The proof is analogous to the one of Theorem 4.1. m
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NoTe 4.6. If G(0) = 0 in Theorem 4.5, then the condition G(a) =
G(0)? is omitted.

REMARK 4.7. The above result is a generalization of Theorem 2.5 by
adding a condition of monotony. Consider function G(z) = [ g(t)d,t on
[0, 1], where g is the function from Theorem 2.5 with h(x) = 1, including
g is increasing. Then, G(z) < x and G is increasing. Since G(0) = 0,
then by Note 4.6 the conditions of Theorem 4.5 are satisfied. Now if k
€ {0,1,2...} such that [ g(t)d,t = aP”", from the opposite inequality to
inequality (4.3), the second inequality in (2.3) follows.

References

[1] M.H. Annaby and Z.S. Mansour, ¢-Fractional Calculus and Equations, Springer-
Verlag, Berlin Heidelberg, 2012.

[2] A. Aral, V. Gupta, and R.P. Agarwal, Applications of q-Calculus in Operator
Theory, New York, Springer, 2013.

[3] J.A. Bergh, Generalization of Steffensen inequality, J. Math. Anal. Appl. 41,
(1973), 187-191.

[4] P.S. Bullen, The Steffensen inequality, Univ. Beograd. Publ. Elektrotehn. Fak.
Ser. Mat. Fiz. No. 320-328, (1970), 59-63.

[5] P. Cerone, Special functions: approximations and bounds, Appl. Anal. Discrete
Math. 1 (1) (2007), 72-91.

[6] B. Choczewski, I. Corovei, and A. Matkowska, On some functional equations re-
lated to Steffensen inequality, Ann. Univ. Paedagog. Crac. Stud. Math. 4 (2004),
31-37.

[7] T. Ernst, A comprehensive treatment of q-Calculus, Springer Science, Business
Media, 2012.

[8] A.M. Fink, Steffensen type inequalities, Rocky Mountain J. Math. 12 (1982),
785-793.

[9] L. Gajek and A. Okolewski, Steffensen-type inequalites for order and record
statistics, Ann. Univ. Mariae Curie-Sk lodowska, Sect. A 51 (1) (1997), 41-59.

[10] L. Gajek and A. Okolewski, Sharp bounds on moments of generalized order
statistics, Metrika 52 (1) (2000), 27-43.

[11] L. Gajek and A. Okolewski, Improved Steffensen type bounds on expectations of
record statistics, Statist. Probab. Lett. 55 (2) (2001), s205-212.

[12] H. Gauchman, Integral Inequalities in gq-Calculus, Comp. Math. with Applics.
47 (2004), 281-300

[13] F.H. Jackson, On q-functions and a certain difference operator, Trans. Roy Soc.
Edin. 46 (1908), 253-281.

[14] V. Kac and P. Cheung, Quantum calculus, Springer Science, Business Media,
2002.



On Steffensen inequality in p-calculus 817

[15] E. Koelink, Fight lectures on quantum groups and g-special functions, Revista
colombiana de Matematicas. 30 (1996), 93-180.

[16] T.H. Koornwinder and R.F. Swarttow, On g-analogues of the Fourier and Hankel
transforms, Trans. Amer. Math. Soc. 333 (1992), 445-461.

[17] A.Neamaty and M. Tourani, The presentation of a new type of quantum calculus,
Thilisi Mathematical Journal-De Gruyter 10 (2) (2017) 15-28.

[18] A. Neamaty and M. Tourani, Some results on p-calculus, Thilisi Mathematical
Journal-De Gruyter 11 (1) (2018), 159-168.

[19] K.R. Parthasarathy, An introduction to quantum stochastic calculus, Springer
Science, Business Media, 2012.

[20] J.F. Steffensen, On certain inequalities between mean values, and their applica-
tion to actuarial problems, Skand. Aktuarietidskr. 1 (1918), 82-97.

[21] P.M. Vasic and J.E. Pecaric, Note on the Steffensen inequality, Univ. Beograd.
Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 716-734, (1981), 80-82.

Milad Yadollahzadeh

School of Mathematics

Shahid Sattari Aeronautical University of Science and Technology
Tehran, Iran

E-mail: m.yadollahzadeh@yahoo.com

Mehdi Tourani

Department of Mathematics

Faculty of Mathematical Sciences, University of Mazandaran,
Babolsar, Iran

E-mail: m.tourani19820gmail . com

Gholamreza Karamali

School of Mathematics

Shahid Sattari Aeronautical University of Science and Technology
Tehran, Iran

FE-mail: gh karamali@azad.ac.ir



