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ABSTRACT. Theta functions are the sections of line bundles on a complex torus. Noncom-
mutative versions of theta functions have appeared as theta vectors and quantum theta
operators. In this paper we describe a super version of theta vectors and quantum theta
operators. This is the natural unification of Manin’s result on bosonic operators, and the
author’s previous result on fermionic operators.

1. Introduction

In physics, one considers two related notions: observables and states. In classical
theory, the observables are real valued functions on a phase space (position with mo-
mentum), and the states are probability measures on the phase space. In quantum
theory, the observables are self-adjoint (Hermitian) operators on a Hilbert space,
and the pure states are vectors in the Hilbert space with length one, mixed states
are a mixture of pure states. Note that pure states correspond to Dirac measures on
the phase space and mixed states are correspond to probability measures. Roughly
speaking, in both classical and quantum theories, observables contain states.

Theta functions are functions on complex spaces, but more precisely, are sections
of line bundles on the complex torus. The Noncommutative torus was introduced in
[7]; however, the concept of the noncommutative torus had already been developed
in terms of the Heisenberg group and Schrodinger representation, in [6]. Non-
commutative tori are used in physics in the toroidal compactification by Connes,
Douglas and Schwarz in [2]. Later the concept of theta vectors was introduced
by Schwarz in [8]. Finally, Manin studied an operator version of theta functions,
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called quantum theta functions in [4]. Classically, theta functions play the role of
observables (and states) or a Hilbert space in the geometric quantization. Theta
vectors are the vacuum states which have the minimum energy and from which the
other states are constructed, in the Hilbert space and quantum theta functions are
observables. For more explanation and interpretation, see [10].

A classical theta function of z € C™ is

0(z, T) = il Tl+2mil'z
) I’
lezn

where T is a symmetric complex matrix of size n with Im 7" > 0. This function
satisfies

0(z+k,T)=0(zT)
0 (Z + Tk, T) _ efﬂiktTk727l‘ik‘Z 0 (z7 T)

for all £ € Z™, and
O(T 'z, —T™1) = (det(T/i))ze™' T '20(z, ).

The corresponding theta vectors are defined as fr(z) = e™@' ¢ with the same T
which is considered as a vacuum vector in L?(R™). A quantum theta function is an
element of a noncommutative algebra C'°°(D, x) which consists of } _, -, anep (h)
over a lattice D in R?" with a; € C satisfying the Schwarz condition, where
epx(h)’s are generators satisfying

epx(h)ep(9) = x(h, g)ep x(h + g)

and Y is a skew symmetric bilinear operator on D with value in U(1) = S'. This
C>=(D, ) is called a quantum torus or a noncommutative torus.

Two questions were raised by Schwarz in [8]. The first one was of the connection
between quantum theta functions and theta vectors, and the second one was of the
existence of a quantum analogue of the classical functional equation for thetas.
Manin answered both of these questions in [5].

Let f,g € L>(R™) and 7 be the Heisenberg group representation of Heis(R?*")
on L*(R™), where

(T(t,m)f)(5) = 2 AT p (s 4 g,

Rieffel [7] defined C>°(D, x) valued inner product on L?(R") as

(f:9) = _(f,mng)en(h).

heD

Manin showed the follwing in [5].
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Theorem 1.1. For fr(z) = ™= T with T = T, Im(T) > 0,

e BHWBL) o ().

<<fTafT>> \/mhezl)

Moreover,

Op = Z e~ 2 H(L:h) ep,y(h)

heD

is a quantum theta function in the ring C*°(D, x) satisfying the following functional
equations:
Vg €D, cyenx(9)s;(©p) =Op,

where
cg = e FHWD sr(ep (b)) = e MO ep (),

and
H(g,h) = (Tgr + g2)" Ts ' (Thy + ho)*

with ¢ = (g1,92), h = (h1,he) and T = Ty + iTy. Here (g1,92) = (0,1, 92) and
(h1,h2) = (0, hy, ha) are in Heis(R?™), so that g1, go, hi, ha € R™, and T} = Re(T),
Ty =Im(T) for T € My« (C).

Also he showed that

E efﬂ’H(h h)—mH(s,h) _ § ef‘n'H 9,9)—7H(s,9)
heD geD!

as functions of variable s, where D' = {z € R?" | 2¢)(z,y) = z{ys — ylan € Z,Vy €
D}.

What the author obtained in [3] on RO2™ as an analogue of the theorem by
Manin is as follows. For a lattice D in odd space RO ggp(n) = e ™€ ¢ with

R* = —R, where R, is nondegenerate, we have
Cgr(m), gr(m)) = > _(gr (1), Ts9r (1)) €D 5 (8)
6eD
=) 25 Pf(Ry)e 2K @V, (5)
seD

with R = Ry + iRy, § = (1,02) and K (J,¢) = (RS; + 62)' Ry *(Rey + €3)*, without
knowing the meaning of the super theta vector defined. Note that if the dimension
is not even, Pf(R2) = 0 (see the second section.) In this paper we find a general
construction from the super theta vector naturally defined.

Let L>(R™™) = L[*(R") ® A*(R™), which is the completion of the Schwarz
space S(R™) @ A*(R™). Here A*(R™) is the Grassmann algebra spanned by {n A

-Am | mi € R™, 1 < m}. For Z with Z** (1 _1> = Z and Z; = Im(Z) > 0,
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where ¢ 13(1) i5 in L?(R™™). Here Z5 > 0 means Z, can be expressed

as Zo = Wt (I ,]) W for some nondegenerate W, where J = (I I), SO

x

wi(zt,nf’)Z( 77) as

that m must be even for Z5 nondegenerate. We call Fz(z,n) = e
a super theta vector generalizing the theta vector fr(z) = e™ie' To with Tt = T,
Im(T) > 0.

As in the bosonic case we define C°°(D, x) valued inner product on L?(R"™)

as
(fo) = > (f.mneg)ep(h,d).
(h,6)eD
Then we get our main theorem.
Theorem 1.2.
(1)
(Fz(s,m), FZ(8777)>>
1 — 2 H((h,8),(h,))
= Z e 20\l ep ( (h,0),
sdet(225) (hoeD
where H ((s,m),(6,6)) = (5,) 25 (£,0)", (s,0) = Z () + (5,), and = is
the complex conjugation.
(2) Let
Op= Y o FRD0D),, ),
(h,6)€D
Then V(g,u) € D,
(g, €Dx (9 1) (8,1)(4,0OD = O,
where
Clap) = e~ 3 H((9.1).(9:12))
(5,15 pen(hy8) = e (@200 e (h ).
(3)
Z o~ TH ((1:0),(h,6)) =7 H ((s,1),(h,5))
(h,8)€D
_ Z efﬂH((g»u),(gyu))*WH((s,n),(g,u))7
(g,m)€D!

as functions of variables (s,n).
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There are several different approaches to define super theta functions [1, 9].
However their approaches and the concepts are different from ours in the sense
that they deal with classical super theta functions while our quantum super theta
functions are operators (observables) coming from super theta vectors which are
vacuum states.

The contents of this paper are as follows. In section 2, we describe the nec-
essary materials on superspaces for this paper. In section 3, we discuss the super
Heisenberg groups and the super theta vector which is a vacuum state generalizing
the classical theta vector. In section 4, we construct the super quantum theta func-
tions on a superspace R™2™ coming from the super theta vector constructed in the
previous section, which generalizes Manin’s result on even spaces and our previous
result on odd spaces.

2. Superspaces

In this section, we explain necessary materials for later sections including su-
perspace, superlinear algebra, integration on superspace.
On R”, also denoted by R™° we define polynomials

Rlzi,. .., ] :R(a:l,...,xn)/(xixj —zjz), 1<4,5<n

as the quotient of the free algebra generated by zi,...,z, by the ideals gener-
ated by (a:ixj — a:jxi) for 1 < 4,5 < n. It is a commutative algebra. On odd
R™, denoted by R°™ we can similarly define the algebra as the quotient of
R(&1,. .., &n) by the ideal generated by (£a6s+£s8q) for 1 < a, 8 < m. It is an anti-
commutative algebra, called a Grassmann algebra. Combining these two concepts,
we can define R"™ where the polynomial functions are Rlzi, ..oy Zn, &1,y Em] =
R{z1,...,2n, &1, .. ,§m>/], where I is the ideal generated by (z;z; — z;2;), (§aés +
&6a)s (Tila —&am;) for 1 < i,j < mn, 1 < a,f < m, which is supercommutative, in
the sense that z;7; = z;7;, £aés = —£8€a, Tia = a®i.

Let A = {a;;} be a 2m x 2m skew-symmetric matrix. The Pfaffian of A is
defined by the equation

1 m
PE(A) = oo > sen(0) [] awi-1).000

oESam =1
where Sa,, is the symmetric group of the dimension (2m)! and sgn(o) is the signature
of 0. Then Pf(A)? = det(A). The Pfaffian of a m x m skew-symmetric matrix for
m odd is defined to be zero, as the determinant of an odd skew-symmetric matrix

is zero.

For X = (A

C D
R™™  where A of size n x n and D of size m x m have even entries and B of

size n x m and C of size m x n have odd entries, sdet(X) is defined by det(A —
BD~1C)det(D)! or, equivalently, by det(A4)det(D — CA=1B)~!, where A and D

), the supermatrix representing a linear map from R™™ to
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are invertible. This is the generalization of the determinant of even matrices and

the Pfaffian of odd matrices.
B

¢ D

yo_ (A B oAt ¢t
~\C D ~“\=Bt Dt)-

Here we introduce how to integrate on odd space called Berezin integral. Let

For any supermatrix X = ), we define the supertrace

A™ Dbe the exterior algebra of polynomials in anticommuting elements 61, ...,60,,
over the field of complex numbers. (The ordering of the generators 6y,...,0,, is
fixed and defines the orientation of the exterior algebra.) The Berezin integral on
A™ is the linear functional -df with the following properties:
A’NL
O -+ 01 d0 =1,
Am.
0
—fd9=07 i=1,....,m
Am 00;

for any f € A™, where 0/00; means the left or the right partial derivative. These
properties define the integral uniquely. The formula

Amf(@)dez/m (/A < Alf(e)d01> d92...>d9n

expresses the Fubini law.

3. Super Theta Vectors

In this section, we want to define a super theta vector which is a vacuum
state. First we want to define the super Heisenberg group sHeis(R?™2™ 1))
as follows, generalizing the Heisenberg group Heis(R?",¢)). For t,t' € R, and
(z,a),(y,B), (z', &), (y,5) € R"™, we define the multiplication of (,z,y,«, ),
(tl7 x/’ y/7 al?ﬁl) 6 R X R2n|2m by

(ta z,Y,, B) . (t/7 :L'lv yl7 O/a BI>
=+t + (@, y,0.8 oy, B) o+’ y +y a+ o, B+ B),
where ¢ : R2712m « R2712m _, R satisfies the cocycle condition

a necessary and sufficient for the associative multiplication. Then there is a central
extension _ _
0 — R % sHeis(R2"2™ o) L, RZI2Zm 5 g,
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which is an exact sequence, with the inclusion i(t) = (¢, 0), the projection j(t, z) =

z, for z € R?™2™ where i(R) is the center in sHeis(R?"1?™ 1)). As in the bosonic

case, we can introduce the unitary representation of the super Heisenberg group.
Let

1
w($7 Y, Q, ﬁa ZIT/, y/a 0/75/) = Q(xty/ - yta:/ - atﬁl - ﬁta/)'
Then v satisfies the cocycle condition. We define

(W0, f ) (5,m) = 2mHEEVmWOFTICE=0l0) £ (5 4 4 ).
Then
T(ty,21,91,00,81) T(t2,2,y2,02,82)
= iU n B RO a4y haun Bt B2):
so that

T(tr,21,y1,01,81) T (t2,32,y2,02,82)

_ 2mi(zf{ya—yyma—of fo— Bl az)
=€ T (t2,2,y2,02,82) T (t1,21,y1,00,B1)

Let D be a lattice in R?™?™. Let 1) be a R valued bililnear form on D. We
define C°°(D, x) of infinite series

Z acn,s5yep,x (R, 0),
(h,6)€D

where
epx(9,m)ep x(h,6) = x((g, 1), (h,6))ep (g + h, pu+0),
with
x((g, 11), (h, 8)) = e2miw(g:mi h.0),

This C*°(D, x) is a super quantum torus, generalizing the notion of a quantum
torus by Rieffel.

We choose Z such that 2 (1 _1> = Z and Z3 > 0. We define Hé(({:”lm7 Z)

as the space of super holomorphic functions F' ((5, 7])) on C™™ such that

717 = [
Cnlm

where H ((s,n), (t,e)) = (5,)) 25" (t, )", (s,m) = Z(50) + (22,), and « is the

complex conjugation. Here super holomorphic on C™™ means holomorphic on C”
and integration on C”™ is the Berezin integral exaplained in the second section.
We define the Heisenberg group representation as

2
F((s,m)| e (Cnm) (s, ) < o,

(Un oy F) ((s.m) = A7 e H e 0D)=SHED.CD) p (5,1 4 (1, 0))
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Now we determine the representation of the Heisenberg algebra associated to
the above Heisenberg group representation. Let A;, A,,, B;, B,,, C denote the basis
of the Heisenberg Lie algebra 1 < i < n, 1 < u < m, such that

In realization, we have

oF
g ~ o
0Up, (F)(s,n) = 2mis; F(s,n)
6Up, (F)(s,n) = 2min,F(s,n),

"

so that
S(Ua)F (M) = -—mZZ," ((3’")) F (M) * 28(8;77)
S0P () = =257 () () + 500

This implies that Wz defined as the span of {(§U4,,0Ua,) — 2(0Up,,0Up,,)} is
equal to the span of {F — (s,n)F'}, Wz defined as the span of {(6Ua,,0Ua,) —

Z(0Up,, Up,)} is equal to the span of {F — %}.

In the Heisenberg representation H of sHeis (RQ”‘Q"‘, 1), there is an element Fz,
unique up to scalar, such that ¢ Ux (Fz) is defined and equal to 0 for all X € W5.
In ’Hi(@”'m), there is a unique Fz killed by W= and it is F’z = 1, the vacuum state.
Hence ’Hi is irreducible and in the conjugate linear isomorphism with LQ(R”‘”), 1
corresponds to

Fz(s,n) = emis'm)Z( n)

T A
v s

above condition.

where Z = ( ) with Tt = T, At = -V, St = —§ and Z, > 0, with the
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Definition 3.1.(Super Theta Vector) We define this Fz(s,7n) as the super theta
vector.
4. Super theta operator

In this section, we generalize Manin’s result on quantum theta function for
R™° and our result on quantum theta function for RO?™. We construct the super
quantum theta operators for a superspace R™2™ coming from the super theta vector
constructed in the previous section.

Definition 4.1.(Super Quantum Theta Operator) Let Fz(z,n) = e”(xl’nl')z(fl),
the super theta vector. As in the bosonic case we define C*°(D, x) valued inner
product on L?(R™?™) as

(f,9) = > (f.7mns9)epx(h,d).

(h,8)€D
We define (Fz(z,n), Fz(z,n))) as the super quantum theta operator.

The following is the proof of our main theorem (Theorem 1.2).

Proof of Theorem 1.2.

The proof of (1) is obtained by the computation of
(Fz(x,m),mhsFz(z,m))
— [ Fz(a s Fla,n) dady
. —=(z+h
[ oz et 2 (1)
_27ri(zth2—nt52)e—ﬂi(h{hg—éi&g) dZ‘dT]

- €

If we compute the exponent,

n
Sonitat oy (2 (1) () =mintn (2 () + ()
= on(zt, ") 2, (i)
~omi(at,n) (z (f;i) T (@) — wi(h}.6}) (Z fﬁ) + (h§2>)
=2 ((mt,nt) - (h,é)*tZQ“) 2 ((2) + ;321(’%5)*)

- g(h,a)*tz;stzgz;l(h,a)* — mi(R, 1) (h, 8)*

.

[\
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Here the first term gives after integration.

1
vsdet 225

The proof of (2) comes from the following observation.

tm A (9. ). (h,0))

h h o\ st h
— Gt (2 (51) + (1)) + (- + Gtowdzet) 27200 )
= giha — g5hy — p 62 — 1y 61
= 2¥((g, p), (h,9)),

by using Z5t = Z; (1 _

Re H ((g.), (1,8)) = 5 (H ((9.), (0,8)) + H ((1,9), (9.10)) )

with the property H ((g,u), (h,é)) = (H (M, M))*

The proof of (3) is a generalization of Manin, by using the Fourier transform of

Fyy(h,0) = ef‘n'H((h,zS),(h,é))77rH((s,n),(h,§))

and checking that

—mH((g,1),(g:10))—mH((s,m),(g,11))

Fs,n(galj’) =e

and using the Poisson summation formula.

ﬁs,n(gw) _ /e—ﬂ'H((h,é),(h,é))—wH((s,n),(h,é))—QwiZ((g,;L),(h,é))d(h’6)7
where
hy
~ 0
A((g: 1), (h,6)) = (91, 11, 92— 1) y
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H ((s,m), (h,0)) + H ((h,9), (h,9)) +2iA((g, ). (h, )

hy hy
gt ottt 01 bttt 01
- (81,7]1,827—1’}2)3 h +Z(51>n17327_n2)’4 h
2 2
—09 —0o
hl hl
. 0 )
+2Z<glt7:u§ag§7_:u;)A h; +(hf76{7h2ta_6£)3 h; )
—09 —09
where
_ _(EZ a2 | 22
A= and B = ( ZZ, ‘ Z .
Then . .
B71 — Z2 ‘ _22 th
—Z1Z; | 25+ 2,2 2
and
Bt _ ( 2" | —Z e > .
()2 ()2 ) () ZE T E (L)
Let
ap S1 51 0
1
(5] _ = 771 + Z'B—lA nl + 2 ,qu
ay 2 82 52 g2
Q2 =72 —n2 )

Then we can show that

H ((s.m), (h,8)) + H ((h,9), (,8)) +2iA((g, ). (h, )

hl —+ a1
— (hf + af, 0} +al . + af, (0 +ap)B | ST
ho + ap
—(02 + a2)
ai
- (afvaia G'Zt»_aé)B 31
2
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By using —A%*B~%*B = A and A**B~%'A = B, we have

For

ay

~(af,atiaf—ap)B | 01 | = H ((g.0). (0.00)) + H ((5.0): (9.))

—Q

Bi1  Bia
B =

<Bz1 Bzz)
(1 Bi2B3"\ (Bi1 — Bi2Bsy' Bay 0 I 0
—\o I 0 By ) \Byy'Boy 1)

o By — B12Byy'Bay 0 2 .
sdet B = sdet ( 0 Bay) = sdet Z{St =1

Then after integration on (h,d) space we get

F, n(g, 1) = o H ((9:1).(g.1)) ~H ((s.:1).(9.12)) o
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