
KYUNGPOOK Math. J. 59(2019), 433-443

https://doi.org/10.5666/KMJ.2019.59.3.433

pISSN 1225-6951 eISSN 0454-8124

c© Kyungpook Mathematical Journal

A Study of Marichev-Saigo-Maeda Fractional Integral Opera-
tors Associated with the S-Generalized Gauss Hypergeometric
Function

Manish Kumar Bansal
Department of Applied Science, Govt. Engineering College, Banswara 327001, Ra-
jasthan, India
e-mail : bansalmanish443@gmail.com

Devendra Kumar∗

Department of Mathematics, University of Rajasthan, Jaipur 302004, Rajasthan,
India
e-mail : devendra.maths@gmail.com

Rashmi Jain
Department of Mathematics, Malaviya National Institute of Technology, Jaipur
302017, Rajasthan, India
e-mail : rashmiramessh1@gmail.com

Abstract. In this work, we evaluate the Mellin transform of the Marichev-Saigo-Maeda

fractional integral operator with Appell’s function F3 type kernel. We then discuss six

special cases of the result involving the Saigo fractional integral operator, the Erdélyi-

Kober fractional integral operator, the Riemann-Liouville fractional integral operator and

the Weyl fractional integral operator. We obtain new and known results as special cases

of our main results. Finally, we obtain the images of S-generalized Gauss hypergeometric

function under the operators of our study.

1. Introduction and Definitions

Fractional calculus is an interesting and useful branch of mathematical anal-
ysis that studies differential and integral operators of arbitrary order. In recent
years, several schemes of fractional calculus– namely Riemann-Liouville, Weyl,
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Gruunwald-Letnikow and Caputo– have been studied, and several researchers, such
as Miller and Ross [9], Podlubny [10], Kilbas et al. [3], Yang et al.[22], Kumar
[4, 5, 6], Srivastava et al. [18], Singh et al. [12, 13] and Choudhary et al. [1], have
made valuable contributions in the area. Srivastava and Saigo [19] studied multipli-
cation, and its applictions, on certain classes of operators of fractional calculus which
include the Gaussian hypergeometric function. Then in [14, 21], Srivastava et al.
made basic contributions to the development of Marichev-Saigo-Maeda fractional
integral operators, which generalise both Riemann-Liouville and Erdélyi-Kober op-
erators.

1.1. Marichev-Saigo-Maeda Fractional Integral Operators

The generalized integral operators of fractional order [7, 11] involving Appell’s
hypergeometric function F3 [17] in two variables are expressed in the following
forms:

(
I%,%

′,τ,τ ′,η
0,z f

)
(z) =

z−%

Γ(η)

z∫
0

(z − w)η−1w−%
′
F3

(
%, %′, τ, τ ′; η; 1− w

z
, 1− z

w

)
f(w)dw

(1.1)

and

(
I%,%

′,τ,τ ′,η
z,∞ f

)
(z) =

z−%
′

Γ(η)

∞∫
z

(w − z)η−1w−%F3

(
%, %′, τ, τ ′; η; 1− z

w
, 1− w

z

)
f(w)dw,

(1.2)

provided that z > 0 and %, %′, τ, τ ′, η ∈ C,R(η) > 0 and the above integrals exist.

1.2. S-generalized Gauss Hypergeometric Function (S-GGHF)

The S-generalized Gauss hypergeometric function (S-GGHF) F
(σ,κ;ϑ,µ)
q (λ, ν;ϕ;u)

was proposed and studied by Srivastava et al. [15, p. 350, Eq. (1.12)]. It is ex-
pressed in the following form:

F (σ,κ;ϑ,µ)
q (λ, ν;ϕ;u) =

∞∑
`=0

(λ)`
B

(σ,κ;ϑ,µ)
q (ν + `, ϕ− ν)

B(ν, ϕ− ν)

u`

`!
, (|u| < 1)(1.3)

provided that R(q) ≥ 0; min{R(σ),R(κ),R(ϑ),R(µ)} > 0; R(ϕ) > R(ν) > 0

in terms of the S-generalized beta function B
(σ,κ;ϑ,µ)
q (u, v), which was also given by

Srivastava et al. [15, p.350, Eq.(1.13)] in the following form:

B(σ,κ;ϑ,µ)
q (u, v) =

∫ 1

0

tu−1(1− t)v−11F1

(
σ;κ;− q

tϑ(1− t)µ

)
dt,(1.4)
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R(q) ≥ 0; min{R(u),R(v),R(σ),R(κ),R(ϑ),R(µ)} > 0.
Special cases of the S-GGHF and S-generalized beta function were given by Srivas-
tava et al. [16].

2. Mellin Transform

In the present section, we obtain the Mellin transform of Marichev-Saigo-Maeda
fractional integral operator its particular cases.

2.1. Mellin Transform of Fractional Integral Operator

The Mellin transform of a function f(t) is defined as [2]

M[f(z)](s) =

∫ ∞
0

zs−1f(z)dz, R(s) > 0(2.1)

provided that the above integral exists.

Theorem 2.1. If z > 0, R(s) > 0 and the parameters %, %′, τ, τ ′, η, ρ ∈ C, such that
R(η) > 0, R(s+ρ+η−%−%′) > 1 and R(ρ) < max {R(2− s− η + %),R(2− s− τ + %),
R(2− s)}. Then, the following Mellin transform formula holds:

M
[
zρ−1

(
I%,%

′,τ,τ ′,η
0,z f

)
(z)
]

(s) =
Γ(2− s− ρ− η + %)Γ(2− s− ρ− τ)

Γ(2− s− ρ)Γ(2− s− ρ+ %− τ)
(2.2)

2F1

 %′, τ ′;

s + ρ+ η − %− 1;
1

M[f(z)](s + ρ+ η − %− %′ − 1).

Proof. To prove the result (2.2), we take the Mellin transform of (1.1), it gives (say
∆(s))

∆(s) :=

∫ ∞
0

zs+ρ−2

 z−%
Γ(η)

z∫
0

(z − w)η−1w−%
′
F3

(
%, %′, τ, τ ′; η; 1 − w

z
, 1 − z

w

)
f(w)dw

 dz.
Next, we express the Appell’s function F3 in the series form and then interchange

the order of w,z-integrals and series (which is permissible under the conditions
stated), it gives

∆(s) :=

∞∑
ι,κ=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
Γ(η)(η)ι+κι!κ!

(−1)κ

∞∫
0

w−%
′−κf(w)

 ∞∫
w

zs+ρ−%−ι−2(z − w)ι+κ+η−1dz

 dw.
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On evaluating the resulting z-integral, we get

∆(s) :=

∞∑
ι,κ=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
Γ(η)(η)ι+κι!κ!

(−1)κ

Γ(ι+ κ+ η)Γ(2− s− ρ− κ− η + %)

Γ(2− s− ρ+ %+ ι)

∞∫
0

ws+ρ−%′−%+η−2f(w)dw.

Finally, by using the result obtained by Srivastava and Karlsson [17, p. 17, Eq. (8)]
and the result (2.1), we arrive at the required result (2.2). 2

Theorem 2.2. Let z > 0, R(s) > 0 and the parameters %, %′, τ, τ ′, η, ρ ∈ C, satisfy-
ing R(η) > 0, R(s+ρ+η−%−%′) > 1 and R(ρ) > max {R(1 + %+ τ + %′ − s− η),
R(1 + %+ %′ − s− η),R(1 + τ + %′ − s− η)}. Then the following Mellin transform
result holds:

M
[
zρ−1

(
I%,%

′,τ,τ ′,η
z,∞ f

)
(z)
]

(s) =
Γ(s + ρ+ η − %′ − %− τ − 1)Γ(s + ρ− %′ − 1)

Γ(s + ρ+ η − %′ − %− 1)Γ(s + ρ+ η − %′ − τ − 1)

(2.3)

2F1

 %′, τ ′;

2− s− ρ− %′;
1

M[f(z)](s + ρ+ η − %− %′ − 1).

Proof. To prove the result (2.3), we take the Mellin transform of (1.2), it gives (say
Λ(s))

Λ(s) :=

∫ ∞
0

zs+ρ−2

 z−%′
Γ(η)

∞∫
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(w − z)η−1w−%F3

(
%, %′, τ, τ ′; η; 1 − z

w
, 1 − w

z

)
f(w)dw

 dz.
Next, we express the Appell’s function F3 in the series form and then interchange

the order of w,z-integrals and series (which is permissible under the conditions
stated), it gives

Λ(s) :=

∞∑
ι,κ=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
Γ(η)(η)ι+κι!κ!

(−1)κ

∫ ∞
0

w−%−ιf(w)

 w∫
0

zs+ρ−%
′−κ−2(z − w)η+ι+κ−1dz

 dw.
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On evaluating the resulting z-integral, we get

Λ(s) :=

∞∑
ι,κ=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
Γ(η)(η)ι+κι!κ!

(−1)κ

Γ(ι+ κ+ η)Γ(s + ρ− %′ − κ− 1)

Γ(s + ρ− %′ + ι+ η − 1)

∞∫
0

ws+ρ−%′−%+η−2f(w)dw.

Finally, with the help of the result obtained by Srivastava and Karlsson [17, p. 17,
Eq. (8)] and the result (2.1), we arrive at the required result (2.3). 2

Now, we present the following special cases of Theorems 2.1 and 2.2. On setting
%′ = 0 in Theorem 2.1, we get the following result.

Corollary 2.1. If z > 0, R(s) > 0 and the parameters %, τ, η, ρ ∈ C, such that
R(η) > 0, R(s+ρ− τ) > 1 and R(ρ) < max {R(2− s + η),R(2− s− τ),R(2− s),
R(2− s + %+ τ + η)}. Then, the following Mellin transform of Saigo fractional
integral operators formula holds:

M
[
zρ−1 (I%,τ,η0,z f

)
(z)
]

(s) =
Γ(2 − ρ− s + η)Γ(2 − ρ− s + τ)

Γ(2 − s− ρ)Γ(2 − s− ρ+ %+ τ + η)
M[f(z)](s + ρ− τ − 1).

(2.4)

provided that each member of the result (2.4) exists.

On setting %′ = 0 in Theorem 2.2, we get the following result.

Corollary 2.2. Let z > 0, R(s) > 0 and the parameters %, τ, η, ρ ∈ C, satisfying
R(η) > 0, R(s + ρ − τ) > 1 and R(ρ) > max {R(1 + τ − s− η),R(1 + τ − s),
R(1− %− s− η)}. Then, the following Mellin transform of Saigo fractional integral
operators formula holds:

M
[
zρ−1 (I%,τ,ηz,∞ f

)
(z)
]

(s) =
Γ(s + ρ+ η − τ − 1)Γ(s + ρ− 1)

Γ(s + ρ− τ − 1)Γ(s + ρ+ η + %− 1)
M[f(z)](s + ρ− τ − 1),

(2.5)

provided that each member of the result (2.5) exists.

Further, on setting τ = 0 and τ = −% in Corollary 2.1 and Corollary 2.2, we get
the Mellin transforms of Erdélyi [20], Kober [20], Riemann-Liouville [20] and Weyl
[20] fractional integral operators.

Corollary 2.3. If z > 0, R(s) > 0 and the parameters %, η, ρ ∈ C, such that
R(η) > 0, R(s + ρ) > 1 and R(ρ) < max {R(2− s + η),R(2− s + %+ η)}. Then,
the following Mellin transform of Erdélyi fractional integral operator formula holds:

M
[
zρ−1

(
ε%,η0,zf

)
(z)
]

(s) =
Γ(2− ρ− s + η)

Γ(2− ρ− s + %+ η)
M[f(z)](s + ρ− 1),(2.6)

provided that each member of the result (2.6) exists.
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Corollary 2.4. Let z > 0, R(s) > 0 and the parameters %, η, ρ ∈ C, satisfying
R(η) > 0, R(s + ρ) > 1 and R(ρ) > max {R(1− s− η),R(1− %− s− η)}. Then,
the following Mellin transform of Kober fractional integral operator formula holds:

M
[
zρ−1

(
K%,η
z,∞f

)
(z)
]

(s) =
Γ(s + ρ+ η − 1)

Γ(s + ρ+ η + %− 1)
M[f(z)](s + ρ− 1),(2.7)

provided that each member of the result (2.7) exists.

Corollary 2.5. If z > 0, R(s) > 0 and the parameters %, ρ ∈ C, such that R(s +
% + ρ) > 1 and R(ρ) < max {R(2− s− %),R(2− s)}. Then, the following Mellin
transform of Riemann-Liouville fractional integral operator formula holds:

M
[
zρ−1

(
R%0,zf

)
(z)
]

(s) =
Γ(2− s− ρ− %)

Γ(2− s− ρ)
M[f(z)](s + ρ+ %− 1),(2.8)

provided that each member of the result (2.8) exists.

Corollary 2.6. Let z > 0, R(s) > 0 and the parameters %, ρ ∈ C, satisfying
R(s + ρ + %) > 1 and R(ρ) > max {R(1− s),R(1− %− s)}. Then, the following
Mellin transform of Weyl fractional integral operator formula holds:

M
[
zρ−1

(
W %
z,∞f

)
(z)
]

(s) =
Γ(s + ρ− 1)

Γ(s + ρ+ %− 1)
M[f(z)](s + ρ+ %− 1),(2.9)

provided that each member of the result (2.9) exists.

Remark 2.1. It can be noticed that the above six corollaries are also quite general
in nature and reduce to several interesting results. Thus, the six interesting results
recorded in the text by Mathai et al. [8] follow as simple special cases of these
corollaries.

3. Images

In this section, we establish some image formulas for the S-GGHF under the
Marichev-Saigo-Maeda fractional integral operator (1.1) and (1.2).

3.1. Images of S-generalized Gauss Hypergeometric Function under the
Marichev-Saigo-Maeda Fractional Integral Operator

Theorem 3.1. If z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters
%, %′, τ, τ ′, η, δ ∈ C, such that R(η) > 0, R(δ− %′) > 0 and R(δ+ η− %′) > 0. Then
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the following fractional integral result holds:

[
I%,%

′,τ,τ ′,η
0,z zδ−1F (σ,κ;ϑ,µ)

q

(
λ, ν;ϕ; 1− w

z

)]
(z) =

zδ+η−%
′−%−1Γ(δ − %′)

Γ(δ + η − %′)

(3.1)

∞∑
ι,κ=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
(1 + %′ − δ)κ(δ + η − %′)ιι!κ!

1F
(σ,κ;ϑ,µ)
q,1

 λ, ν, η + ι+ κ;

ϕ, δ + η + ι− %′;
1

 .
Proof. In order to prove the result (3.1), we take the Marichev-Saigo-Maeda frac-
tional integral (1.1) of (1.3), it gives (say, Ξ)

Ξ =
z−%

Γ(η)

z∫
0

(z − w)η−1wδ−%
′−1F3

(
%, %′, τ, τ ′; η; 1 − w

z
, 1 − z

w

)
F (σ,κ;ϑ,µ)
q

(
λ, ν;ϕ; 1 − w

z

)
dw.

Next, we express the S-generalized Gauss hypergeometric function F
(σ,κ;ϑ,µ)
q (.) in

the series form with the help of (1.3) and then change the order of integration and
summation (which is permissible under the conditions presented), it gives

Ξ =

∞∑
ι,κ,`=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
(η)ι+κι!κ!

(−1)κ

(λ)`B
σ,κ;ϑ,µ
q (ν + `, ϕ− ν)

B(ν, ϕ− ν)`!

z−%−`−ι

Γ(η)

∫ z

0

wδ−%
′−κ−1(z − w)η+ι+κ+`−1dw.

Finally, using the beta function and result (1.3), we get the required result (3.1). 2

Theorem 3.2. If z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters

%, %′, τ, τ ′, η, δ ∈ C, such that R(η) > 0, R(1 + %− η− δ) > 0 and R(1 + %− δ) > 0.
Then, the following fractional integral result holds:

[
I%,%

′,τ,τ ′,η
z,∞ zδ−1F (σ,κ;ϑ,µ)

q

(
λ, ν;ϕ; 1− z

w

)]
(z) =

zδ+η−%
′−%−1Γ(1 + %− η − δ)

Γ(1 + %− δ)

(3.2)

∞∑
ι,κ=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
(δ + η − %)κ(1 + %− δ)ιι!κ!

1F
(σ,κ;ϑ,µ)
q,1

 λ, ν, η + ι+ κ;

ϕ, 1 + %+ ι− δ;
1

 .
Proof. To prove the result (3.2), we consider the Marichev-Saigo-Maeda fractional
integral (1.2) of (1.3), it gives

Ξ =
z−%

′

Γ(η)

∞∫
z

(w − z)η−1wδ−%−1F3

(
%, %′, τ, τ ′; η; 1 − z

w
, 1 − w

z

)
F (σ,κ;ϑ,µ)
q

(
λ, ν;ϕ; 1 − z

w

)
dw
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Next, we express the S-generalized Gauss hypergeometric function F
(σ,κ;ϑ,µ)
q (.) in

the series form with the help of (1.3) and then changing the order of integration
and summation (which is permissible under the conditions presented), it gives

Ξ =

∞∑
ι,κ,`=0

(%)ι(%
′)κ(τ)ι(τ

′)κ
(η)ι+κι!κ!

(−1)κ

(λ)`B
σ,κ;ϑ,µ
q (ν + k, ϕ− ν)

B(ν, ϕ− ν)`!

z−%
′−κ

Γ(η)

∫ ∞
z

wδ−%−ι−`−1(w − z)η+ι+κ+`−1dw.

Finally, using the beta function and the result (1.3), we arrive at the desired result
(3.2). 2

Now, we give six interesting special cases of the Theorems 3.1 and 3.2. On
setting %′ = 0 in Theorem 3.1, we get the following result.

Corollary 3.1. If z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters
%, τ, η, δ ∈ C, such that R(η) > 0, R(δ) > 0 and R(δ + %) > 0. Then, the image
of Saigo fractional integral operator involving S-generalized Gauss hypergeometric
function is expressed as:(

I%,τ,η0,z zδ−1F (σ,κ;ϑ,µ)
q

(
λ, ν;ϕ; 1− w

z

))
(z)(3.3)

=
zδ−τ−1Γ(δ)

Γ(δ + %)

∞∑
ι,κ=0

(%+ τ)ι(−η)ι
(δ + %)ιι!

1F
(σ,κ;ϑ,µ)
q,1

 λ, ν, %+ ι;

ϕ, δ + %+ ι;
1

 ,
provided that each member of the result (3.3) exists.

On setting %′ = 0 in Theorem 3.2, we get the following result.

Corollary 3.2. Let z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters
%, τ, η, δ ∈ C, such that R(η) > 0, R(1 + τ − δ) > 0 and R(1 + % + τ − δ) > 0.
Then, the image of Saigo fractional integral operator involving S-generalized Gauss
hypergeometric function is expressed as:

(
I%,τ,ηz,∞ zδ−1F (σ,κ;ϑ,µ)

q

(
λ, ν;ϕ; 1− z

w

))
(z)

(3.4)

=
zδ−τ−1Γ(1 + τ − δ)

Γ(1 + %+ τ − δ)

∞∑
ι=0

(%+ τ)ι(−η)ι
(1 + %+ τ − δ)ιι!

1F
(σ,κ;ϑ,µ)
q,1

 λ, ν, %+ ι;

ϕ, 1 + ι+ %+ τ − δ;
1

 ,
provided that each member of the assertions (3.4) exists.

Further, on setting τ = 0 and τ = −% in Corollary 3.1 and Corollary 3.2, we
get the following images of S-generalized Gauss hypergeometric function under the
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Erdélyi [20], Kober [20], Riemann-Liouville [20] and Weyl [20] fractional integral
operators.

Corollary 3.3. If z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters
%, η, δ ∈ C, such that R(η) > 0, R(δ) > 0 and R(δ + %) > 0. Then, the image
of Erdélyi fractional integral operator involving S-generalized Gauss hypergeometric
function is expressed as:

(
ε%,η0,zz

δ−1F (σ,κ;ϑ,µ)
q

(
λ, ν;ϕ; 1− w

z

))
(z) =

zδ−1Γ(δ)

Γ(δ + %)

∞∑
ι,κ=0

(%)ι(−η)ι
(δ + %)ιι!

(3.5)

1F
(σ,κ;ϑ,µ)
q,1

 λ, ν, %+ ι;

ϕ, δ + %+ ι;
1

 ,
provided that each member of the assertions (3.5) exists.

Corollary 3.4. Let z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters
%, η, δ ∈ C, such that R(η) > 0, R(1−δ) > 0 and R(1+%−δ) > 0. Then, the image
of Kober fractional integral operator involving S-generalized Gauss hypergeometric
function is expressed as:

(
K%,η
z,∞z

δ−1F (σ,κ;ϑ,µ)
q

(
λ, ν;ϕ; 1− z

w

))
(z) =

zδ−1Γ(1− δ)
Γ(1 + %− δ)

∞∑
ι=0

(%)ι(−η)ι
(1 + %− δ)ιι!

(3.6)

1F
(σ,κ;ϑ,µ)
q,1

 λ, ν, %+ ι;

ϕ, 1 + ι+ %− δ;
1

 ,
provided that each member of the assertions (3.6) exists.

Corollary 3.5. If z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters
%, δ ∈ C, such that R(δ) > 0 and R(δ + %) > 0. Then, the image of Riemann-
Liouville fractional integral operator involving S-generalized Gauss hypergeometric
function is expressed as:

(
R%0,zz

δ−1F (σ,κ;ϑ,µ)
q

(
λ, ν;ϕ; 1− w

z

))
(z) =

zδ+%−1Γ(δ)

Γ(δ + %)
1F

(σ,κ;ϑ,µ)
q,1

 λ, ν, %;

ϕ, δ + %;
1

 ,
(3.7)

provided that each member of the result (3.7) exists.

Corollary 3.6. Let z > 0, R(ϕ) > R(ν) > 0, R(q) ≥ 0 and the parameters
%, δ ∈ C, such that R(1 − % − δ) > 0 and R(1 − δ) > 0. Then, the image of Weyl
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fractional integral operator containing S-generalized Gauss hypergeometric function
is expressed as:

(
W %
z,∞z

δ−1F (σ,κ;ϑ,µ)
q

(
λ, ν;ϕ; 1 − z

w

))
(z) =

zδ+%−1Γ(1 − %− δ)

Γ(1 − δ)
1F

(σ,κ;ϑ,µ)
q,1

 λ, ν, %;

ϕ, 1 − δ;
1

 ,
(3.8)

provided that each member of the result (3.8) exists.

4. Conclusions

In this article, we evaluated the Mellin transform of the Marichev-Saigo-Maeda
fractional integral operator, the kernel of which is the Appell’s function F3. We
then obtained the image of S-generalized hypergeometric function. On account of
the more general nature of the S-generalized hypergeometric function, our findings
yield a large number of new and known results involving simpler fractional deriva-
tive formulas associated with several special functions. Thus, we assert that the
results obtained in the present study are basic in nature.
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