KYUNGPOOK Math. J. 59(2019), 465-480
https://doi.org/10.5666 /KMJ.2019.59.3.465
pISSN 1225-6951  eISSN 0454-8124
© Kyungpook Mathematical Journal

Approximation by Generalized Kantorovich Sampling Type
Series

ANCGAMUTHU SATHISH KUMAR*

Department of Mathematics, Visvesvaraya National Institute of Technology, Nag-
pur, Nagpur-440010, India

e-mail : mathsatish9@gmail.com

PONNAIAN DEVARAJ

Department of Mathematics, Indian Institute of Science Education and Research,
Thiruvananthapuram, India

e-mail : devarajp@iisertvm.ac.in

ABSTRACT. In the present article, we analyse the behaviour of a new family of Kantorovich
type sampling operators (K f)ws>o0. First, we give a Voronovskaya type theorem for these
Kantorovich generalized sampling series and a corresponding quantitative version in terms
of the first order of modulus of continuity. Further, we study the order of approximation
in C(R), the set of all uniformly continuous and bounded functions on R for the family
(K$ f)wso. Finally, we give some examples of kernels such as B-spline kernels and the
Blackman-Harris kernel to which the theory can be applied.

1. Introduction

The theory of generalized sampling series was first initiated by P. L. Butzer
and his school [13] and [14]. In recent years, it has become an attractive topic in
approximation theory due to its wide range of applications, especially in signal and
image processing. For w > 0, a generalized sampling series of a function f: R — R
is defined by

wnw = 3 etwr-nf(L) rer

k=—o00

where ¢ is a kernel function on R. These type of operators have been studied by
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many authors (e.g. [7, 9, 11, 23, 24, 25, 26, 27]).

The study of Kantorovich type generalizations of approximation operators is
an important subject in approximation theory, as they can be used to approximate
Lebesgue integrable functions. In the last few decades, Kantorovich modifications of
several operators have been constructed and their approximation behavior studied,
we mention some of the work in this direction e.g., [1, 2, 3, 22] etc.

In [12], the authors introduced the sampling Kantorovich operators and studied
their rate of convergence in the general settings of Orlicz spaces. After that, Danilo
and Vinti [16] extended their study in the multivariate setting and obtained the
rate of convergence for functions in Orlicz spaces. Danilo and Vinti [18], obtained
the rate of approximation for the family of sampling Kantorovich operators in the
uniform norm, for bounded uniformly continuous functions belonging to Lipschitz
classes and for functions in Orlicz spaces. Also, the nonlinear version of sampling
Kantorovich operators have been studied in [17] and [29].

Altomare and Leonessa [5] considered a new sequence of positive linear operators
acting on the space of Lebesgue-integrable functions on the unit interval. Such
operators include the Kantorovich operators as a particular case. Later, in order
to obtain an approximation process for spaces of locally integrable functions on
unbounded intervals, Altomare et. al. introduced and studied the generalized Szasz-
Mirakjan-Kantorovich operators in [4]. Also in [15], the authors obtained some
qualitative properties and an asymptotic formula for such a sequence of operators.

We consider the generalized Kantorovich type sampling series. Let {a}xez and
{bi } ez be two sequences of real numbers such that by — ar = A > 0 for k € Z.
In this paper, we analyse the approximation properties of the following type of
generalized Kantorovich sampling series

k4by,

w

(1) (Keh@) = > goplwr—k) [ fwdu,
k=—oc0 g w

where f is in C'(R), the class of all uniformly continuous and bounded functions on
R.

In the present paper, first we obtain asymptotic formula and their quantitative
estimate for the operators (K¢ f).,~0. Further, the order of approximation of these
operators is analysed in C'(R). Finally, we give some examples of kernels such as B-
spline kernels and the Blackman-Harris kernel, to which the theory can be applied.

2. Main Results
Let ¢ € C(R) be fixed. For every v € Ny = NU {0}, u € R we define the

algebraic moments as

oo

mu(ou)i= 3 plu—k)(k - u)”

k=—o0
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and the absolute moments by

M, (p) :=sup > |p(u—k)l[(k—u)".

ueR 7

Note that for p,v € No with p < v, M,(p) < +oo implies M, (¢) < +oc.
Indeed for p < v, we have

Yo letw=klik—w) = > lelu—k)lk—w)l"+ Y lelu—k)llk—u)l

k=—o0 lu—k|<1 lu—k|>1
|(k —u)[”
k121

< 2”90”00 + MV(QD)'

When ¢ is compactly supported, we immediately have that M, (¢) < +oo for every
v € Ng.
We suppose that the following assumptions hold:

(i) for every u € R, we have

oo

> pu—k) =1,

k=—o0

(ii) Ma2(p) < +oo and there holds
. 2
Tim Y et Rk —w? =0
Jlu—Fk|>r
uniformly with respect to u € R,
(iii) for every u € R, we have

oo

mi(p,u) =mi(p) = Y plu—k)(k—u) =0,

k=—oc0
(iv) s%p{|ak|, |br|} = M™* < 0.
Theorem 2.1. Let f € C(R) and {ar} and {bi} be two bounded sequences of real

numbers such that ay, +by = o and by, —ax, > A* > 0. If f'(x) exits at a point x € R
then,

lim w[(KEf)(z) — f(2)] = = /().

w—00 2
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Proof. Let M* = sup{|ak|,|bx|}. From the Taylor’s theorem, we have
flu) = f(z) + f'(2)(w—2) + h(u - 2)(u - 2),

for some bounded function h such that h(t) — 0 as t — 0.
Thus, we have

) ktby

(KED)@) - @) =F'@) 3 goplwa—) [, (- a)du
k=—o0 Two
+ i Alkgo(wx —k) Hak h(u—z)(u — x)du
k=—o00 w
:Il + 12, (say).
First, we obtain I.
/ o w by
h=rw) 3 et b [ (e
fll@) < k + by  (kta
(A )
['@) 5 fl@) & f'(x)
- awa k:z_:oo o(wr — k) + wx k:z_:oo@(wx —k)(k —wx) = oz2wa: .
Next, we obtain I5.
I, = kioo b l_ljakgo(wx — k) /’“*u: h(u — x)(u — x)du.

In order to obtain an estimate of I, let € > 0 be fixed. Then, there exists § > 0
such that |h(t)| < € for |t| < 6. Then, we have

k4by,

B2 Y e =) [ b o) o)ldu
[k—wz|<dw/2 w
kb
b letwr =) [ b o)l o)ldu =y + T say).
|k—wz|>dw/2 Tw o
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First, we estimate J;. We have

kb
n<e S bk_ak\go(wa:—kﬂ/m \(u - 2)|du
[k—wz|<dw/2 w

5. e (58 (5]

€
<
- wA*
Next, we obtain J. Let R > 0 be such that

Y lplu—R)lu—k)? <e

lu—k|>R

((M*>2Mo<so> MMy () + Mz(so))

uniformly with respect to u € R. Also, let w be such that dw/2 > R. Then
> Je(wa —k)|(we — k)* <e
|k—wx|>6w/2
for every x € R. The same inequality holds also for the series
Z lo(wx — k)||wz — k[ < e
|k—wz|>dw/2

for 7 =0, 1. Hence, we get

kb
w w
Rl Y g etwn =R [ @ ol
|k—wz|>dw/2 w
Ao k+0b 2k ?
Ml (A ) (B
2 b — ak w w
|k—wz|>6w/2
ellhll
< 14+ M
- wA* (1+ )
Hence, the proof is completed. O

Remark 2.1 The boundedness assumption on f can be relaxed by assuming that
there are two positive constant a, b such that |f(x)| < a + b|x|, for every z € R.
We have

ktby
KEN@I € >0 o tptwr k) [ Wl
k=—o00 Tw o
Kby
< X we = k)| [ (a+buldu
<

Mafie)a+ fel) + 5o (M) + 20003 (0) + (M PMn() )
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and hence the series K¢ f is absolutely convergent for every x € R. Moreover, for a
fixed zg € R,

Pi(z) = f(zo) + f'(x0)(z — 20),

the Taylor’s polynomial of first order centered at the point xg, by the Taylor’s
formula we can write

f(z) = Pi(x)

@ —20) = h(z — x),

where h is a function such that }ir% h(t) = 0. Then h is bounded on [z¢ — d, ¢ + 0],
—

for some ¢ > 0. For |x — x¢| > 4, we have

atblal  [PA@)| _atbla]  [f(wo)l

h(x — xzo)| <
I o)l < |z —xzo| |z —20| T |z —20] |T— 20

+ 1 (o)l

and the terms on the right-hand side of the above inequality are all bounded for
|z — xo| > 6. Hence, h(. — x) is bounded on R. Along the lines of the proof of
Theorem 2.1., the same Voronovskaya formula can be obtained.

Let C™ denote the set of all f € C(R) such that f is m times continuously
differentiable and || (™|, < oco.
Let § > 0. For f € C(R), the Peetre’s K-functional is defined as

K(8, f,C,C") :=inf{||f — gllsc +6]|¢loc : g € C'}.

For a given § > 0, the usual modulus of continuity of a given uniformly continuous
function f : R — R is defined as

w(f,0):= sup |[f(x)— f(y)l

lz—y|<o

It is well known that, for any positive constant A > 0, the modulus of continuity
satisfies the following property

(2.1) w(f;A0) < (A+ Dw(f,0).
For a function f € C™, xp,x € R and m > 1, the Taylor’s formula is given by
~ f ) (@0)
fla) =" T @ 20)* + Ron(f3 20, )
k=0
and the remainder term R,,(f;zo, ) is estimated by

T — zo|™
|Rn (f320,2)| < ﬂw(ﬂm); |z — mol).

m!
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For every f € C(R) there holds

(2.2) K(5/2, f,C,C1) = %w(f, 5),

where @(f,.) denotes the least concave majorant of w(f,.) (see e.g. [6]).
The following estimate for the remainder R,,(f;xo, ) in terms of @ was proved
n [21].

Lemma 2.1. Let f € C™, m € N° and xo,x € R. Then, we have

. |2 — 2o|™ _ (m)_|x—$0|
|Rm(f7$0,x)‘§Tw f am .

We have the following quantitative version of Theorem 2.1 in terms of the
modulus @, in case of m = 1.

Theorem 2.2. Let f € C! and {ay} and {by} be two sequences of real numbers
such that ap, + by, = a, by —ar, > A* > 0 and supy, {|ag|, |bx|} < M*. Then, for very

x € R, the following hold:
af'(x) A_ [, AF
< -
= A U 2w

w((KE) (@) = f2)] = =

where A = (M*)2My(p) + 2(M*)M;(p) + Ma(ep).
Proof. Let f € C! be fixed. Then, we can write

wl(KEf) (@) = f@)] - @

278
k; b — ag wx_k)/kt;k (u—z)du
- af'(x)

k+bk

< Z bk |g0 wx — k |/ h(u — 2)||(u — x)|du.

Using the relation (2.2) and Lemma 2.1, we obtain

[wl(Kgf)(@) - f(@)] - 2L

k+by

- v o ;e —
> fotwa k>|/,c+w% (- o( s, =5 )du

k=—00
|<pw:1c— |/ ’ u—x)K('u ‘7]‘ CCl) =1.

w

IN

o0

-3 ;

471



472 A. Sathish Kumar and P. Devaraj

For g € C2, we have

Kby,

Z 2 otwn = 0] o 1= D16 = 9+ T e

w

ktby

I~ 9) Z ~ Iwwx—k)I/ " (- 0)ld

k+ay
w

k+by,

19"l Z o letwr =R [, (u o)d

k+ay

w

<|(f = 9) Ml Z lp(wz — k) b _ak{<k+bk )2+<kj;akx)2}

k=—oc0
oo 2 3 3
" w _ kb \"_ (ktax
el 3 g lote ol (20 o) - (22 o) |
10— 9) ]

< (Q(M*)2M0(<P) LMy () (M) + 2M2<¢>)

A*
19 gy (3007 Mali) + 6 ) + 33

<N~ 9 loe

: ((M*>2M0<so> LM, () (M) Mm))

19 o (17 Moli) + 202(0)(0°) + M)

A A*
<3 (10 =0+ 10 )

Taking the infimum over all g € C2, we get
A A*

. < —wl/f .

(23) IlA*w<f,2w>

Hence, the proof is completed. O

Remark 2.2. As a consequence of Theorem 2.2, under the above assumptions we
get the uniform convergence for w[(K¢ f)(x) — f( )] to §f'(x).

Remark 2.3. Note that when ¢ is supported in I = [-R, R], R > 0 we can obtain
a different estimate for I;.

Wl(KEA) @) - )] - /)| < ML ERELOE g (r 20
Also, we obtain

5 % *\2 i
2Mo () (R +Z§M + (7)) [(f 9)'llse + 19’ “wfw]'

I, <
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Next, we study the order of approximation for the generalized sampling Kan-
torovich series. The order of approximation for the generalized sampling Kan-
torovich series has been extensively studied by many authors (see [10, 18, 19, 20]).

Theorem 2.3. Let ¢ be a kernel satisfying an additional condition that Mg(p) =

SUP,er Yopez [9(u — k)||(k — u)|? < +oo for some 0 < B <1 and {a} and {b} be
two bounded sequences of real numbers. Then, for any f € C(R), we have

(K2 ) (@) — ()] < w(fow?) <Mﬁ(<P) (MY Mo(g) + Mow))
2| oo M (),

for every x € R and w > 2M*.
Proof. Let x € R be fixed. Then, for w > 0, we can write

(KEP) (@) — f(a)| = \(K:ﬁf)(ac) @)Y pluwr - k)\

kEZ
k+by
w w
= - - =: J.
< Z (bk ~an /m |f(u) f(ﬂc)du)|g0(wx k)| =:J.
kEZ w
Now, we estimate J.
k+bk
w w
’= Z (bk—ak /m f(u)f(l’)du)ho(ka”
|lwe—k|<w/2 @
ktby

o ( = / ) If(u)—f(x)ldu>|<p(wx—k)=:Il+12.

b, —a ktag
lwe—k|>w/2 k k w

We observe that, for every u € [kt?", kt}”‘} and suitable large w with |wz — k| <

w/2, we get

. <k+ak>+ <k‘+ak) —x’ <
w w

for every w > 2M™*. Since 0 < 8 < 1, we have

1N
Uu——|+|——x
w

lu—zf <

W(f, lu—z]) < w(f, Ju—=zl?).
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Using the property of modulus of continuity (2.1), we obtain

ktby
w w
I < _ |8 _
< (5 Sl Ol ot
lwz—k|<w/2 w
k4by
w w
< 1+ wPlu — z|P -8 _
= Z <bk_ak %Hak (14w’ lu—z”)w(f,w )du>|4p(wx k)|
lwz—k|<w/2 w
k‘,+bk
-8 w w B 18 B
w(f,w ){ Z (bk_ak /ﬁak w|u — x| du)ga(wa: k)|
lwa—kl<w/2 e
£ Y lplua- b
lwz—k|</2

= UJ(f,’U.)iB)(Jl + Jg)

First, we obtain .J;. Using the property of sub-addivity of |.|? with 0 < 8 < 1, we
have

DS (wﬁ o = al? (s — )

k+ak k+bk
lwz—k|<w/2

B B
wﬂmax<'k+ak —x‘ ,'k+bk —m’ )>|g0(wx—k)|

> | .
\wac <w/2
B bkﬁ
g T T Y
w
\wx <w/2
k B B
< 5 ([ + (swwlork i) v ietws )
lwz—k|<w/2
< D k—weflp(we =R+ Y (M) |p(wa — k)|
lwz—k|<w/2 lwz—k|<w/2

< Mp(p) + (M*)’ Mo () < oo.

It is easy to see that

o< Y lp(we — k)| = Mo(e).

lwz—k|<w/2
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Next, we estimate I5.

ktby

w w
I < 2| flle Z <b — /Hak du)|gp(ka)|

|lwz—k|>w/2 k kJ=—Tk

<2flee D, lplwa —k)
|lwz—E[>w/2

|wz — k|?

< 2[[flloo Z m@(wx*k”

|lwz—E[>w/2
2| flos

<Al= S Jur = WPlptwe - b
|lwz—k|>w/2

< 27 fllocw ™ Mg () < +o0,

which completes the proof. O

3. Applications to Special Kernels

In this section, we describe some particular examples of kernels ¢ which illus-
trates the previous theory. In particular, we will examine the B-splines kernel and
Blackman-Harries kernel.

Combinations of B-spline functions.

First, we consider the sampling Kantorovich operators based upon the combinations
of spline functions. For h € N, the B—spline of order h is defined as

Bn(®) = X(- 3,31 % X(- 3 31 % X .41 % - ¥ X[-.47 (B times)
where
1, if—i<z<i

X=331 7 { 0, otherwise

and * denotes the convolution. The Fourier transform of the functions B (z) is
given by

~ 4 sinw/2 h
Bh(“’)—(X[/;lz (w)) = <w/2) , weR, heN

(see [14] and [28]). Given real numbers €g,e; with ey < € we will construct the
linear combination of translates of By, with h > 2 of type

o(x) = agBp(z — €9) + a1 Bp(z — €1).

475
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The Fourier transform of ¢ is given by

p(w) = (aoe_ieﬂw + ale_iel“J)Eh(w).

Using the Poisson summation formula

> o0
(=)’ Z o(u—k)(u— k) ~ Z 3D (2rk)ei2mhu
k=—oc0 k=—o00
we obtain
Z o(u—k)= Z p(2mk)ei2mhe.
k=—oc0 k=—o00
We have
~ [ sin(nk) h (1, ifk=0
Bh(27rk)( — ) { 0 i k20
and hence
0l _ ap+ay, if k=0
P = { 0, if & 0.
Thus
Z o(u—k) =ap+ ar.
k=—o00

Therefore, condition (i) is satisfied if ag + a1 = 1. Now, we show that condition (iii)
is also satisfied. Again from the Poisson summation formula, we obtain

oo oo

(—i) 3 plu—Ru—-k) = 3 @k,

k=—o00 k=—o00
Also, we have

~/

P (w) = (—iegage "™ — ieyare ") By (w) + (age % + aje ) Bl (w)
Since §;L(27Tk) =0, Vk which implies that ¢’'(2rwk) = 0. Thus, we have

?(0) =ag+a; =1, §'(0) = epao+ €1a1 = 0.
Solving the above linear system we get the unique solution

€1 €0
ay = —

apg =

617607 60761.
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Moreover it is easy to see that the support of the function ¢ is contained in the
interval [eg — 2,e; — %,]. Since p(u — k) = 0 if |u — k| > r for r sufficiently large,
we have

. 2
Tll)nOlOkZ olu—Fk)(k—u)*=0.
—u|>r

Condition (ii) is satisfied. Finally, we verify the condition that M?(¢) < oco.

Yolplu—k)k=uw)l® = Y lelu—k)|k-u)’

kEZ |k—u|<R

+ Y lelu=R)lIk - ).

k=ul>R
We can see that sup [{k : |u — k| < R}| < Ny. Thus, we get
u

Ms(p) =Y lp(u = R)||(k = u)]? < oo.

kEZ

A particular Blackman-Harris kernel.
Next, we consider the Blackman-Harris kernel. For every z € R, we define the
kernel (see [8])

o(x) = H(z) = ~sinc(z) + %(sznc(m +1) + sinc(z — 1)) — 3—12(32'716(3: + 3) + sinc(z — 3)),

where sinc(z) = S22 From [24], there holds that H(x) = O(|z|~°) as |z| — oo.

T

In view of [12], it follows that My (H) is finite and

. o o 2
TlgglOIkZ |H(u—k)|(u— k)2 =0.
—u|>r

Indeed, there exists No > 0 such that [H (z)| < M/|z|® for |z| > No. Thus, we have
for r > Ny

1 M 1 IM 1

_ _ k)2 < - <= - <= _

Yoo MH@—Rlu—k? <M Y e < Y e Sy
k=1

|k—u|>r |E—u|>r |k—u|>r

The Fourier transform of the function H(x) is given by
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where A(w) = | & + 2 cos(mw) — 15 cos(3ﬂ'w)) X[-1,1](w), x1 is the characteristic
function of the set I. From Lemma 3 in [14], we obtain

oo

mi(H)= Y H(u—k)(u—k)=0.

k=—00

Hence the condition (i)-(iii) are satisfied. Finally, we verify that M?(¢) < oo.
Y Hu=klk-w)” = > |Hu—k)k-w)’
keZ |k—u|<R
+ Y [Hu—k)l(k—u)|” = 51+ Sy, (say).

k—u|>R

First, we consider Sy. There exists N > 0 such that |H(z)| < M/|z|® for |z| > N.
Thus, we have for R > N,

Next, we estimate S;. We have sup [{k : |u — k| < R}| < oo. Thus, we obtain
u

S1< > |Hu-k)k-u®< Y MR’ <[2R|MR",
|k—u|<R |k—u|<R

where [2] denotes the smallest integer greater than or equal to xz. Hence, we get
My(H) =Y |H(u—k)||(k — u)|? < oo.
keZ

Thus, all the conditions are satisfied for the function H(x).
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