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a b s t r a c t

The current study is focused on the evaluation of the ultimate strength of stiffened panels found in ship
hull structures that are subjected to combined uniaxial thrust, in-plane and out-of-plane bending mo-
ments. This loading condition, which is in general ignored when performing buckling checks, applies to
representative control geometries (stiffener with attached plating) as a consequence of the linearly
varying normal stresses along the ship's depth induced by the hull-girder vertical bending moment. The
problem is generalized by introducing a non-uniform thrust described by a displacement ratio and
rotation angle and by introducing the slenderness ratios, within the practical range of interest. The
formed design space is explored through methods sourcing from Design of Experiments and by applying
non-linear finite element procedures. Surrogate empirical models have been constructed through
regression analysis and Response Surface Methods. An additional empirical model is provided to the
literature for predicting the ultimate strength under uniaxial thrust. The numerical experimentation has
shown that is a significant influence on the ultimate strength of stiffened panels as the thrust non-
uniformity increases.

© 2020 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The dimensioning process of the steel plated structural assem-
blies (stiffened panels) found at a ship's transverse section is
typically carried out on a linear elastic based design framework.
Principal (hull-girder analysis), secondary (stiffener with attached
plating analysis) and tertiary (plate bending and tension/
compression) stresses are being either explicitly or implicitly
calculated and further compared with material allowables in order
to evaluate whether the rule-imposed strength requirements are
met, as prescribed for example in the Common Structural Rules
(CSR) proposed by the International Association of Classification
Societies (e.g. IACS (2019)). Following this procedure, the buckling
capacity of the individual stiffeners needs to be assessed, by taking
into account the contribution of the attached plating width, so as it
is assured that the concluded scantlings can safely carry the
developed stresses. For performing buckling checks most classes
and subsequently the International Association of Classification
Societies propose analytical formulations (IACS (2019), DNV-
(2015), BV (2017)).

From the perspective of the research community, several sci-
entists have focused their interest in providing closed-form solu-
tions of the different buckling modes encountered in the buckling
of stiffened panels, as in Cui et al. (2017), Rahbar-Ranji (2013),
Danielson and Wilmer (2004). Analytical solutions are based on an
elastic buckling analysis and when applied in stocky assemblies, as
the ones found in modern merchant ship structures, correction is
needed with regards to plasticity. This is usually addressed with the
Johnson-Ostenfeld semi-empirical models Kim et al. (2018). In
addition, the formulas that allow for the calculation of the load-end
shortening curves of the representative elements, which were
initially proposed in Gordo and Soares (1993) and are currently
prescribed in the Common Structural Rules (CSR) for predicting the
hull-girder's ultimate longitudinal strength in the well-known
iterative e incremental Smith's method (Smith (1977)), are as
well based on an elastic-inelastic buckling foundation. Although
these formulations preserve the intuitive understanding for the
engineer which is necessary during the design and analysis phase,
they do not model the realistic features involved with production.
Such features involve initial out-flatness geometric distortions and
the existence of residual stresses, that result from steel plating
manufacturing processes and welding of the assemblies. In order to
consider such features, the majority of the literature body employs
non-linear finite element procedures Kim et al. (2018), Chen and
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Soares (2018), Yi et al. (2018), Paik et al. (2008a,b,c), Xu et al. (2018),
Kim eta al. (2017). Yi et al. in Yi et al. (2018) have performed
thermo-mechanical FEA of the welding processes in order to cap-
ture the residual stress field in the stiffened panel and subsequently
to capture the product initial distortions that result from the re-
sidual stress distribution. Chen and Soares (2018) have conducted
simplified thermo-mechanical simulations and following the pre-
dicted stress field the authors have performed strength analysis of
the stiffened panels under uniform compression. The same study
has reached at the conclusion that when the initial imperfections
increase from slight to average level, the ultimate strength is
reduced by 4.8%, whereas the severe imperfections reduce the ul-
timate strength by 18.0% (compared with the case of initial level).
This is consistent with the fact that most researchers (Kim et al.
(2017); Zhang and Khan (2009); Zhang (2016); Lin (1985))
neglect the existence of the residual stress field and hence focus
only on modeling the geometric distortions for predicting the ul-
timate strength of stiffened panels. On an effort to exploit the nu-
merical results on the ultimate strength assessment of stiffened
panels under uniaxial uniform thrust within the design process of
ship hulls, several authors haveworked towards the construction of
empirical formulas through regression and surrogate modeling
(Kim et al. (2018); Lin (1985); Paik and Duran (2004); Paik (2007);
Paik and Thayamballi (1997); Xu et al. (2018)).

On the other hand, several authors have considered a combined
loading condition that includes axial or biaxial thrust and lateral
pressure due to cargo or water head, as found in Grondin et al.
(1998), Paik and Kim (2002), Paik et al. (2001), Fujikubo et al.
(2005), Araghi and Shanmugam (2012). According to Paik and
Kim (2002), when a ship hull is under vertical bending, deck
panels are predominantly subjected to longitudinal axial
compression in sagging, while bottom panels are subjected to
combined longitudinal axial compression/tension and lateral
pressure. Upper side shells are normally subjected to combined
longitudinal axial compression/tension and longitudinal in-plane
bending, while lower side shells are subjected to combined axial
compression/tension, longitudinal in-plane bending and lateral
pressure loads. In this perspective, the same study has evaluated
the effect of in-plane bending, arising from the linearly varying
normal stresses that result from vertical bending, to the ultimate
strength of the stiffened panels. The authors have concluded that
the effect of in-plane bending moment on the ultimate strength
may be neglected for practical design purposes, as long as lateral
pressure is considered in the analysis. A recent numerical study by
Anyfantis (2019a), has performed a preliminary investigation on
the effect of non-uniform axial thrust to the ultimate strength of
one particular stiffened panel. It has been found that when such a
geometry is located close to themid-ship's section Neutral Axis and
the corresponding non-uniform thrust is applied then a 10%
strength reduction is calculated compared to respective predictions
performed by considering uniform thrust.

In this regard, this work focuses on evaluating the effect of
combined thrust, in-plane and out-of-plane bending to the ulti-
mate strength of steel plated panels stiffened with “Tee” shaped
stiffeners. In order to generalize the loading condition, a non-
uniform uniaxial thrust and an orientation angle (relative angle of
the panel with respect to the ship's section Neutral Axis (NA)) have
been introduced. For scantling generalization, the slenderness ra-
tios parameters have been considered. These four variables
formulate a design space that has been explored with the aid of
methods sourcing from Design of Experiments (DoE) and by
applying non-linear Finite Element (FE) methods. Surrogatemodels
have been eventually constructed by employing typical regression
techniques in combination with Response Surface Methods (RSM).

2. Problem set-up

2.1. Definition of problem

Knowledge of the structural behavior and response of stiffeners
with their attached plating (referred in this study as “representative
element”) under compressive loads is essential so as to check the
local buckling strength and to accurately calculate the overall
bending strength of the ship, which later will be further used as the
structure's allowable limit. In either case, for calculating local
stiffener buckling or its contribution to the ship's longitudinal
strength, a uniform thrust is approximately considered as the
loading condition, that acts alone or together with shear principal
stresses or/and hydrostatic pressure. However, depending on the
relative angle and vertical location of the representative element
with respect to the mid-ship section neutral axis (NA), the axial
strain and hence axial displacement depart from uniformity as
illustrated in Fig. 1 and Fig. 2. The further a representative element
is located from the NA, the more accurate the approximation of
thrust uniformity seems to be, since the ratio between the axial
displacements exerted at the topmost (utop) and bottommost (ubot)
material fibers approximates unity. In the contrary, when a repre-
sentative element is located closer to the NA the aforementioned
ratio departs from unity and hence secondary bending effects are
being introduced. Relative rotation (angle q) as shown in Fig. 2 leads
to more complex displacement fields, that involve secondary
bending effects in two orthogonal planes of the cross section. This
work focuses on understanding the influence of these two partic-
ular factors (location and angle), that result in the aforementioned
departure from thrust uniformity approximation, to the buckling
response and ultimate capacity of stiffened panels.

In order to parametrize and generalize the problem, the non-
uniform compression is quantified through the introduction of
the non-dimensional displacement ratio ri (i ¼ top or bot) given as:

rtop ¼utop
ubot

or rbot ¼
ubot
utop

; 0 � ri � 1:0 (1)

Such an articulation is beneficial when calculating the ultimate
bending moment capacity of mid-ship sections where the location
of the NA is varying with curvature as a result of progressive
collapse of the stiffened panels. The distinction between the two
displacement ratios is made so as to define two groups that both
vary between 0.0 and 1.0 (where 1.0 equals to uniform compres-
sion) and allow for representing the cases where the horizontal
displacement of the representative cross section at the bottommost
material fiber is higher than the horizontal displacement at the
uppermost material fiber (ubot � utop), defined by rtop, and vice
versa (utop � ubot), defined by rbot. The angle of rotation was taken
to vary from 0.0 to 90.0�, since when combined with the two pre-
viously defined groups, all potential cases (1e5 in Fig. 2) may be
examined. Given the above articulation, two sub-problems are of
interest, one controlled by rtop and one controlled by rbot, that
correspond to case 2 and case 5, respectively, as shown in Fig. 2 for
0+ � q � 90+.

The present work is founded on an effort to generalize the in-
fluence of the thrust non-uniformity to the ultimate capacity of
stiffened panels, through controlling the axial displacement ratio
(rtop or rbot) and the rotation angle (q), in the practical range of
scantlings found in ship structures. Considering that compression
leads to structural instability, generalization with respect to the
stiffened panel geometry, may be performed through the employ-
ment of the slenderness ratio of the stiffened panel, l, when
regarded as a column, and the slenderness ratio of the plate formed
between two adjacent longitudinal and transverse stiffeners, b.
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These physical parameters are defined as:

l¼ st
p r

ffiffiffiffiffi
sy
E

r
(2)

and

b¼ s
tp

ffiffiffiffiffi
sy
E

r
(3)

where s and st is the spacing of the longitudinal and transverse
stiffeners, respectively. The thickness of the plating where the
stiffeners are attached is denoted as tp. Magnitude r corresponds to
the radius of gyration of the stiffener with the attached full-width
plating (as per the representative element) and is given by r ¼ffiffiffiffiffiffiffi
I=A

p
, and combines the effective cross sectional area A and second

moment of inertia I. Magnitude E is the material's Young modulus
and magnitude sy is the material's yield stress.

After investigating the scantlings of the stiffened panel ar-
rangements in 46 real oil tanker and bulk-carrier ships, Zhang in
Zhang (2016) has provided the practical range for the twomeasures

of slenderness, i.e. l ranges between 0.05 and 1.0 and b ranges
between 1.0 and 2.5. These ranges have been as well considered in
the present work for generalizing over the encountered practical
scantlings. Stiffened panels that are slenderer, i.e. having slender-
ness ratios above the upper limits (l > 1.0 and b > 2.5), may be
found in ship structures and in particular in passenger and vehicle
carriers. However, in this work particular focus is on the typical
range of bulk carriers and oil tankers and as such the CSR pre-
scribed rules are used for validating the FE strength predictions as
described further below in the article.

Given the above, the problem under investigation is to under-
stand and quantify the interrelation between the parameters
associated with the stiffened panel scantlings (l, b) and its corre-
sponding location/orientation in the ship's cross-section (ri, q), to
its ultimate compressive strength, su, expressed as:

su
sy

¼ f ðri; q; l; bÞ (4)

The above relation will be eventually described through a
regression analysis (see section 4) within the explored design space
following the numerical experimentation at the discrete design

Fig. 1. Hull-girder bending of a typical bulk carrier ship.

Fig. 2. Typical non-uniform compressive displacement fields exerted at the representative structural elements positioned at the locations of the ship's mid-section, as shown in
Fig. 1, considering hull-girder longitudinal bending. The displacement field acts along the stiffener's longitudinal axis and not vertically as shown in figure, which is provided here
for illustration purposes.
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points that are provided in the next section.

2.2. Design space exploration - sampling

A four dimensional (4D) design space is formed based on the
four independent variables (ri, q, l, b), with the dependent variable
being the ultimate strength (su) of the representative element
subjected to compression. Magnitude su will be obtained by com-
puter experiments (FE simulations), as will be described in detail in
the following section. Instead of directly generating an entire 4D
design space, that consists of samples defined through the
employment of statistical techniques (e.g. Latin Hypercube Sam-
pling - LHS), a hybrid sampling strategy that distinguishes between
the two sub-spaces, (ri, q) and (l, b) is employed, as schematically
depicted in Fig. 3.

The technique followed for the 2D space (ri, q) is based on a
structured sampling grid consisting of 11 observations (m ¼ 11)
over the range of the displacement ratios (ri), written in a vector
form as:

and 7 observations (n ¼ 7) over the range of the rotation angle (q),
written in a vector form as:

n
qn¼1:7

o
¼f0:0ο 15:0ο 30:0ο 45:0ο 60:0ο 75:0ο 90:0οg (6)

Such sampling leads to screening experiments, which is
considered appropriate since there is no background knowledge on
the effect of the location/orientation to the strength of the under-
taken structural arrangements.

On the other hand, Response Surface Methodology (RSM) has
been employed as a technique for fitting a model over the 2D
design space of the slenderness ratios (l, b). The nature of RSM is

mathematical and statistical and is applied for empirical model
fitting (Anyfantis (2019b), Montgomery (2006), Nevshupa et al.
(2018), Woods and Lewis (2015), Kleijnen (2015), Morris (1991),
Daniel (1959); Myers et al., 2016). Though initially designed for
modeling experimental responses in the physical world, thesewere
latter applied for modeling numerical experiments (e.g. computer
simulations) as in Anyfantis (2019b), Montgomery (2006),
Nevshupa et al. (2018), Woods and Lewis (2015), Kleijnen (2015)
and Morris (1991). The essential difference is associated with the
source of the error generated by the response. In real world ex-
periments inaccuracies come frommeasurement errors whereas in
computer simulations numerical noise is a result of incomplete
convergence of iterative processes, round-off errors or the discrete
representation of continuous physical phenomena, etc. These
methods are attractive as they lead to quadratic surfaces that have
one or two global maxima/minima. The corresponding second-
order model is written in a generic form as:

Y ¼bοþ
Xk

j¼1

bjxj þ
Xk

j¼1

bjjx
2
j þ

X
i< j¼2

Xk
bijxixj þ e (7)

where in the particular case, k ¼ 2, x1 ¼ l and x2 ¼ b. Parameters bο,
b1, b2, b11, b22, b12 correspond to the model's coefficients that are to
be calculated through the least squares method. Variable e in the
preceding equation is the predictive error. RSM is under the
framework of Design of Experiments (DoE), which latter stands for
a group of procedures used for selecting the locations in the design
space (samples) that minimize the predictive error of the response
surface that is fitted to the discrete numerical observations. In this
regard, DoE techniques promise a minimal expenditure of

Fig. 3. Hybrid sampling strategies for exploring the design space. Left schematic shows the screening sampling of the (ri, q) design space. Right schematic shows the CCD and full-
factorial sampling for RSM.

n
rm¼1:11
i;i¼top or bot

o
¼f0:0 0:1 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9 1:0 g (5)
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engineering runs and time. Big efforts have been done in DoE for
filtering out random noise, or reducing the variance error, and
therefore the best sampling has been found to keep the experi-
ments (samples) apart as far as possible. One of the most popular
designs when fitting quadratic polynomials, is the Box-Wilson
Central Composite Design (CCD), that includes 2k samples (one
factor perturbation e face centered), combined with a full-factorial
(2k) design, that includes 2k samples, and one central point. The
total number of samples (design points) is equal to 2k þ 2k þ1 ¼ 9,
as shown from the nine sample schematic in Fig. 3. Table 1 lists the
geometric parameters that fully define the nine selected cases for
sampling. The stiffened panel scantlings for each numerical
experiment where selected from a repository of midship sections of
vessels owned by Greek shipping companies. Nevertheless, the
selected scantlings per case are such that the target slenderness
ratios are obtained.

Based on the aforementioned, for each sample in the l e b

domain, 77 numerical experiments need to be performed by sam-
pling within ðrmi;i¼top or bot;q

nÞ. This sampling strategy leads at the

need of performing 1386 simulations in total (693 for rtop and 693
for rbot) for exploring the design space.

2.3. Problem kinematics

This section is focused on deriving the non-uniform displace-
ment field that is exerted on the cross section of the representative
element in connection with the stiffener's and attached plating's
scantlings as well as its corresponding location and angle with
respect to the ship's mid-section NA. The hull-girder bending
strains at the uppermost (εtop) and bottommost (εbot) locations of
the representative element cross section are related to the corre-
sponding displacements as:

utop ¼ εtopst ubot ¼ εbotst (8)

where st is the transverse frame spacing. The radius of curvature, r,
in the classical bending theory is given by:

r¼ ztop
εtop

¼ zbot
εbot

(9)

where ztop and zbot are the corresponding vertical distances from
the location of the mid-ship's NA, as shown in Fig. 4. Combining Eq.
(8) and Eq. (9) the displacement ratio is given as:

utop
ubot

¼ ztop
zbot

(10)

The non-uniform displacement field is considered to vary in a
linear manner in the region formed between ztop and zbot, as occurs

with the strain field arising from the hull-girder bending (see
Fig. 1).

uðz*Þ¼ Du
Dz*

z* þubot 0� z* � maxðh1;h2 þh3Þ (11)

Variable z* is introduced as a measure of the vertical distance of
any material point laying at the cross section of the representative
element and varies from zero to the maximum distance of the
uppermost material point (located at ztop), as shown in Fig. 5. Given
the scantlings of the cross section (s, hw, bf) in relation to the angle
q, the upper limit of variable z* in Eq. (11) equals to the highest
value of h1 and h2 þ h3 and may be written as:

ztop � zbot¼maxðh1; h1 =2þh2 þh3Þ (12)

The scantling vertical projections are given by the following
relationships through the application of trigonometry:

h1 ¼ s$sin q

h2 ¼ h
0
w$cos q

h3 ¼ bf
2
$sin q

(13)

The actual web height, hw, is corrected so as to account for the
Finite Element Model dimensions that is constructed through the
use of shell elements, as will be described in detail in the following
section. Hence magnitude h

0
w is given as:

h
0
w¼ tp

2
þ hw þ tf

2
(14)

The slope of Eq. (11) is given as:

Du
Dz*

¼utop � ubot
ztop � zbot

(15)

Substituting Eq. (12) and Eq. (1) in Eq. (11) the preceding slope
may be expressed for the two considered cases (utop � ubot and
ubot � utop) as:

Du
Dz*

¼ ubot
�
rtop � 1

�
maxðh1; h1=2þ h2 þ h3Þ

for utop � ubot (16a)

Du
Dz*

¼ utopð1� rbotÞ
maxðh1; h1=2þ h2 þ h3Þ

for ubot � utop (16b)

In order to express the non-uniform displacement field (thrust)
in the plate, web and flange elements of the cross section, magni-
tude u(z*) is transformed to the local axes s1, s2 and s3, respectively,
as defined in Fig. 5. The corresponding expressions are provided
below for the plate element:

Table 1
Definition of the nine sampling cases for the (l, b) as per the CCD. The scantlings are provided in mm and are correlated with dimensions shown in Fig. 4.

Case tp s hw tw tf bf st l [-] b [-] su,ref [MPA] su,CSR [MPA] ðsu;ref � su;CSRÞ
su;CSR

%

1 30.0 750.0 500.0 15.0 20.0 180.0 2000.0 0.14 1.03 347.65 340.81 2.07
2 15.0 910.0 500.0 15.0 20.0 180.0 2000.0 0.13 2.49 270.14 279.90 3.49
3 30.0 750.0 200.0 20.0 25.0 80.0 5460.0 1.01 1.03 242.39 259.04 6.43
4 15.0 910.0 200.0 9.0 15.0 100.0 5460.0 1.03 2.49 192.54 198.99 3.24
5 19.0 810.0 500.0 10.0 20.0 200.0 2000.0 0.13 1.75 301.46 306.97 1.79
6 15.0 910.0 240.0 9.0 10.0 80.0 3000.0 0.55 2.49 259.38 254.56 1.89
7 19.0 810.0 240.0 9.0 10.0 80.0 5250.0 1.00 1.75 215.56 235.78 8.58
8 30.0 750.0 240.0 9.0 10.0 80.0 2600.0 0.55 1.03 314.49 321.28 2.11
9 19.0 810.0 235.0 8.0 12.0 90.0 3000.0 0.55 1.75 282.37 289.21 2.36
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uðs1Þ¼
Du
Dz*

$ sin q $
�
s1 þ

s
2

�
þubot � s

2
� s1 � s

2
(17)

for the web element:

uðs2Þ¼
Du
Dz*

$
h
sin q $

s
2
þ cos q $ s2

i
þubot 0� s2 � h

0
w (18)

and for the flange element:

uðs3Þ¼
Du
Dz*

$
h
sin q $

�
s3 þ

s
2

�
þ cos q $h

0
w

i
þubot �

bf
2
� s3 � bf

2
(19)

2.4. Finite Element Modeling

2.4.1. Model particulars
The structural arrangement considered for investigation in this

work corresponds to a cross-stiffened panel, which represents a
typical assembly of the ship structure and is loaded in compression
along the direction that coincides with that of the longitudinal
stiffeners, as resulting from sagging/hogging conditions of the hull-
girder bending. The configuration shown in Fig. 6 is a such typical
example.Without loss of generality, the transverse stiffening in this
schematic may be, regarded as the transverse webs in the strength
deck area or floors in the double bottom of a typical bulk carrier
vessel. Considering the periodicity in the geometry and that an
accurate model needs to capture the involved critical buckling
modes, i.e. plate, web, stiffener tripping (flexural-torsional) and

Fig. 4. Stiffened panel subjected to non-uniform thrust and scantlings of the corresponding representative element.

Fig. 5. Projected vertical displacements and local axes defined on the cross section of the representative element.
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global column, the representative geometry has been decided to
consist of a ½ þ ½ in the span-wise x direction (one total span
length - st) and a ½ þ ½ in the bay-wise direction (one total bay
length - s), as schematically depicted in Fig. 6. Such modeling
strategy allows for modeling all five aforementioned buckling
modes in simply supported conditions (rotation is allowed at
connection edges), a situation that leads to the worst case scenario
for evaluating the stiffened panel's ultimate strength under
compression.

The constructed FE mesh is provided in Fig. 7 together with the
corresponding loading and boundary conditions. The pre/post
analysis and numerical solutions have been performed in ANSYS
commercial FE software. Typical cross-stiffened assemblies involve
the welding of the transverse stiffener web at the plating and also
thewelding of the former to theweb of the longitudinal stiffener. In
general, depending on the torsional rigidity of the transverse
stiffener, rotation may be to a certain degree constrained at these
welding lines. In the current work, such rotation is considered free

and only the normal translation of the corresponding edges is
constrained (uz in the welding line on the plate and uy in the
welding line on the web). Symmetry boundary conditions are
applied at the two free edges of the plating of the representative
element that are parallel to the stiffener's direction. Loading thrust
is applied by imposing a prescribed displacement field u(z*),
through the employment of Eq. (17) e Eq. (19), in the axial trans-
lational degree of freedom (ux) of all nodes laying at the FE ge-
ometry cross-section. The same field that is equal in magnitude but
with reverse sign is applied in the opposite side of the model. This
load application strategy allows for modeling the bending induced
deformation field in the modeled geometry under the application
of the non-uniform translational field. The axial forces and bending
moments balance each other in a way that equilibrium is satisfied
in the load application direction.

As for the element selection, an eight node (quadratic) shell
element (“shell 281” from the ANSYS element library) with the
capability to model bending and membrane stresses has been

Fig. 6. Geometry considered for constructing the FE model of a cross-stiffened panel subjected to compression.

Fig. 7. Indicative FE mesh, loading and boundary conditions for the modeled stiffened panel (representative element).
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selected. Simulations were also performed with the four node
(linear) shell element and it has been found that the strength
predictions are quite close to solutions obtained with the 8-node
quadratic shell elements. However, much less cumulative iterations
(Newton's method) are needed with the quadratic shells for having
a fully converged load-end shortening curve, which eventually
leads to reduced solution time. This fact was motivating for the
needs of the presented research where a big number of simulations
was performed. All cases were modeled by constructing an almost
uniform mesh based on quadrilaterals (element length x width, se,
equal to 25 mm � 25 mm). The flange of the stiffeners was in all
cases modeled by two elements along their width (Anyfantis
(2019a,b)).

Generally speaking, the ultimate strength under thrust is
strongly dependent on the associated collapse mode(s) of the of the
considered geometries. Hence, it is very important to accurately
model the geometric imperfections that will trigger the critical
failure modes associated with local and global structural in-
stabilities. The related mathematical functions that describe the
geometric distortions that will activate the critical plate buckling
(failure) modes is provided as:

wplate;criticalðx; yÞ¼W1 sin
�
mpx
st

�
sin
�npy

s

�
(20)

where integer variablesm and n are the critical half-wave numbers
identified from elastic buckling analysis, and therefore m takes the
minimum value that satisfies the inequality:

st
.
s �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þm

p
(21)

Integer n is taken equal to unity. Additionally, welding processes
lead to geometric distortions, that are resembled by a bathtub
shape computed by using m ¼ n ¼ 1 in Eq. (20), resulting at:

wplate;weldingðx; yÞ¼W2 sin
�
px
st

�
sin
�py
s

�
(22)

Another local buckling mode is associated with local web
buckling and the corresponding geometric distortion is given by:

wwebðx; zÞ¼W3 sin
�
mpx
st

�
sin

 
pz

hw þ tf
.
2þ tp

	
2

!
(23)

where, as previously mentioned, m takes the minimum value that
Eq. (21).

There do exist two kinds of global buckling modes that are
usually dominate the collapse mode of the considered stiffened
panel, i.e. global column-like buckling and stiffener lateral-
torsional buckling (tripping). Column-like geometric distortions
are provided as:

wcolumnðx; yÞ¼W4 sin
�
px
st

�
sin
�py
s

�
(24)

and tripping distortions are given as:

wtripppingðx; zÞ¼W5
z

hw þ tf
.
2þ tp

	
2
sin
�
px
st

�
(25)

The related amplitudes for each distortion type are calculated
through the employment of empirical formulas, that result from
real-life measurements (at the shipyard) and numerical simula-
tions. In the present work the following formulas have been
considered as in Khan and Zhang (2011):

W1 ¼0:1 tp b2 W3 ¼
hw þ tf

.
2þ tp

	
2

200
W2 ¼ W4 ¼ W5 ¼ st

1000
(26)

The discrete initial imperfections, as indicatively shown in Fig. 8,
were explicitly obtained through a linear eigenvalue buckling
analysis, for each considered geometry, i.e. each l, b pair as per
Table 1, under conditions of uniform compression. The perturbed
geometries were superimposed, as per the amplitudes given in Eq.
(26), so as to represent the initial (perturbed) geometry considered
for analysis under the application of the prescribed displacement
field u(z*).

The material behavior of the considered geometries has been
taken as bilinear elastic-perfectly plastic with E ¼ 207 GPa, n ¼ 0.3
and sy ¼ 348 MPa. The simulations are non-linear in nature as they
involve an elastoplastic material and structural instabilities (non-
linear displacements/strains). Therefore, an implicit non-linear
solution based on the Newton-Raphson method with adaptive
time stepping has been employed for simulating the structural
behavior of the representative geometries. In cases where conver-
gence difficulties have been encountered following the ultimate
strength (softening range), an artificial damping technique with a
relatively small ratio (1e-4 e 1e-5) has been considered as a mean
to aid with the equilibrium. This technique is in fact a nonlinear
stabilization suitable for displacement controlled load application.

2.4.2. FE model validation
Prior to proceeding with the evaluation of the effect of the angle

(q s 0.0) and the non-uniform thrust (ri < 1.0) it is essential to
validate the accuracy of the adopted modeling approach with so-
lutions that are already established for uniform compression
(ri ¼ 1.0) and without rotation (q ¼ 0.0). The formulas that allow for
the calculation of the load-end shortening curves of the represen-
tative element, which were initially proposed in Gordo and Soares
(1993) and are currently prescribed in the Common Structural
Rules IACS (2019) for predicting the hull-girder's ultimate longi-
tudinal strength in the well-known iterative e incremental Smith's
method Smith (1977), are considered herein for numerical verifi-
cation purposes. These semi-analytical models assume a uniform
uniaxial stress field applied over the cross sectional area of the
representative element and consider three collapse modes (see
Appendix A1), i.e. global column-like buckling, stiffener tripping
(plate buckling is implicitly consideredwithin this particular mode)
and local web buckling. As aforementioned, in the present FE
modeling approach, these four modes (considering as well plate
buckling) are modeled through initial imperfections based on the
respective critical modeshapes that will allow for triggering the
dominant(s) failure modes, in accordance to the scantlings of each
case.

Fig. 9 presents a comparison between the normalized load-end
shortening curves, with respect to yield stress and yield strain,
respectively, between the present FE and CSR results for four typical
cases. Magnitude s corresponds to the mean stress applied on the
cross-section. It is evident that although the softening paths (region
after the ultimate strength has been attained), and in some cases
the loading paths, between the two predictions, diverge as the
column slenderness ratio (l) increases, the collapse mode is well
captured. For example, CSR formulas predict that for cases 1 and 2,
stiffener tripping (and local plate buckling) is the dominant
collapse mechanism, which coincides with the FE predicted
collapse mode, as seen from the deformed geometry that is
embedded in the subplots of Fig. 9. Respectively, the same
conclusion may be drawn for cases 3 and 6, the failure of which is
driven by column-like buckling. Cases 4 and 7e9 are characterized
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as well by column buckling, whereas case 5 is dominated by web
buckling, since the web scantlings are rather slender compared to
the other dimensions. The ultimate strength under uniform

compression, as calculated through the present FEA (su,ref) and
through the semi-analytical models (su,CSR) for the nine defined
cases (based on the Central Composite Design sampling) are

Fig. 8. Typical discrete buckling modes obtained from a linear eigenvalue buckling analysis: (a) local plate critical, (b) local plate welding, (c) local web buckling, (d) stiffener lateral-
torsional buckling (tripping) and (e) global column buckling. The contours present the normalized to unity total displacement field of Case 4.

Fig. 9. Comparison between the global response obtained through current FEM simulations and semi-analytical models provided in CSR for ultimate strength assessment of
stiffened panels under uniform compression, for Case 1 (a), Case 2 (b), Case 6 (c) and Case 3 (d).
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appended in Table 1. The average percentage difference between
the ultimate strengths is equal to 3.55% with a maximum difference
of 8.58%, values that are considered to be within acceptable levels
for validation purposes.

2.5. Effect of non-uniform compression

Having validated the FE modeling strategy for the nine cases
under uniform compression, this sub-section is focused on evalu-
ating the effect of non-uniform compression in relation to the
rotation angle of the representative geometry. The examined
discrete points of the design space, i.e. numerical experiments, are
the ones presented in Fig. 3, as discussed in sub-section 2.2. For
each one of the nine defined cases (Case 1e9), 77 numerical ex-
periments were performed in the domain rtope q and 77 respective
numerical experiments in the domain rbot e q.

2.6. Numerical experimentation for rtop < 1.0

In order to examine the effect of the non-uniform applied stress
to the ultimate strength of the stiffened panel (su), 2D contour plots
over the examined domain have been constructed. Following the
numerical experimentation within the rtop - q domain, two typical
contour variations have been found, as presented in Fig. 10. Case 1
and Case 2 that represent stockier geometries have a distribution
similar to the one shown in Fig. 10a, whereas the remaining cases
(Case 3e9), have distributions similar to the one shown in Fig. 10b.
To begin with, evaluating Cases 1 and 2, it is evident that for a ratio
between the axial thrust of the uppermost material fibers (utop) to
the axial thrust of the bottommost material fibers (ubot) of the cross
section, being higher than approximately 0.55 and regardless of the
magnitude of the rotation angle, the non-uniformity effect to ulti-
mate strength is negligible (vivid blue contour in Fig. 10a). How-
ever, for values of the rtop ratio that are lower than approximately
0.55, there is an interplay between the ratio and the rotation angle,
leading to decreased capacity of the stiffened panel, when
compared to its strength under conditions of uniform compression.
This effect is getting higher around the orientation angle of 60� and
for rtop ¼ 0 (red colored contour in Fig. 10a), and leads to a
maximum effect by dropping the panel's capacity by a factor of
0.68. A stiffener that is subjected at a non-uniform compressive
field for rtop < 0.55 may found at locations close to the ship's NA in
the compression zone of the ship's section. Such examples could be

at the hopper plate of a bulk carrier (see for example subcase 4 and
5 of Fig. 2) or of a tanker or at a stringer at the double hull side of a
tanker. To aid the understanding of this behavior, the global re-
sponses of four numerical experiments with abscises rtop¼ 0 (I), 0.2
(II), 0.4 (III) and 1.0 (IV) and with a constant ordinate that is set to
60� are plotted in Fig. 11. It is evident that with increasing the level
of non-uniformity in the load, the slope of the response decreases
in the region prior to attaining the ultimate strength, meaning that
the geometry presents a lower stiffness (higher compliance). This is
reasonable, since it is not the entire cross-section of the modeled
geometry that equally contributes to the load transfer, as occurs
with the uniformly compressed geometry. Such a behavior leads to
the triggering of different and more localized collapse modes in the
center of the stiffened panel that are characterized by lower
buckling capacity, compared to the ones obtained under uniform
compression. Evaluating the collapse modes shown in Fig. 12 and
particularly for the extreme case of q ¼ 60ο/rtop ¼ 0.0, one may
conclude that the non-stressed areas of the stiffener's flange in
relation to the highly stressed areas of the plating, prevents the
stiffener to buckle under tripping and subsequently the work done

Fig. 10. Effect of non-uniform compression (rtop < 1.0) and rotation angle (q) for Case 1 (similarly for Case 2) (a) Case 4 (similarly for Case 3e9) (b).

Fig. 11. Normalized load e end shortening curves for the four numerical experiments
that correspond to the points shown in Fig. 10a.
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by the external load is mostly balanced by the strain energy
developed at the plate. This occurs at a much lower load level, i.e.
0.68 ∙su,ref. It is important to note that for all examined cases, the
obtained ultimate force has been normalized with respect to the
stiffener's cross-sectional area, which as aforementioned it is not
fully effective in the presence of non-uniform compression.

The remaining cases (Case 3e9) have a normalized ultimate
strength distribution, within the examined domain, as the one

depicted in Fig. 10b. Compared to the cases (1, 2) previously
examined, there does exist a region where the non-uniformity
(rtop < 1.0) does not reduce the ultimate strength. For the typical
2D contour of Fig. 10b, corresponding to Case 4, this region is for
angles that are less than approximately 15�. As previously, the ul-
timate strength is mostly reduced, compared to the reference,
when the loading ratio is equal to 0.0. The least calculated value is
0.61∙ su,ref. when q is equal to 30� and as the angle increases beyond
the ultimate strength is reduced at slower rate. In a similar manner
to the previous analysis, the global responses of four numerical
experiments with a constant abscissa rtop ¼ 0.0 and variable ordi-
nate q ¼ 0.0� (I), 30.0� (II), 60.0� (III) and 90.0� (IV) are plotted in
Fig. 13, together with the response predicted from the reference
case (uniform stress). The slope is influenced with respect to the
orientation angle, leading to more a more compliant structure as
the angle increases. However, it is noteworthy that for q ¼ 0.0� (I),
the change in slope is small and subsequently the change in the
ultimate strength is small. The collapse mode for this particular
numerical experiment is local plate buckling, as it may be
concluded followed the evaluation of Fig. 14. Though, the collapse
mode of the reference case is column buckling, it seems that when
the bending effect (arising from the non-uniformity) is high
enough, then the stiffener is slightly stressed and plate buckling
dominates without any change in strength. This behavior is not
witnessed in Case 1 and Case 2, where stiffener tripping is the
dominant collapse mode. Departing from the angle of q ¼ 0.0� (I),
then the stiffness of the modeled geometry drops significantly
alongside with the ultimate strength. Localized plate buckling is
taking over from full plate buckling, as it is the plate that sustains
most of the load and not the entire cross section. One may support
the idea that there is an effective cross section that functions to-
wards absorbing the applied non-uniform loads, which is

Fig. 12. Collapse modes for the four numerical experiments (Case 1) that correspond to the points shown in Fig. 10a.

Fig. 13. Normalized load e end shortening curves for the four numerical experiments
that correspond to the points shown in Fig. 10b.
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controlled by the distribution of the non-uniform displacement
field, in accordance to rtop, q.

2.7. Numerical experimentation for rbot < 1.0

Numerical experimentation of the representative stiffened
panel geometries that are subjected to a non-uniform compression
where the uppermost material fiber gets higher load compared to
the lowermost material fiber, i.e. rbot (ubot/utop) < 1.0, have pro-
duced an ultimate strength variation for all cases (1e9) as the
typical one shown in Fig. 15. It is evident that the most significant
strength reduction is when rbot and q are equal to zero. In this
particular case the attached plating is not loaded at all whereas the
stiffener's flange top is loaded at most. Intuitively onewould expect
that such a loading condition will lead to increased strengths
compared to a uniformly stressed geometry, since part of the
structure is stress-free. However, this is not the case encountered,
as the maximum attained load is significantly reduced as a result of
stress redistribution over a smaller area and subsequently the
different calculated collapse mode. Additionally, the secondary
bending moment that develops as a result of the non-uniform
compression leads to decreased ultimate strengths, as occurs
with an eccentrically loaded column described by the secant for-
mula. For instance, one may compare the collapse mode for Case 1
under uniform compression (see mode corresponding to q ¼ 60ο,
rtop ¼ 1.0 in Fig. 12) and the respective one computed for rbot ¼ 0.0
and q ¼ 0.0� in Fig. 16. It may be concluded that the work done by
the external loading is translated to eccentric in-plane loading of

Fig. 14. Collapse modes for the four numerical experiments (Case 4) that correspond to the points shown in Fig. 10b.

Fig. 15. Effect of non-uniform compression (rbot < 1.0) and rotation angle (q) for Case 1.
Similar pattern is obtained for the remaining cases (Case 2e9).
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the stiffener which eventually leads to stiffener tripping alone, by
keeping the attached plating stress free, compared to the uniformly
stressed panel, where the attached plating contributes to the load
absorption (becoming full plastic). This condition (rbot and q being
equal to zero) is dominant for a stiffener located at the stringer of
the double hull of a merchant ships (bulk carrier, tanker, contain-
ership etc.) having the bottommost material fiber aligned with the
midship's NA (see Fig. 1 and subcase 1 of Fig. 2).

It is of high interest to compare the numerical experiments
performed for Case 1 for rtop ¼ 0.0 (see Fig. 14) and rbot ¼ 0.0 (see
Fig. 16) both calculated at q¼ 0ο. It may be concluded that when the
stiffener's flange top is stress free (rbot ¼ 0.0), the entire cross
section contributes and though there is a significant secondary
bending moment, the attached plating buckles alongside with
column-like global buckling, giving hence a counter action that
eventually does not reduce the reference ultimate strength. Such an
effect presents the advantage offer by plate local buckling to the
load capacity of the panel under thrust. On the other hand, not
taking advantage of plate local buckling (rtop ¼ 0.0) then column
buckling load leads to reduced load capacity of the stiffened panel.

3. Regression of numerical experiments

3.1. Obtaining an empirical model as per su =sy ¼ f ðri; q; l; bÞ

This section is focused on the development of empirical for-
mulas that may be used within the analysis and design of stiffened
plated ship hull structures. The numerical experimentation over
the formulated design space has yield two sets of 693 design points,
respectively, one set referred by rtop� 1.0 and the other set referred
by rbot � 1.0. The objective is to perform a regression through the
employment of analytical equations, by considering the factors
ri(i¼top or bot), q, l, b as the independent variables and the normal-
ized response su/sy as the dependent variables, in accordance to Eq.
(4). The design space of interest is a four dimensional (4D). The
generalization with respect to the panel's scantlings has been
performed through the introduction of the slenderness parameters,
namely l and b. This 2D design space (l, b) has a sampling of nine
design points, as per the combined full-factorial and Central
Composite Design, and therefore a quadratic polynomial may be
fitted. For each discrete point (l, b), 77 numerical experiments have
been performed over the 2D design space formulated by (ri(i¼top or

bot), q). The regression strategy followed herein is based on
providing a separate regression of the ri(i¼top or bot) - q 2D design
space constructed for each design point within the 2D l e b design
space, having thus nine ri(i¼top or bot) - q 2D discrete distributions
(for Cases 1e9) that require analytical fitting. For the regression
strategy to be effective, the same analytical equation should be
used for fitting all nine ri(i¼top or bot) - q 2D design spaces. Given the
fact that the distribution of su/sy over rtop e q has different shape
characteristics for several cases compared to others (see Fig. 10), a
versatile analytical equation is required to be employed. In this
direction, several equation families have been evaluated and it was
concluded that for the rtop e q design space Taylor series poly-
nomials have been proven to be quite adequate. A third degree
complex polynomial surface described by the following equation
was fitted.

su
sy

¼ a1 þ a2 rtop þ a3 qþ a4 r2top þ a5 q2 þ a6 rtop qþ a7 r3top

þ a8 q3 þ a9 rtop q2 þ a10 r2top q

(27)

The polynomial's coefficients ða1 �a10Þ together with the coef-
ficient of determination (R2) for all nine cases of l e b, are listed in
Table 2, as obtained from least square fitting method. A visualiza-
tion of the fitted surface polynomials for two typical cases, are
presented in Fig. 17. It may be seen that the cubic polynomial is
flexible and versatile to approximately capture the characteristics
of the response over the explored design space.

The response distribution characteristics within the rbot e q

design space, that are common for all nine examined cases, has
yield a quite complex equation that lays within the family if non-
linear Lorentzian cumulative functions and is provided below:

su
sy

¼a1þa2
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�

(28)

Table 3 lists the corresponding eight coefficients ða1�a8Þ
together with the coefficient of determination (R2) for all nine cases
of l e b, as a result from the application of the least square method.

Fig. 16. Typical predicted collapse modes for rbot ¼ 0.0 and q ¼ 0.0� .
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Among the equations that were examined, Eq. (28) has proven to be
the most flexible one for capturing the quite steep descent of the
response, as shown for a typical case in Fig. 18.

Having evaluated the coefficients of the equations for all nine
cases, a regression needs to be constructed so as to interrelate the
independent variables l e b with the required response (su/sy). In
this direction, the coefficients ða1 �a10Þ and ða1 �a8Þ for Eq. (27)

and Eq. (28), respectively, may be written as a function of the
panel's slenderness parameters, i.e. ai ¼ f (l e b). The design space
of l e b is structured such that the general form of the polynomial
in Eq. (7) may be fitted. In this regard, a quadratic response surface
may be constructed by considering the ai coefficients as the
dependent variables, as given below.

anðl; bÞ¼ Cο þC1lþC2bþC3l
2 þC4lbþ C5b

2 (29)

The regression has yielded the six coefficients of the quadratic
response surface (C0eC5) per coefficient for the two examined
loading scenarios ða1 �a10Þ and ða1 � a8Þ, in Table 4 and Table 5,
respectively. The coefficients of the above equation are equivalent
to the coefficients of Eq. (7) in accordance to C0¼ b0, C1¼ b1, C2¼ b2,
C3 ¼ b11, C4 ¼ b12, C5 ¼ b22. The second order polynomial has been
found to be effective for fitting the nine design points, as presented
in Fig. 19. In practice, the full regression model that contains all four
independent variables is produced by replacing the coefficients of
Eq. (27) or Eq. (28) with the quadratic model of Eq. (29) and
introducing the coefficients C0eC5, with the ones listed in Tables 4
and 5, respectively.

3.2. Validating the empirical model for su =sy ¼ f ðl; bÞ

This section has a twofold objective. Initially, it aims at numer-
ically validating the empirical models that were previously con-
structed with respective models available in the literature body and
subsequently to deliver to the literature an additional empirical
model for evaluating the compressive strength of stiffened panels,
but under uniform compression (reduced model). The generation
of empirical models through regressions of physical or numerical
test data has become research practice formore than thirty years, in
the field of ultimate strength prediction of stiffened panels found in
ship structures. In this direction several researchers have con-
structed empirical formulas following extensive FE or/and experi-
mental programmes that allow for predictions of the ultimate
strength of uniformly compressed stiffened panels. A quite
comprehensive technical review in this field has been recently
published in Kim et al. (2018). Herein, the empirical models pro-
duced for rtop � 1.0 and rbot � 1.0 that give the normalized ultimate
strength su/sy as a function of the four design variables (section 4.1)
have been reduced, so as to consider only uniform compression. In
order to arrive to such a formula, the displacement ratio rtop is set
equal to 1.0 (uniform compression) and the rotation angle has been
set equal to zero (q ¼ 0ο) in Eq. (27). Six terms containing the co-
efficients a3, a5, a6, a8, a9 and a10 vanish and Eq. (27) contains only a
superposition of the four terms that contain the coefficients a1, a2,
a4 and a7. By fetching the respective coefficients of the quadratic
polynomials from Table 4 and performing the mathematical ma-

Table 2
Polynomial coefficients obtained after the regression of the rtop e q design space for each examined case.

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 R2

Case 1 0.825 0.428 0.00093 �0.341 �5.27E-05 0.00281 0.082101 3.11E-07 7.46E-06 �0.00216 0.96
Case 2 0.540 0.641 0.00114 �0.538 1.62E-05 �0.00322 0.135204 �1.12E-07 �5.13E-06 0.001832 0.97
Case 3 0.740 0.220 �0.00881 �0.488 8.93E-05 0.00103 0.218766 �2.10E-07 �6.90E-05 �0.00177 0.85
Case 4 0.539 0.375 �0.00661 �0.560 8.14E-05 0.005848 2.12E-01 �2.70E-07 �5.25E-05 0.000269 0.95
Case 5 0.628 0.514 0.00107 �0.355 �1.87E-05 8.85E-05 8.18E-02 1.02E-07 3.13E-06 �7.12E-04 0.98
Case 6 0.642 0.329 �0.00436 �0.316 3.96E-05 6.06E-03 7.38E-02 �1.20E-07 �2.90E-05 �0.00196 0.88
Case 7 0.685 0.179 �0.00851 �0.470 7.21E-05 1.13E-02 2.22E-01 �9.48E-08 �7.04E-05 �2.30E-3 0.93
Case 8 1.000 0.179 �0.00942 �0.306 3.82E-05 9.62E-03 0.016425 1.86E-07 �6.52E-05 0.000939 0.97
Case 9 0.744 0.278 �0.00400 �0.255 2.26E-06 7.15E-03 3.80E-02 1.57E-07 �2.99E-05 �0.00189 0.97

Fig. 17. Regression of rtop e q for Case 1 (a) and Case 4 (b).
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nipulations one may lead to the following formula, that gives the
normalized ultimate strength as a function of the non-dimensional
slenderness parameters l e b:

su
sy

ðl; bÞ¼1:242� 0:142l�0:260b�0:250l2 þ0:078lb

þ 0:0295b2 (30)

A statistical analysis of the preceding equation is presented in
Fig. 20a. The graph's horizontal axis plots the results obtained from
Eq. (30) for l and b, within the range 0.1e1.0 and 1.0e2.5, respec-
tively. Corresponding normalized strengths obtained from the
formulas listed in Appendix A2 are plotted in the vertical axis. The
mean value of the ratios between the normalized strengths ob-
tained by Eq. (30) and the ones obtained by formulas found in
Appendix A2 is within the range 0.98e1.17 and the Coefficient of
Variation (CoV - standard deviation divided by the mean) is within
the range 1.63e6.93. Based on these magnitudes one may conclude
that the derived equations (Eq. (27) and Eq. (29)) are valid within

Table 3
Coefficients obtained after the regression of the rbot e q design space for each examined case.

a1 a2 a3 a4 a5 a6 a7 a8 R2

Case 1 �2.33 3.760 0.085 0.193 2.885 �4.786 5.571 �3.304 0.98
Case 2 �4.052 5.196 0.039 0.211 4.814 �16.072 10.168 �5.185 0.99
Case 3 �1.360 2.286 0.033 0.358 1.843 1.947 12.862 �2.052 0.95
Case 4 �1.822 2.809 0.050 0.448 2.105 �3.207 6.185 �2.474 0.99
Case 5 �2.856 4.121 0.050 0.206 3.385 �7.423 6.018 �3.779 0.98
Case 6 �0.234 1.103 0.154 0.461 0.666 11.315 43.344 �0.726 0.84
Case 7 �4.180 5.440 0.148 0.324 4.573 �10.095 4.953 �5.183 0.96
Case 8 �4.558 6.643 0.027 0.625 4.909 �8.885 11.627 �5.969 0.99
Case 9 �5.580 7.910 0.126 0.392 6.060 �18.500 10.066 �7.455 0.97

Fig. 18. Typical regression of rbot e q (Case 1 is presented here).

Table 4
Coefficients of the quadratic response surfaces obtained by fitting the l e b design
space for rtop � 1.0.

C0 C1 C2 C3 C4 C5

a1 1.147759 0.669329 �0.45216 �0.70489 0.072232 0.063254
a2 0.614695 �1.07062 �0.10446 0.728752 �0.0404 0.068752
a3 �0.0006 �0.02904 0.005343 0.013978 0.001564 �0.0013
a4 �0.61656 0.689066 0.280018 �0.85114 0.101858 �0.11255
a5 �3.64E-05 0.000207 �5.52E-05 1.22E-05 �6.10E-05 2.95E-05
a6 �0.00216 0.02902 0.002388 �0.01771 0.001012 �0.00173
a7 0.096375 �0.43017 0.016229 0.577213 �0.05554 0.009999
a8 2.36E-07 �1.73E-07 2.11E-07 �5.89E-07 2.93E-07 �1.57E-07
a9 1.22E-05 �0.00019 1.53E-05 6.20E-05 2.29E-05 �5.51E-06
a10 0.003417 �0.00038 �0.00619 0.001412 �0.00129 0.002169

Table 5
Coefficients of the quadratic response surfaces obtained by fitting the l e b design space for rbot � 1.0.

C0 C1 C2 C3 C4 C5

a1 6.446642 �4.55312 �11.7874 3.359245 0.797845 3.352404
a2 �6.51386 7.13429 13.67234 �6.3308 �0.47027 �4.02905
a3 �0.19173 0.174889 0.283093 �0.20043 0.043078 �0.08076
a4 0.520251 1.285915 �0.56416 �1.05417 0.067774 0.147392
a5 �6.03572 4.357951 11.91719 �2.92656 �1.11515 �3.33293
a6 35.64665 9.038338 �58.7719 �8.34838 3.906891 16.31988
a7 17.32061 102.6833 �41.7847 �74.7277 �9.18012 15.40371
a8 7.320768 �6.55349 �14.0765 5.15767 0.907253 4.033739

Fig. 19. Typical quadratic response surface for the coefficients of the regression over
rtop or bot e q design space.
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the 2D design space l and b. It is noteworthy that the present for-
mula provides approximately the same results as occurs with the
formulation obtained in Zhang and Khan (2009), since the mean is
1.01 and the CoV is 1.63%. This statistical analysis proves the

strength of Design of Experiments (DoE), since the employment of
response surface methods and full-factorial/CCD sampling (mini-
mizing the design space exploration), has led to accurate quadratic
regressions.

A similar statistical analysis has been performed for the case
where rbot � 1.0 by setting rbot ¼ 1.0 and q ¼ 0ο in Eq. (28). Due the
complex nature of the non-linear Lorentzian cumulative functions
in combination with its quadratic polynomial coefficients, it was
impossible to formulate a simple to write empirical model as
occurred with the previous case, for rtop � 1.0 (see Eq. (30)).
Nevertheless, the results from the corresponding statistical analysis
are plotted in Fig. 20b and it can be seen that the mean value of the
ratios and CoVs is within the range 1.02e1.22 and the CoVs are
within the range 5.2e8.98. The results obtained from the formula
derived in Zhang and Khan (2009) seem to be in good agreement as
well for this particular case (mean ¼ 1.05 and CoV ¼ 5.2%). As
previously, it may be concluded that Eq. (30) is valid within the
selected l e b range.

4. Concluding remarks

The effect on non-uniform uniaxial compression of stiffened
panels, arising from their relative location at the ship's section
during hull-girder bending, to their ultimate strength has been
evaluated. The problem of interest is generalized location-wise, by
introducing the displacement ratio and the relative orientation
angle and scantling-wise, by introducing the slenderness ratios. A
wide numerical experimentation programme has been performed
over the formulated 4D design space and subsequently a regression
analysis over the results has been postulated. The simulations have
been performed for stiffened panels with “Tee” shaped profiles and
the validity of all obtained empirical formulas that have been
produced needs further assessment for alternative profile shapes
(i.e. flat-bar, angle, bulb, etc.). Based on the obtained results the
following main concluding remarks may be drawn:

� The formulas proposed in this workmay be used not only for the
refinement of the ultimate bending capacity of a ship hull but
also as a basis for performing refined local buckling checks for
stiffened panels, where currently the stiffener and its attached
plating are considered under uniform thrust, though a certain
degree of non-uniformity is present.

� There is no effect of the orientation of stiffened panels located
near the deck and double bottom to their ultimate strength. This
means that uniform compression loading conditions may be
considered in analytical/numerical/experimental buckling
assessment. In this regard, the ship's ultimate hull-girder
strength will not be affected with current state-of-the-art
calculation tools, since its magnitude is defined when ultimate
deck and bottom have collapsed.

� On the contrary, the closer to the ship's section neutral axis the
stiffened panels are located, the more their orientation affects
their ultimate strength when studied under conditions of non-
uniform compression. Depending on the scantlings, the
magnitude of the angle and the displacement ratio may lead to
buckling under different collapse mode than the one calculated
for uniform compression. For some scantlings studied herein
this difference may be as high as 70e80% when the stiffened
panels are located close enough to the NA.

� The employment of Design of Experiments and Response Sur-
face Methodology has been found powerful with respect to

Fig. 20. Statistical analysis of the reduced empirical models.
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constructing surrogate models for predicting the ultimate
strength of stiffened panels under thrust.

� A quadratic polynomial model has been found quite adequate
for evaluating the ultimate strength of panels subjected to
uniform thrust.

Appendix A1

This section provides in brief the formulas used for compressive
strength calculation of the representative element in the iterativee
incremental method (hull girder ultimate capacity) as provided in
IACS (2019). The equations listed below describe the load-end
shortening curves of stiffeners composing the hull girder trans-
verse section for the three examined buckling modes.

- Beam column (global) buckling:

sCR1 ¼Fsc1
Аs�n50 þ АpE�n50

Аs�n50 þ Аp�n50
(A1.1)

- Stiffener tripping:

sCR2 ¼F
Аs�n50sc2 þ Аp�n50sCP

Аs�n50 þ Аp�n50
(A1.2)

- Web local buckling of stiffeners:

sCR3 ¼F
103bEtn50ReHp þ

�
hwetw�n50 þ bf tf�n50

�
ReHs

103stn50 þ hwtw�n50 þ bf tf�n50
(A1.3)

The magnitudes involved in the above equations are identical to
the ones provided in IACS (2019), so the reader may consult the
respective part of the rules for details.

Magnitude PCSR model is calculated as:

su;CSR ¼minðmaxsCRiÞ; i¼1;2;3 (A1.4)

Appendix A2

This section presents the empirical formulas that have been
constructed by other researchers following a numerical or physical
experimentation programme for evaluating the ultimate strength
under uniform thrust of stiffened panels found in ship structures.
The following formulas have been used for validating the regres-
sionmodels developed in the current studywithin the design space
of su =sy ¼ f ðl; bÞ as provided in section 4.2.

� Empirical formula by Kim et al. (2017):

su
sy

¼ 1

0:8884þ el
2 þ

1

0:4121þ e
ffiffi
b

p (A2.1)

� Empirical formula by Xu et al. (2018):

� Empirical formula by Lin (1985):

su
sy

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:960þ 0:765l2 þ 0:176b2 þ 0:131l2b2 þ 1:064l4

q

(A2.3)

� Empirical formula by Paik and Thayamballi (1997):

su
sy

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:995þ 0:936l2 þ 0:170b2 þ 0:188l2b2 þ 0:067l4

q � 1

l2

(A2.4)

� Empirical formula by Zhang and Khan (2009):

su
sy

¼ 1

b0:28
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:0þ l3:2

q for l �
ffiffiffi
2

p
(A2.5)
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