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a b s t r a c t

A significant development has been made on a new fatigue damage model applicable to Gaussian wide
band stress response spectra using numerical approximation methods such as data processing, time
simulation, and regression analysis. So far, most of the alternative approximate models provide slightly
underestimated or overestimated damage results compared with the rain-flow counting distribution. A
more reliable approximate model that can minimize the damage differences between exact and
approximate solutions is required for the practical design of ships and offshore structures. The present
paper provides a detailed description of the development process of a new fatigue damage model. Based
on the principle of the Gaussian wide band model, this study aims to develop the best approximate
fatigue damage model. To obtain highly accurate damage distributions, this study deals with some
prominent research findings, i.e., the moment of rain-flow range distribution MRRðnÞ, the special
bandwidth parameter mk, the empirical closed form model consisting of four probability density func-
tions, and the correction factor QC. Sequential prerequisite data processes, such as creation of various
stress spectra, extraction of stress time history, and the rain-flow counting stress process, are conducted
so that these research findings provide much better results. Through comparison studies, the proposed
model shows more reliable and accurate damage distributions, very close to those of the rain-flow
counting solution. Several significant achievements and findings obtained from this study are sug-
gested. Further work is needed to apply the new developed model to crack growth prediction under a
random stress process in view of the engineering critical assessment of offshore structures. The present
developed formulation and procedure also need to be extended to non-Gaussian wide band processes.

© 2020 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

At the design stage of an Engineering, Procurement, Construc-
tion, and Installation (EPCI) process for Floating Production Storage
and Offloading units (FPSOs), fatigue damage of the hull and ap-
purtenances is typically calculated by conducting two analyses, the
simplified and spectral fatigue analyses. As the first principle
computational analysis, the spectral fatigue analysis has been rec-
ommended for engineering applications despite of a number of
difficulties, which include a large number of required structural
analyses, excessive computing time, and problems in dealing with
nonlinearities. The spectral fatigue analysis, in conjunctionwith the
linear PalmgreneMiner rule and SeN cure, is commonly adopted

for cumulative damage assessment under the premise that the
Probability Density Function (PDF) of the stress range follows a
Rayleigh distribution if the uni-modal stress response spectrum is
assumed to be a Gaussian narrow band (ABS, 2006; DNV, 2006;
Lloyd, 2002; Miner, 1945).

A number of FPSOs have been installed in theWest Africa oil and
gas field. The field’s site-specific wave characteristics show multi-
peak wave spectra from the combination of a wind sea and
swells, which are statistically independent. The FPSO hull appur-
tenances connected to the subsea slender bodies, such as mooring
lines and production risers, should consider both the hullewave
interaction loads and nonlinear line tension loads as fatigue
loads. The resultant multiple load responses are low frequency
responses such as slowly varying motions, wave frequency re-
sponses, and high frequency responses including vortex induced
vibration and springing. The subsea tendon attached to the Tension
Leg Platform (TLP) hull also undergoes similar multiple load re-
sponses (API, 2005; DNV, 2004a, 2004b).
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Owing to these multiple independent loadings, the stress
response spectra tend to show a wide band distribution and the
stress range PDF would not follow the Rayleigh distribution
anymore. Wirsching and Lightl, (1980) and Rychlik (1993a, 1993b)
addressed when the Rayleigh distribution is applied to wide band
stress response spectra, and the resultant fatigue damages are
extremely overestimated in comparison with the exact solution,
i.e., cycle counting damages. It is widely known that the Rain-Flow
Counting (RFC) method is highly recommended to evaluate fatigue
damage among the various cycle counting methods, such as level
counting, range counting, peak counting, and RFC (Matsuishi and
Endo, 1968; Dowling, 1972; Nelson, 1978; Madsen and Krenk S,
1986). Although the direct RFC stress process provides exact solu-
tions, this approach has many potential problems in view of engi-
neering applications. The RFC analysis requires much time and also
needs a sufficiently long period of stress time history to provide a
reliable analysis result. In this respect, the RFC analysis can be only
used as a reference for the purpose of comparison with several
approximate solutions (Jiao and Moan, 1990).

For design practices and recommendations applied to class rules
and industry codes, wide band fatigue damages have been evalu-
ated by the combination of different wave spectra and wave scatter
diagrams, which is the so-called combined spectrum method. As
the standard deviations and up-crossing rates of the combined
stress process are given in Root Mean Square (RMS) form, this
method is easy to apply. However, the associated total fatigue
damage calculation provides conservatism as the safety design
point of view (DNV, 1999). Further, design fatigue factors as a safety
factor have been additionally applied according to the welding
details and inspection categories when performing spectral fatigue
analysis for offshore structures. From this point of view, it is
reasonable to apply a fatigue damage model for wide band spec-
trum consisting of combined spectra, which provides fatigue
damage almost identical to that of the RFC analysis.

A number of authors have suggested fatigue damage models to
solve the wide band fatigue damage problem. An empirical
correction factor as a fatigue damage model, which is multiplied
with the narrow band fatigue damage, is proposed to correct the
overestimates of narrow band fatigue damage instead of simulating
the time history and counting cycles (Wirsching and Lightl, (1980)).
As this model is simple, it has been widely applied for ships and
offshore structures. It may, however, give rise to uncertainties in
case of bi-modal spectra. Jiao and Moan (1990) and Sakai and
Okamura (1995) have developed alternative models applicable to
the bi-modal two peak spectrum assuming that each peak follows a
narrow band. As this model has certain restrictions, uncertainties
regarding its use remain. Gao and Moan (2008) proposed a model
for predicting fatigue damage of tri-modal spectra, but it provides
good results for clearly separated tri-modal cases (Park and Song,
2015). Other studies were conducted to predict the RFC distribu-
tion. Rychlik (1987) and Krenk and Gluver (1989) suggested
analytical approximations, which were compared with the exact
RFC distribution, but their approximations have difficulties and low
accuracy. Dirlik (1985) proposed an empirical closed form model
made from a linear combination of three PDFs, i.e., one exponential
and two Rayleigh functions. Zhao and Baker (1992) suggested an
approximate model composed of one Weibull and one Rayleigh
PDFs. Benasciutti and Tovo (2005) proposed two Rayleigh PDFs
containing an empirical correction factor. This model provides
more accurate fatigue damages, even though it provides a less ac-
curate PDF. In the case where the slope of the SeN curve becomes
large and the associated spectrum is close to the wide band, the
resultant fatigue damages tend to be underestimated in compari-
son with the RFC distribution. Park (2011) and Park et al. (2014)
presented an improved approximate model made up of one half-

Gaussian and two Rayleigh distributions. The model demon-
strated more accurate results than previous models. In addition,
this model proved to be valid for various tri-modal spectra (Park
and Song, 2015). Kim and thesis (2019) studied a fatigue damage
model applicable to a non-Gaussian process. It was an expansion
model from the single stress range axis to the mean stress axis and
the stress range axis, but it follows existing fatigue damage models
to the stress range axis.

The oil and gas companies strongly want to consider actual sea-
states measured on site for fatigue analysis. The number of actual
sea-states on site applied to FPSO is more than 600,000. Further-
more FPSO has a large number of fatigue sensitive areas for hull and
topside structure. In this respect, it is practically difficult to perform
time-domain fatigue analysis at the FPSO structure design stage.
Moreover frequency-domain fatigue analysis is highly recom-
mended in Class rules and industry codes. For a long period, a
number of approximate models have been presented to resolve the
Gaussian wide band fatigue problem. However, most of them
provide underestimated or overestimated results in comparison
with the RFC analysis. New damage model proposed in this study
can give the best accurate, reliable and time saving fatigue solution
equivalent to the RFC analysis. New damage model based
frequency-domain fatigue analysis can be applied to as an alter-
native to time-domain fatigue analysis for nonlinear offshore fa-
tigue problems. The present paper aims to provide a detailed
description of a new fatigue damage model and presents damage
comparisons according to the Vanmarcke parameter (Vanmarcke,
1972).

Fig. 1 represents the overall procedure for the new model
development. In the first four steps, the prerequisite data process,
which includes the construction of a total of 261 stress spectra,
extraction of stress time series data, and the RFC process, are
conducted to provide input data for construction of the newmodel.
In the 5th and 6th steps, the bandwidth parameter (akÞ and the
special parameter (mkÞ are determined through a number of para-
metric studies with regression analyses by using spectral moments

Fig. 1. Overall procedure for model development.
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(mkÞ. The nth order moment of rain-flow range distribution
(hereinafter MRRðnÞ) equivalent to the RFC distribution is con-
structed through the combination of these parameters. A new
correction factorQC is introduced in the 5th order polynomial form.
QC plays a role in correcting slightly the shape and size of the new
approximate PDF model for the purpose of becoming closer to the
RFC distribution. In the 7th steps, a new empirical closed form
model is constructed from a linear combination of four PDFs, i.e.,
one exponential, one half-Gaussian, and two Rayleigh. The un-
known coefficients in the equations are determined by solving the
simultaneous equations. In the last step, the damage assessments
are compared with several semi empirical models together with
the RFC distribution.

2. Theoretical background

A random process is a function of time. If the statistical char-
acteristics of a random process do not change with time, the pro-
cess follows the stationary Gaussian random process. On condition
that an average of finite time samples can represent those of the
entire random process, such process is said to be an ergodic pro-
cess. The stress amplitude response spectrum SaðuÞ is obtained
from linear superposition of the sea spectrum and stress RAO
(Response Amplitude Operator). The wave amplitude follows a
Rayleigh distribution on the basis of a narrow band, and the
resultant stress amplitude is also assumed to follow a Rayleigh
distribution. The variance s2s (i.e., ss is the standard deviation) of
stress amplitude response spectrum SaðuÞ is calculated as follows:

s2s ¼
ð∞

0

SaðuÞdu (1)

From Eq. (1), the area of SaðuÞ equals to the variance of the
spectrum. The nth spectral moment mn is defined as follows:

mn ¼
ð∞

0

unSaðuÞdu (2)

The probability density function PðaÞ of Rayleigh distribution is
defined in terms of variance s2s and stress amplitude a. As variance
equals to the 0th spectral moment m0, PðaÞ is also written as
follows:

PðaÞ¼ a
s2s

e
�
� a2

2 s2s

�
¼ a
m0

e
�
� a2

2 m0

�
(3)

If variance of stress amplitude spectrum ism0, variance of stress
range spectrum is 4m0. Eq. (3) can be written in terms of stress
range z as follows:

PðzÞ¼ z
4m0

e
�
� z2

8m0

�
(4)

The zero up-crossing frequency v0;f , peak frequency vp;f , and
mean frequency in frequency domain are calculated as follows:

v0;f ¼
1
2 p

ffiffiffiffiffiffiffi
m2

m0

r
; vp;f ¼

1
2 p

ffiffiffiffiffiffiffi
m4

m2

r
; vm;f ¼

m1

m0

ffiffiffiffiffiffiffi
m2

m4

r
(5)

In the time domain, the zero up-crossing frequency v0;t and peak
frequency vp;t are simply calculated using data blocks. The irregu-
larity factor at and af in the time and frequency domains are
defined as follows. If the irregularity factor is approaching 0, it is a
wide band process and it means that the number of peaks is much

greater than that of up-crossings.

at ¼
v0;t
vp;t

; af ¼
v0;f
vp;f

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2
m0m4

s
¼a2 ; ð0�a2 �1Þ (6)

The ratios of zero up-crossing frequency gf ;0, ratios of peak
frequency gf ;p, and ratios of irregularity factors ga are defined as
follows:

gf ;0 ¼
v0;t
v0;f

; gf ;p ¼ vp;t
vp;f

; ga ¼ at
af

(7)

The bandwidth parameters an, Vanmarcke bandwidth param-
eter d, and spectral width parameter ε are defined as follows:

an ¼ mnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0m2n

p ; d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a21

q
; ε ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a22

q
(8)

The spectral density is described by bandwidth parameters.
Bandwidth parameters a1 and a2 are converged to 1, or irregularity
factor d are converged to 0 when the process and its spectrum are a
narrow band, in other words, that process is a narrow band process
when the number of up-crossings is the same as that of peaks.
However, the spectral moments and bandwidth parameters are
used to quantify to what extent a random process is considered to
be a narrow band or wide band.

3. Prerequisite data process

3.1. Construction of stress response spectra

Two types of spectrummodels are considered tomake the stress
response spectra. The first comprises five types of spectra, as shown
in Fig. 2, which was proposed by Benasciutti (2004). Each stress
response spectrum is made under the assumption that the zeroth

order spectral moments (i.e., the variance) of all spectra are taken
as 1000. The bandwidth parameters a1 and a2 are also put in the
range of 0.2e0.9 and 0.1e0.8, respectively. As the stress response
spectra are assumed to be a dimensionless quantity, the resultant
stress process area is also deemed a dimensionless quantity. The
second is a bi-modal spectrum suggested by Lutes and Larsen
(1990). As shown in Fig. 3, the spectrum is ideal and simple, as it
is a rectangular two peak spectrum, consisting of low and high
frequency, and each spectrum is assumed as a narrow band. The
frequency ratio R and spectrum area ratio B of the ideal bi-modal
spectrum in Fig. 3 are defined as below.

R¼uc

ua
¼ud
ub

; B¼A2

A1
¼ h2 ðud � ucÞ
h1 ðub � uaÞ (9)

The mean frequency u1 of low frequency zones and mean fre-
quency u2 of high frequency zones are defined as follows:

u1 ¼
ua þ ub

2
; u2 ¼ uc þ ud

2
(10)

Like the first, this spectrum is made under the assumption that
its variance is taken as 1000 and 500. In this study, the frequency
ratios R and spectrum area ratios B proposed by Park et al. (2014)
are used for creating the spectrum for further comparisons. Using
these two types of spectral models, a total of 261 stress response
spectra are generated and used for processing of the stress time
history.

3.2. Extraction of stress time series data

The inverse fast Fourier transformmethod is used for generating
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the stress time series data from the constructed stress response
spectra. The stress time series sðtÞ is defined as follows:

sðtÞ¼
XN

k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 SðukÞDukcosðukt þ fkÞ

q
(11)

where, Duk ¼ uk � uk�1 , uk ¼ ukþuk�1
2

Where N is a number of frequency division, SðukÞ is stress
response spectrum, and t is time. uk is angular frequency and fk is
phase angle and both are made by a random number equally
distributed within an acceptable range of each variable. When
performing the IFFT, the time increment Dt is significant for
capturing the stress peaks or valleys. For production of the stress
process, the shortest stress period among all stress components
shall be meticulously extractedwithout missing them. According to
the Dirlik’s study (Dirlik, 1985), at least five signals are recom-
mended between peaks and valleys to generate a reliable normal
stress process. In time-domain analysis, time signals should be long
enough to satisfy statistical properties of stationary and ergodic. As
the most important factor for time signals in relation with fatigue
analysis is to get their peak values rather than signal reproduction,
the associated time increment should be fine. According to Park’s
parametric study, time increment of 0.1 s for a spectrum with

maximum frequency of 5 rad/s is chosen to get the peak values
from random signal and the number of frequency division N is
20,000 (Park, 2011). The angular frequency uk is adopted in the
range of 0.5e5 rad/s. Fig. 4 shows the time simulation procedure for
extraction of the stress time history (Dirlik, 1985). This procedure is
used for obtaining a random time series with a sufficiently long
period in the time domain. A period of 3 h of time duration and the
phase angles and frequency intervals are newly defined in one
block. This process is repeated 20 times, creating a random time
history of 60 h. Finally, a total of 10 blocks are conducted and a
random time history of 600 h is constructed (Park, 2011).

3.3. Rain-flow counting process

The RFC process is performed to count the stress ranges and
number of cycles from the extracted stress time series data
(Matsuishi and Endo, 1968). Various cycle counting methods have
been suggested and compared to each other. As a result, the RFC
method is commonly used for time domain analysis and the

Fig. 2. Five types of spectra for the stress response process.

Fig. 3. Ideal bi-modal spectra for the stress response process.

Fig. 4. Flow-chart for random time history simulation.
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standard practices specified in ASTM E1049-85 are widely applied
in the industry (ASTM, 1997). In the RFC process, the number of
one-cycles is counted if the time history makes a perfect envelop
curve, the so-called hysteresis loop. Through the RFC stress and
cycle process for each block, the stress range PDF is obtained, and
the final PDF is constructed by averaging the stress range PDF of 10
blocks. In this study, a 3-points algorithm is adopted to obtain the
stress range distribution of the random time history extracted from
a given spectrum. Fig. 5 presents the comparisons of both the time
series distribution (Fig. 5a) and RFC stress range distribution
(Fig. 5b) for three spectra, i.e., two wide band and one narrow band
spectra.

4. Development of the new fatigue model

4.1. New approximate MRR(n)

MRRðnÞ defined in Eq. (12) is related to the RFC stress range
distribution.MRRðnÞwas originally proposed by Dirlik (1985) and it
expresses the spectral moment of the RFC stress range distribution
normalized by the spectral moments of a standard Rayleigh PDF
with unit variance as follows.

MRRðnÞ¼

ð∞
0
zn PRFCðzÞdz

ð∞
0
zn z exp

�
�z2

2

�
dz

(12)

where n is an integer implying the order of the spectral moment.
According to Dirlik (1985),MRRð1Þ andMRRð2Þ are approximated to
a2 and a1a2, respectively. Park et al. (2014) suggested to approxi-
mate MRRðnÞ through the combination of bandwidth parameters.
The expression was defined by only one type of parameter ak and
did not apply to a higher order ofMRRðnÞ. From this point of view, in
this study, the approximate MRRðnÞ for n ¼ 1e4 is newly proposed
through the combination of three empirical parameters, i.e., one
special bandwidth parameter mk and two bandwidth parameters
ak, as follows.

MRRð1Þz r m�0:96
1 ; MRRð2Þzr m�0: 02

1 ;

MRRð3Þzr m0:52 ; MRRð4Þzr m0:55
(13)

where, r ¼ a1:11 a0:92 , a1 ¼ m1ffiffiffiffiffiffiffiffiffiffi
m0m2

p , a2 ¼ m2ffiffiffiffiffiffiffiffiffiffi
m0m4

p , m1 ¼ m1:01ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0:01m2:01

p ,

m0:52 ¼ m0:53ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0:01m1:05

p , m0:55 ¼ m0:56ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0:01m1:11

p

This expression makes it convenient to apply and can consider a
higher order of MRRðnÞ. The special bandwidth parameter (mk) is a
contributor to help the approximate MRRðnÞ to approach the RFC
stress range distribution. mk also is a type of bandwidth parameter,
as follows:

mk ¼
mðkþ0:01Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m0:01mð2kþ0:01Þ
p where; spectral moment and 0:01

� 2:5; 0:01 interval

(14)

A number of parametric studies with regression analyses be-
tween the RFC stress distribution and a distribution of combined
parameters have been performed to find the best approximate
MRRðnÞ. To find the optimum conditions where the R-square value
between two distributions is close to one, which provides the best
data fitting, various combinations between three empirical pa-
rameters have been experienced. The final data fitting results from
a number of parametric studies with regression analysis are shown
in Fig. 6.

4.2. New correction factor

This study introduces a correction factor (Qc) to make a new PDF
model very close to the RFC distribution. A number of iterative
parametric studies, i.e., both numerical simulations and regression
analyses for the best data fitting, have been conducted. As a result,
it is found that Qc could be dependent on a relationship between
parameter a2 and (a1 � a2Þ, as follows:

If 0< ða1 � a2Þ<1, and 0<a2 <1, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a21

q
>0:3 (15).

Fig. 5. Comparison of between time history and resultant RFC stress response PDF for three spectra according to Vanmarcke parameters. (a) Time history distribution. (b) RFC stress
PDF distribution.

S.-H. Jun and J.-B. Park International Journal of Naval Architecture and Ocean Engineering 12 (2020) 755e767

759



Then, 0:85 � Qc � 1:05
In particular, in case ða1 � a2Þ is larger than or equal to 0.2, if a2

is greater than or equal to 0.2 and is less than or equal to 0.4, then
damage distribution tends to underestimate in comparison with
the RFC distribution. However, in case a2 is greater than 0.2 and is
less than or equal to 0.3, the damage distribution in reversal tends
to overestimate. In case a2 is out of range of the particular case
mentioned, the damage distribution tends to overestimate in the
range of ða1 � a2Þ. Based on this relationship, various parametric
regression analyses have performed to find the 3rd ~ 5th order
polynomial formula appropriate to the best data fitting that R-
square value is close to 1.0. From the results of the regression
analysis under constraints, the best Qc can be defined in the fifth
order polynomial form with a2 and (a1 �a2Þ giving a good rela-
tionship with R-square value of 0.71 as follows.

Qcða1; a2Þ¼ aþ b ða1 � a2Þþ c ða1 � a2Þ2 þd ða1 � a2Þ3

þ e ða1 � a2Þ4 þ f ða1 � a2Þ5 þ g a2 þh a22

þ i a32 þ j a42 þ k a52

(16)

where; a¼0:903 ; b ¼ �0:28 ; c ¼ 4:448 ; d

¼ �15:739 ; e ¼ 19:57 ; f

¼ �8:054 ; g ¼ 1:013 ; h

¼ �4:178 ; i ¼ 8:362 ; j

¼ �7:993 ; k ¼ 2:886

Fig. 7 represents a relationship between the bandwidth pa-
rameters and the correction factor. Through iterative regression
analysis, the accuracy of polynomial formula as a correction factor
is more dependent on the higher order combination of ða1 �a2Þ &
a2 rather than the number of unknown coefficients.

4.3. New PDF model

Based on the model suggested by Park et al. (2014), a new
empirical closed form model is developed from a linear combina-
tion of four PDFs, i.e., one exponential, one half-Gaussian, and two
Rayleigh distributions. When looking carefully through the RFC
distribution for both the Gaussian narrow band and wide band
spectra, it is found that two aspects exist in the RFC stress range
distribution. First, high values of the probability distribution are
frequently located in the way of low stress areas of the x-axis and
their locations also are far away from the Rayleigh distribution.
Second, as fatigue damages are normally distributed in the way of
medium areas, the effects of damage assessment are significantly
governed by the Rayleigh distribution. In this study, both the
exponential and half-Gaussian PDFs are used to solve these aspects
in the RFC distribution. Fig. 8 shows an example representing the
relationship of four PDF distributions in accordance with the stress
range distribution.

An exponential PDF with standard deviation sE is used for
simulating stresses in the way of low areas of stress-axis. A half-
Gaussian PDF with zero mean and standard deviation sH is adop-
ted for simulating in the way of medium areas. Two Rayleigh PDFs
with different standard deviations, i.e., sR for the conventional

Fig. 6. Comparison between the exact and approximate MRRðnÞ. (a) MRR(1). (b) MRR(2). (c) MRR(3). (d) MRR(4).
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Rayleigh and unit variance for the standard Rayleigh, are utilized
for simulating the entire areas. A newly combined damage PDF
model including a correction factor is constructed as follows.

P*ðzÞ¼Qc

"
D1

1
sE

exp
�
� z
sE

�
þD2

z
s2R

exp

 
� z2

2s2R

!

þD3z exp
�
�z2

2

�
þD4

2ffiffiffiffiffiffi
2p

p
sH

exp

 
� z2

2s2H

! # (17)

The variable z is a stress range normalized by two times the
standard deviation due to the dimensionless stress process. Eq. (17)
consists of seven unknown coefficients, i.e., D1eD4, sE , sR, and sH .
An approximate MRRðnÞ is defined as follows:

MRRðnÞ¼

ð∞
0
zn P*ðzÞdz

ð∞
0
zn z exp

�
�z2

2

�
dz

(18)

The denominator of Eq. (18) is re-written as follows:

ð∞

0

zn z exp
�
�z2

2

�
dz¼2

�
n
2

�
G
�
1þn

2

�
(19)

Substituting Eq. (17) in the numerator of Eq. (18), and solving
the four integral expressions, and dividing the four integrals by Eq.
(19), the approximate MRRðnÞ is re-written as follows:

MRRðnÞ¼Qc
�
An D1 snE þD2 snR þD3 þBn D4 snH

�
(20)

where, An ¼ Gð1þnÞffiffiffi
2

p n
G

�
1þn

2

� , Bn ¼ 1ffiffiffi
p

p
G

�
1þn
2

�

G

�
1þn

2

�

To establishMRRð1ÞeMRRð4Þ, seven coefficients are determined
from four simultaneous equations as follows:

MRRð1Þ¼Qc ðA1 D1 sE þ D2 sR þD3 þB1 D4 sHÞ

MRRð2Þ¼Qc

�
A2 D1 s2E þD2 s2R þD3 þB2 D4 s2H

�

MRRð3Þ¼Qc

�
A3 D1 s3E þD2 s3R þD3 þB3 D4 s3H

�
(21)

MRRð4Þ¼Qc

�
A4 D1 s4E þD2 s4R þ D3 þB4 D4 s4H

�

where A1 ¼ Gð2Þffiffiffi
2

p
Gð1:5Þz0:798, B1 ¼ 1ffiffiffi

p
p Gð1Þ

Gð1:5Þz0:637

The following significant assumptions are introduced to solve
Eq. (21):

� Total probability is unit for the 0th spectral moment.

D1 þD2 þ D3 þ D4 ¼ 1 (22)

� Higher order standard deviations of exponential (s2E e s4E) and

half-Gaussian (s2H e s4H) are neglected as these quantities are
small.

� According to Dirlik study (Dirlik, 1985), D1 and D2
1 are taken as

D1 ¼
2
�
a1a2 � a22

�

1þ a22
; D2

1 ¼
Gð2Þffiffiffi
2

p
Gð1:5ÞD1 sE (23)

Fig. 7. Model plot showing the relationship between bandwidth parameters and correction factor.

Fig. 8. Example showing the relationship of four PDF distributions in accordance with
the stress range distribution.

S.-H. Jun and J.-B. Park International Journal of Naval Architecture and Ocean Engineering 12 (2020) 755e767

761



� sR is almost the same as a2 from the Benasciutti (2004) and Park
(2011) studies.

� Unknown coefficients have always positive value.

To prevent a negative value, the constraints and quadratic for-
mula are considered as follows:

D2 >0 ; MRRð2Þ>MRRð3Þ

D3 >0 ; MRRð1Þ< MRRð3Þ
MRRð2Þ

sH > 0 ; MRRð1Þ> D2
1 þ D2 sR þ D3 (24)

sH >0 ; sR >
�
MRRð2Þ þ D2

1

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
MRRð2Þ þ D2

1

�2 þ 4 ðMRRð2Þ �MRRð3ÞÞ
r

2

From Eq. (21)eEq. (24) and the assumptions, seven coefficients
are derived as follows:

D1 ¼
2
�
a1a2 � a22

�

1þ a22
; D2 ¼ MRRð2Þ �MRRð3Þ

s2R ð1� sRÞ
;

D3 ¼
�sR MRRð2Þ þ MRRð3Þ

ð1� sRÞ
; D4 ¼1� D1 � D2 � D3

(25)

sR ¼a2 ; sH ¼ 1
B1 D4

�
MRRð1Þ �D2

1 �D2 sR �D3

�
;

sE ¼
1

A1 D1
ðMRRð1Þ �D2 sR �D3 �B1 D4 sHÞ

Substituting Eq. (25) in Eq. (21), the approximate
MRRð1ÞeMRRð4Þ is determined. Adding the new PDF model to the
conventional damage formulation, the fatigue damage is yielded as
follows:

D¼Qc
Td vp
a

ð∞

0

P*ðzÞzmdz (26)

where Td is short-term duration period, vp is peak frequency, m is
negative slope of the SeN curve, and a is the intercept of the SeN
curve. Substituting Eq. (17) in Eq. (26), the new fatigue damage
equation for Gaussian wide band stress response spectra is finally
constructed as follows:

D¼Qc
Td vp
a

�
2

ffiffiffiffiffiffiffiffiffiffi
2m0

p �m" D1� ffiffiffi
2

p �m sm
E Gð1þmÞ

þD2 sm
R G
�
1þm

2

�
þD3G

�
1þm

2

�
þ D4ffiffiffiffi

p
p sm

HG
�
1þm

2

�#

(27)

5. Result comparisons

5.1. Application of five types of spectra

The new fatigue damage model is compared with the RFC dis-
tribution and with several approximate models, i.e., Park (2011),
Dirlik (1985), and Benasciutti (2004), which are known to estimate
well the stress range distribution. Fig. 9 shows comparisons of the
differences between the RFC stress range distribution and four
approximate models. Three cases are considered according to the
bandwidth parameters (a1 and a2) and Vanmarcke parameter d.
Fig. 9a shows the highest area of the wide band spectra, Fig. 9b
presents a middle area of the wide band spectra, and Fig. 9c is a
narrow band spectra. As shown in the figures, the new model fol-
lows very well the traceability of the RFC distribution for all spectra.
In the cases of Fig. 9a and b, the comparison models show distri-
butions far away from the RFC distribution in low stress areas. In
the case of Fig. 9c, the Park and Dirlik models show some good
agreements, but the Benasciutti model still shows a discrepancy in
the way of low stress areas. All models, however, show good cor-
respondence in areas greater than the middle stress. Table 1 shows
the error rates between RFCmethod and approximatemodels using

Fig. 9. Comparison of PDF distributions between the RFC method and four approximate models according to the bandwidth and Vanmarcke parameters. (a) a1 ¼ 0:3, a2 ¼ 0:2,
d ¼ 0:95. (b) a1 ¼ 0:6, a2 ¼ 0:5, d ¼ 0:80. (c) a1 ¼ 0:9, a2 ¼ 0:7, d ¼ 0:44.
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RMS average method in Eq. (28). As the result, new model follows
RFC stress distribution very well compared to other approximate
models and shows good accuracy and reliability.

Fig. 10 presents comparisons of damage distributions normal-
ized by RFC damages between the new model and several
approximate models for five types of spectra. The slope of the SeN
curvem is considered for 3 and 5 respectively. Form¼ 3, all models
provide good results overall within ±10% of damage difference. The
newmodel shows that the damages have good accuracy in the way
of 1.0 of damage reference, and the damages in areas where d is
greater than 0.85 are overestimated or underestimated within ±5%
of error boundary. The Park model also presents good results.
However, the damages in areas where d is greater than 0.95 are
overestimated by more than 10%. The Dirlik model shows that
damages in areas where d greater than 0.6 are underestimated by
more than 10%. The Benasciutti model also presents good accuracy.
However, the damages in areas where d is greater than 0.7 are
underestimated within 5%. Similarly, for m ¼ 5, the new model
shows good results, similar to those with m ¼ 3. The Park model
provides good accuracy. However, the damages in areas where d is
greater than 0.95 are overestimated by more than 10%. The Dirlik
model shows that damages in areas where d is between 0.7 and
0.95 are underestimated by more than 10%. In the case of the
Benasciutti model, damages in areas where d is between 0.7 and
0.85 are underestimated by more than 10% of error.

5.2. Application of bi-modal spectra

Fig. 11 shows comparisons of damage distributions normalized
by the RFC damages between the new model and several approx-
imatemodels for ideal bi-modal spectra. The slope of the SeN curve
m is considered for 3 and 5 respectively. For m ¼ 3, all models
provide good results overall within ±10% of damage error bound-
ary. In the case of the new model and Park model, the damages are
overestimated in band areas where d is greater than 0.6. The Dirlik
model shows that the damages are underestimated in areas where
d is greater than 0.6. The Benasciutti model shows that the damages
are underestimated in specific band areas where d is between 0.4
and 0.8. For m ¼ 5, the Park model shows good results similar to
thosewithm¼ 3. The newmodel yields damages that are adversely
underestimated within 10% of error in areas where d is greater than
0.6. The Dirlik model shows that damages are underestimated by
more than 10% of error in areas where d is greater than 0.4. In case
of the Benasciutti model, the damages are similarly underestimated
by more than 10% of error in areas where d is greater than 0.4. The
comparison results are summarized in Table 2. The RMS average
method is used for damage error estimation, setting the RFC
damages to 1.0 because all calculated damages are normalized by
rain-flow counting damage as follows:

RMS average ¼
ffiffiffiffiffiffiffiffiffiffiffiffiP

X2
i

N

s
(28)

where Xi ¼ damage error of ith spectrum ¼ 1:0� ith damage, N ¼
total number of spectra.

As presented in Table 2, the new model provides relatively low

damage error rates for all spectra. The Park model shows better
accuracy for bi-modal spectra rather than for five types of spectra.
In the case of the Dirlik model, the damage error rates for five types
of spectra are relatively larger than those in the other models, but it
provides low error rates for bi-modal spectra with m ¼ 3. The
Benasciutti model presents good accuracy form¼ 3, but it presents
unfavorable results for m ¼ 5. As another way for damage error
estimation, the weighting method is considered to verify whether
damages calculated from approximate models are underestimated
or not. Weighting factor of 1.5 is especially used for negative
damage errors to increase the underestimated damage effect as
follows:

Weighed Damage Error Rates ¼
PðXi WiÞ

N
(29)

where Xi ¼ damage error of ith spectrum, Wi ¼ weighting factor
(1.5 for negative error and 1.0 for positive error), N ¼ total number
of spectra.

As shown in Table 3, the accuracy of all approximate damage
models is clearly validated. From the comparison result, it is
confirmed that newmodel shows the lowest design risk rather than
other models.

5.3. Application of actual response spectra from mooring simulation

For the validation of newmodel, actual response spectra applied
to FPSO spread mooring system are taken into account (Park, 2011).
Sixteen (16) mooring lines as shown in Fig.12a are attached to FPSO
and the representative four (4) environmental conditions are
considered for mooring analysis. Fig. 12b shows an environmental
condition reflecting two wave spectra and one wind spectrum. A
total of 64 response spectra are calculated from mooring simula-
tion. Fig. 12c shows a response spectrum of a mooring line. The
fatigue damage calculation is performed for approximate models
and damages are compared as shown in Fig. 13. The damage dis-
tribution of newmodel is similar as the Parkmodel and shows good
results within ±10% of damage difference. The Dirlik model shows
that damages are underestimated overall. The Benasciutti model
shows good accuracy in areas where d is less than 0.9 form ¼ 3 but
underestimated by more than 10% overall for m ¼ 5. Table 4 shows
the comparison of damage error rates for actual response spectra
using RMS average.

6. Conclusion

In this study, a new fatigue damage model for Gaussian wide
band stress response spectra has been developed on the basis of the
basic principles of the approximate model. The high accuracy of the
newly proposed model has been validated in comparison with
several well-known approximate models and with the RFC distri-
bution obtained from enormous time-domain simulations of the
Gaussian process. The SeN curves and Miner’s rule are incorpo-
rated into the new model without any assumption. The several
significant achievements and findings obtained from this study are
summarized as follows.

Table 1
Summary of error rates for three PDFs using the RMS average method. Unit: [%].

Probability Density Function New model Park model Dirlik model Benasciutti model

a1 ¼ 0:3, a2 ¼ 0:2, d ¼ 0:95 20.7 34.5 54.2 60.6
a1 ¼ 0:6, a2 ¼ 0:5, d ¼ 0:80 4.9 10.5 13.8 22.2
a1 ¼ 0:9, a2 ¼ 0:7, d ¼ 0:44. 13.6 11.9 17.2 29.5
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� Prerequisite data processes, i.e., creation of various stress
spectra, extraction of stress time series data, and the RFC pro-
cess, are conducted to construct the new model. This has been
verified for five types of spectra and for the ideal bi-modal
spectra.

� MRRðnÞ equivalent to the RFC distribution are developed
through the combination of bandwidth parameters and the
special bandwidth parameter newly introduced.

� A new empirical closed form is constructed from a linear com-
bination of four types of PDFs.

� A new correction factor is developed in the 5th order poly-
nomial form. It plays an important role in correcting slightly
shape and size of the new PDF.

� From a comparison study, it is verified that the new model
provides reliable and accurate fatigue damages, very close to the
RFC distribution, in the entire range of the Vanmarcke param-
eter for both narrow and wide band spectra. For m ¼ 3, all

Fig. 10. Comparison of fatigue damage ratios between the new model and several approximate models for five types of spectra and m ¼ 3 & 5. (a) New model. (b) Park model. (c)
Dirlik model. (d) Benasciutti model.
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models provide good results within ±10% of damage error
boundary. However, form¼ 5, several models present relatively

unfavorable results, with more than 10% of error boundary.
Although the fatigue damages predicted by several approximate

Fig. 11. Comparison of fatigue damage ratios between the new model and several approximate models for ideal bi-modal spectra and m ¼ 3 & 5. (a) New model. (b) Park model. (c)
Dirlik model. (d) Benasciutti model.

Table 2
Summary of damage error rates for four approximate models using the RMS average method. Unit: [%].

Five types of spectra Ideal bi-modal spectra

New
model

Park
model

Dirlik
model

Benasciutti
model

New
model

Park
model

Dirlik
model

Benasciutti
model

m ¼ 3 2.35 5.46 7.44 3.15 3.78 4.07 3.73 2.10
m ¼ 5 6.73 8.94 12.3 9.83 4.07 4.9 8.62 7.76
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models are slightly underestimated or overestimated for specific
spectral band areas, these approximate models provide reliable

fatigue damage predictions for all the spectra considered in this
study.

� Two significant aspects from the viewpoint of engineering ap-
plications are recommended at the initial design stage of ships
and offshore structures. First of all, it is necessary to verify the
spectral bandwidth parameters for a wide band fatigue analysis.
Second, a spectral fatigue analysis based on the Rayleigh dis-
tribution can be applied for a Vanmarcke parameter less than
0.5.

Table 3
Summary of damage error rates for four approximate models using the weighting method. Unit: [%].

Five types of spectra Ideal bi-modal spectra

New
model

Park
model

Dirlik
model

Benasciutti
model

New
model

Park
model

Dirlik
model

Benasciutti
model

m ¼ 3 0.22 �1.95 �8.26 �2.89 2.66 2.43 �2.37 �1.43
m ¼ 5 �5.34 �6.77 �13.00 �10.26 0.42 0.84 �7.26 �7.66

Fig. 12. Mooring line and FPSO wave data for fatigue damage comparison. (a) Mooring line arrangement of FPSO. (b) Environmental condition used for mooring analysis. (c) A
response spectrum of a mooring line obtained from mooring analysis.

Fig. 13. Comparison of fatigue damage ratios between the new model and approximate models for actual response spectra. (a) m ¼ 3. (b) m ¼ 5.

Table 4
Summary of damage error rates of for actual response spectra. Unit: [%].

New
model

Park
model

Dirlik
model

Benasciutti
model

m ¼ 3 3.87 5.12 12.04 2.44
m ¼ 5 7.55 7.11 21.35 13.75
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Further work is needed to apply the new developed model in
crack growth prediction under a random stress process in view of
the engineering critical assessment of offshore structures. The
present developed formulation and procedure also need to be
extended in the future to non-Gaussian wide band processes.
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