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a b s t r a c t

The coordination control of multiple Underactuated Underwater Vehicles (UUVs) moving in three
dimensional space is investigated in this paper. The coordinated path following control task is decom-
posed into two sub tasks, that is, path following control and coordination control. In the spatial curve
path following control task, path following error dynamics is build in the Serret-Frenet coordinate frame.
The virtual reference object can be chosen freely on the desired spatial path. Considering the speed of the
UUV, the line-of-sight navigation is introduced to help the path following errors quickly converge to zero.
In the coordination control sub task, the communication topology of multiple UUVs is described by the
graph theory. The speed of each UUV is adjusted to achieve the coordination. The path following system
and the coordination control system are viewed as the feedback connection system. Input-to-state stable
of the coordinated path following system can be proved by small gain theorem. The simulation exper-
iments can further demonstrate the good performance of the control method.

© 2020 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

For the Underactuated Underwater Vehicle (UUV), the path
following control and the coordination control are two important
problems. For the path following control problem, the path is in
three-dimensional space. The virtual target points on the path are
not constrained by time. A path can be represented by the math-
ematical expression: P : s/R3; s2½0; S�; S2Rþ, where s represents
time. s is a independent path parameter. The control objective for
the path following problem is that: the UUV can reach and follow a
smooth given spacial path from a given initial state. When the UUV
performs specific tasks in deep water, the linear path following
control can no longer meet the task requirements. Therefore, we
need to study the spacial curve path following control problem.

Many scholars are devoted to the research of the path following
control method. In 2011, Lionel Lapierre proposed an improved
method to generate a desired path. This method is based on Lya-
punov stability theory and backstepping control technique. The
efficiency of path following is improved by this method (Xiang

et al., 2011). In the same year, Børhaug considered the problem of
path following control for underactuated surface vessels with un-
known ocean current disturbance. The proposed controllers are
designed based on line-of-sight guidance, adaptive control, and
cascaded systems theory. The controllers can drive the vessels to
move along the desired paths. The formation control target is
achieved by adjusting the vessels’ speed (Børhaug et al., 2011). In
2012, Liljeback proposed a path following controller that enables
snake robots to track straight paths. Using cascaded systems theory,
the proposed path following controller is proved to be К-expo-
nentially stable. The snake robot can move to any desired straight
path under the assumption that the forward velocity is nonzero and
positive (Liljeback et al., 2012). Zhi-Yong Liu proposed the path
following algorithm to solve the matching problems on undirected
graph models and exhibited a state-of-the-art performance on
matching accuracy (Liu et al., 2012). In 2013, Dinh studied an
inexact perturbed path-following algorithm in the framework of
Lagrangian dual decomposition for solving large-scale separable
convex programming problems. Unlike the exact versions consid-
ered in the literature, Dinh propose to solve the primal sub-
problems inexactly up to a given accuracy (Dinh et al., 2013). In
the same year, Alessandretti addressed the design of model pre-
dictive control laws to solve the trajectory-tracking problem and
the path-following problem for constrained underactuated
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vehicles. By allowing an arbitrarily small asymptotic tracking error,
Alessandretti derive model predictive control laws. The size of the
terminal error set is only limited by the size of the system con-
straints set (Alessandretti et al., 2013). In 2015, Fossen presented a
nonlinear adaptive path-following controller that compensates for
drift forces through vehicle sideslip. The proposed algorithm is
motivated by a line of sight guidance principle used by ancient
navigators, which is extended to path following of Dubins paths
(Fossen et al., 2015). In paper (Kaminer et al., 2015), path following
relies on the augmentation of existing autopilots with L1 adaptive
output feedback control laws to obtain inner-outer loop control
structures with guaranteed performance. In 2016, Faulwasser
considered the tracking of geometric paths in output spaces of
nonlinear systems subject to input and state constraints without
prespecified timing requirements (Faulwasser and Findeisen,
2016). In 2017, Wen Xing designed the topology of leader-
follower architecture as a combination of an undirected graph be-
tween followers and a digraph between leaders and followers (Xing
et al., 2017).

The coordination control method of multiple UUVs is mainly
divided into two types: analytic method and algorithmic method.
Based on the mathematical tools, the analytic method rigorously
analyzes coordination control behavior, including leader following
strategy (Loria et al., 2016; Mariottini et al., 2015), virtual structure
approach (Askari et al., 2015), artificial potential method (Ruchti
et al., 2015), decentralized coordinated control (Li et al., 2010;
Antonelli et al., 2014), and so on. In (Loria et al., 2016), Loria
assumed that only one swarm leader robot has the information of
the reference trajectory. The proposed controllers are partially
linear time-varying. The main results ensure the uniform global
asymptotic stabilization of the closed-loop system. In (Mariottini
et al., 2015), Mariottini employed an Extended Kalman Filter for
the estimation of each follower position and orientation with
respect to the leader and adopted a feedback linearizing control
strategy to achieve a desired formation. The leader follower for-
mation control only need the leader’s trajectory. And then, the
whole robots will be controlled. Therefore, its formation control
structure is simple and widely used. But there is no feedback from
the followers to the leader. When the leader is disturbed, the whole
system of the formationwill likely collapse. In (Askari et al., 2015), a
new formation flying approach based on virtual structure is pre-
sented. The control laws for formation control are designed based
on both classical theory and inverse dynamics. The virtual structure
method is easy to determine the formation behavior of the whole
group. It is easy to maintain the formation. Because the formation
feedback exists, it prevents themembers from leaving the team. But
the formation is required to remain in the same virtual structure,
lacking flexibility and adaptability. When the formation needs to be
changed, its application is greatly limited. In (Ruchti et al., 2015),
artificial potential fields provide a computationally efficient solu-
tion to the problem of collision avoidance. The advantage of the
artificial potential method is that: the algorithm is intuitive and
effective, the calculation is simple and easy to realize real-time
control. Especially, it can effectively deal with obstacle avoidance
and collision avoidance with obstacle constraints. The shortcoming
lies in the existence of the local minimum, so it is difficult to design
the proper potential field function. In (Li et al., 2010), the control of
multi-agent systems is considered as decentralized control and
coordination of agents. In (Antonelli et al., 2014), the solution is
proven to work in the case of strongly connected non-switching
topologies and in the case of balanced strongly connected switch-
ing topologies.

The algorithm method does not require strict mathematical
specifications, and mainly uses digital simulation to observe for-
mation control behavior, such as behavior based formation control

(Xu et al., 2014; Gao et al., 2012). In (Xu et al., 2014), a behavior-
based control design approach is proposed for both efficient
initial formation and formation control while avoiding obstacles. In
(Gao et al., 2012), Five sub-behaviors called move-to-goal, avoid-
obstacles, swirl-obstacle, keep-formation and random-noise were
designed for the formation control mission. The behavior based
formation method has the advantage that when the robot has
multiple competing targets, it is easy to obtain the overall control
strategy. Since the robot can sense the response according to the
other robots’ positions, there is a definite formation feedback in the
system. In addition, the reactive behavior in the system can bring
better real-time performance, and has some advantages in robot
collision avoidance and obstacle avoidance. The main drawback is
that the overall behavior of the formation can not be clearly
defined, and it is difficult to analyze with accurate mathematical
methods. The stability of the formation can not be guaranteed. In
(Ghabcheloo et al., 2009), the coordinated path-following problem
in the presence of communication losses and time delays is dis-
cussed. In (Bai et al., 2017), the distributed formation control of
fractional-order multi-agent systems with absolute damping and
communication delay is considered.

The coordinated formation control is generally divided into two
types: leader-follower control and distributed control. For the
leader-follower control, the leader robot should be controlled
moving along a desired path. At the same time, the follower robots
must maintain a desired geometric formationwith the leader robot.
The leader-follower control requires each follower communicate
with the leader. Once the leader robot fails, it will lead to the failure
of the formation control. For the distributed control, each robot has
equal status. The robots can transmit information to each other.
And then, a communication topology can be established. Under the
communication topology, coordinated control laws are designed
for each robot to achieve the formation objective. Distributed
control can avoid formation failure caused by the broken leader in
leader-follower control. The distributed control method is flexible.
The formation convergence speed is fast for the distributed control.
But there are also some shortcomings: the increase of communi-
cation, the increase of energy consumption of the system, and the
stricter requirement of the distance between robots, and so on.

The early formation control of multiple UUVs requires only the
relative position or distance information among multiple UUVs.
The path of a single UUV wasn’t restricted. When performing
special tasks, such as subsea pipeline inspection, seabed maps’
establishment, the UUVmust follow a specified path. Obviously, the
traditional formation controller can not solve such a special for-
mation problem. On the basis of the above research work,
combining path following and coordination control together, a new
distributed controllers for formation control of multiple UUVs are
proposed in this paper. The proposed controller can guarantee that
each UUV moves on the desired path and the whole team maintain
the required formation in three-dimensional space. The dynamic
model of the UUV in three-dimensional space in (Jia, 2012) is used
for reference. The time variation and boundedness of the hydro-
dynamic coefficients are sufficiently taken into account. In the
aspect of the controller design, the path following control is carried
out firstly, and then the speed is adjusted to achieve the formation
requirement. Based on the Lyapunov theory and backstepping
technique, the optimal motion planning problem is solved by the
control method. From the actual situation of the UUV, the path
following and the coordination control are implemented simulta-
neously. Based on the Lyapunov stability theory, the error signals of
the path following and the coordination in the multiple UUVs’
closed-loop system are proved asymptotically converge to zero.
Finally, the simulation experiment proves the good effect of the
control method.
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The contributions of this paper are described as follows.

(1) The path following error dynamic system in three dimen-
sional space is established in Serret-Frenet frame. Based on
the line of sight navigation, the path following control law is
designed. Moreover, the time variation and boundedness of
hydrodynamic coefficients are fully taken into account. The
designed path following controller can converge the path
tracking error to zero asymptotically.

(2) Based on the graph theory, the algebraic expression of the
coordination error dynamic system is given in this paper.
And the coordinated control error converges to zero
asymptotically by adjusting the speed of the UUV.

(3) The path following subsystem and the coordinated control
subsystem are interconnected. Based on the small gain the-
ory, it can be proved that the interconnected system is input-
to-state stable.

The rest of the content of this paper is structured as follows:
Section 2 presents the dynamic model of the i th UUV in three
dimensional space. The path following controller for the i th UUV is
introduced in Section 3. The coordinated controller for multiple
UUVs is introduced in Section 4. Simulation experiment and anal-
ysis are introduced in Section 5. Section 6 summarizes and gener-
alizes the full text.

2. Model description

In this section, the dynamic model of the i th UUV in three
dimensional space is introduced.

Considering a group of n UUVs, Fig. 1 shows the path following
reference frame of the i th UUV. i ¼ 1;2; /; n. fUg denotes the
earth-fixed frame of all UUVs. fFig and fBig denote the Serret-
Frenet frame and the body-fixed frame of the ith UUV respec-
tively. Qi is the centre of gravity for the i th UUV. Qi is chosen to

coincidewith the origin QBi
of fBig. ½xi; yi; zi�Tdenotes the position of

the point Qi in fUg. ½4i; qi;ji�T denotes the orientation of the point

Qi in fUg. ½ui; vi;wi�T is the vector of vehicle’s velocities expressed in

fBig. ½pi; qi; ri�Tis the vector of vehicle’s angular velocities expressed
in fBig.

Define gQi
¼ arctanð _yi = _xiÞ as the track angle, cQi

¼ �
arctanð _zi =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_x2i þ _y2i

q
Þ as the float angle, ai ¼ arctanðwi =uiÞ as the

attack angle, and bi ¼ arctanðvi =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2i þw2

i

q
Þ as the side-slip angle,

ui >0. Then the equations ji ¼ gQi
� bi and qi ¼ cQi

� ai are

established. Let vi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2i þ v2i þw2

i

q
be the resultant velocity. The

kinematic equations of the ith UUV could be modeled as follows
(Jia, 2012):

_xi ¼ vi cos gQi
cos cQi

_yi ¼ vi sin gQi
cos cQi

_zi ¼ vi sin cQi

_cQi
¼ qi þ _ai

_gQi
¼ _ri=cos qi þ _bi

(1)

The dynamic model of the i th UUV is written in the actuated
directions as follows:

Txi ¼ mui
_ui þ dui

0 ¼ mvi _vi þmuiriuiri þ dvi
0 ¼ mwi

_wi þmuiqiuiqi þ dwi

MTzi
¼ mri _ri þ dri

MTyi
¼ mqi _qi þ dqi

(2)

where, mui ¼ mi � X _ui
, mvi ¼ mi � Y _vi , mwi ¼ mi � Z _wi

, mri ¼ Izi �
N _ri , mqi ¼ IYi

�M _qi muiri ¼ mi � Yuiri , muiqi ¼ mi � Zuiqi , dui ¼ �
Xu2

i
u2i � Xv2i

v2i � Xw2
i
w2

i � Xq2i
q2i , dvi ¼ � Yuivi uivi � Yjvijvi jvijvi, dwi ¼ �

Zuiwiuiwi � Zjwijwi
jwijwi � mizgi q

2
i ,

dri ¼ �Nuivi uivi �Nvijvijvijvij � Nuiriuiri

dqi ¼ �Mqijqijqijqij �Muiqiuiqi �Muiwiuiwi þ
�
zgiWi � zbi

Bi
�
sin qi

þmizgiðwiqi � viriÞ

wheremi and mð,Þ are the mass and the associated mass of the i th
UUV respectively. Txi , MTzi

and MTyi
are the torque signals respec-

tively which are provided by the actuators. Xð,Þ Yð,Þ Zð,Þ, Mð,Þ and
Nð,Þ are the hydrodynamic coefficients respectively. jvijvi, jwijwi,
jqijqi denote that their signs are determined by the direction of vi,
wi, and qi, and their size are proportional to vi, wi, and qi. Ið,Þ is the
moment of inertia. zgi is the centre of gravity’s position in fBig. zbi is
the centre of buoyancy’s position in fBig. Wi and Bi are the gravity
and the buoyancy of the i th UUV respectively.

Remark 1. In practical engineering applications, the response of
the actuators and propellers is much more quickly than that of the
UUV system. Therefore, their dynamics is reasonably neglected in
this paper and their trivial effects are considered as unmodeled
dynamics.

Assumption 1. The sway and the dive velocities of the ith UUV are
passive-bounded in the sense that jvij<Bvi and jwij<Bwi where Bvi
and Bwi are unknown constants.

Assumption 2. The position, orientation, and velocities of all
UUVs in all degrees of freedom are available for feedback in real-
time.

Remark 2. The velocity of a UUV is finite, so its components vi and
wi are also bounded. In the controller designing process, it is
reasonable to set the upper limits of vi and wi as finite constants.
The UUV is usually equipped with position sensor, orientation
sensor, and velocity sensor. And thus, we can receive these sensors’
data in real time as inputs of the controllers. The sensors on the
UUV can be used to sense the environment and their own state, but
also to complete the corresponding oceanographic survey tasks.Fig. 1. Path-following reference frame for the ith UUV.
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3. Path following problem for the i th UUV

The i th UUV’s motion model in fFig -frame (Serret-Frenet
frame) is studied in this section. fFig -frame is defined based on the
desired path. Pi is a arbitrary point on the i th desired path. The
direction of x1i

is the tangent direction of point Pi along the path.
The direction of y1i

is perpendicular to the direction of x1i
. Then

there is z1i
such that z1i

¼ x1i
� y1i

. Pi � x1i
y1i

z1i
is the fFig-frame.

The coordinate of Qi in fFig- frame is ½x1i
; y1i

; z1i
�T.

The kinematic equations of the ith UUV in fFig-frame could be
modeled as follows (Jia, 2012):

_x1i
¼ y1i

c1i
ðsiÞ _si � z1i

c2i
ðsiÞ _si þ vi cos jei cos qei � _si

_y1i
¼ �x1i

c1i
ðsiÞ _si þ vi sin jei cos qei

_z1i
¼ x1i

c2i
ðsiÞ _si � vi sin qei

_jei ¼ ri=cos qi þ _bi � c1i
ðsiÞ _si

_qei ¼ qi þ _ai � c2i
ðsiÞ _si

(3)

where jei and qei are orientation errors in fFig-frame. c1i
ðsiÞ and

c2i
ðsiÞ are the path curvature. si is the parameter of the ith path. In

general, si is the ith UUV’s travel distance on the ith desired path.
In fFig-frame, Pi is an arbitrary point on the ith desired path. This

breaks a strict constraint on the ith UUV’s initial position. From Eq.
(3), a kinematic controller is derived by adopting the angular speed
ri and qi as virtual control inputs. The controller designed in Section
3.1 will drive errors x1i

, y1i
, z1i

, jei and qei to 0.

3.1. Path following controller based on the kinematic model of the
ith UUV

This section derives a kinematic controller for the ith UUV. For
moving on the desired path in a short time, we select line of sight
angles for the ith UUV with the following form:

djei

�
y1i

�¼ arcsin
�
� k1i

y1i

.�
y21i

þ ε1i

��
(4)

dqei

�
z1i

�¼ arcsin
�
k2i

z1i

.�
z21i

þ ε2i

��
(5)

where k1i
>0, k2i

>0, ε1i
>0 and ε2i

>0 are parameters of line of

sight angles. k21i
� 4ε1i

� 0 and k22i
� 4ε2i

� 0 ensure the existence

of the angles detailed in (4) and (5).
The ith path to be followed by the ith UUV is parameterized by

its curvilinear abscissa si, and for each si the variables x1i
, y1i

, z1i
, jei ,

qei , c1i
and c2i

are well defined. The control laws are designed as
follows:

ri ¼ cos qi
�
� k3i

�
jei � djei

�
� _bi þ c1i

ðsiÞ _si þ _djei

�
; k3i

>0 (6)

qi ¼ � k4i

�
qei � dqei

�
þ c2i

ðsiÞ _si þ _dqei
� _ai; k4i

> 0 (7)

_si ¼ vi cos jei cos qei þ k5i
x1i

; k5i
>0 (8)

Theorem 1. The kinematic model of the ith UUV is expressed as (1).
The path following error model in Serret-Frenet coordinate is
expressed as (3). The line of sight angles are expressed as (4) and (5).

For the ith given desired path Si, choose control laws which are
described in (6), (7) and (8). Then the tracking error

½x1i
; y1i

; z1i
;jei ; qei �T converges to ½0;0;0;0;0�T asymptotically for any

initial position Qi.

Proof 1. Firstly, consider a Lyapunov function candidate for the ith
UUV:

V1i
¼
�
jei � djei

�2 .
2 (9)

The derivative of V1i
is calculated as follows:

_V1i
¼
�
jei � djei

��
_jei � _djei

�

¼
�
jei � djei

��
ri = cos qi þ _bi � c1i

ðsiÞ _si � _djei

� (10)

By substituting (6) into (10), one obtains

_V1i
¼ � k3i

�
jei � djei

�2 � 0 (11)

V1i
is a positive monotone non increasing function whose upper

bound is lim
t/∞

V1i
¼ lim

t/∞
ðjei � djei

Þ2 =2 ¼ limax
. €V1i

¼
2k23i

ðjei � djei
Þ2 � 0. The upper bound of €V1i

is €V1i
¼

2k23i
ðjei � djei

Þ2 ¼ 4k23i
limax

. €V1i
is bounded. Then _V1i

is uniformly

continuous. Using Barbalat lemma, we can get:

lim
t/∞

_V1i
¼00 lim

t/∞
jei ¼ lim

t/∞
djei

(12)

Secondly, consider a new Lyapunov function candidate:

V2i
¼
�
qei � dqei

�2 .
2 (13)

The derivative of V2i
is calculated as follows:

_V2i
¼
�
qei � dqei

��
_qei � _dqei

�
¼
�
qei � dqei

�

�
�
qi þ _ai � c2i

ðsiÞ _si � _dqei

�
(14)

By substituting (7) into (14), one obtains

_V2i
¼ � k4i

�
qei � dqei

�2 � 0 (15)

Using Barbalat lemma ((Jia, 2012)), we can get:

lim
t/∞

_V2i
¼00 lim

t/∞
qei ¼ lim

t/∞
dqei

(16)

Under the guidance of the line of sight angle djei
and dqei

, the ith

UUV’s trajectory asymptotically converges to the invariant set:

n
U1i

����x1i
; y1i

; z1i

�
2R3;jei ¼ djei

; qei ¼ dqei

o
(17)

Therefore, x1i
, y1i

, z1i
, jei , and qei are bounded.

Thirdly, consider a new Lyapunov function candidate:

V3i
¼
�
x21i

þ y21i
þ z21i

�.
2 (18)

The derivative of V3i
is calculated as follows:
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By substituting (8) into (19), one obtains2

In general, qei2ð� p =2;p =2Þ, so cos qei ¼ cos dqei >0. From (20),

we know that _V3i
� 0. ðx1i

;y1i
;z1i

Þ ¼ ð0;0;0Þis the system equilib-
rium point. The system trajectory will asymptotically converge to
the invariant set:

n
U2i

����x1i
; y1i

; z1i

�¼03;jei ¼ djei
; qei ¼ dqei

o
(21)

Then the following results are deduced.

lim
t/∞

jei ¼ lim
t/∞

djei
¼ lim

t/∞
arcsin

�
� k1i

y1i

.�
y21i

þ ε1i

��
¼0

(22)

lim
t/∞

qei ¼ lim
t/∞

dqei
¼ lim

t/∞
arcsin

�
k2i

z1i

.�
z21i

þ ε2i

��
¼0 (23)

The system trajectory will asymptotically converge to the

invariant manifold fU3i

���ðx1i
;y1i

;z1i
;jei ;qei Þ ¼ 05g.

Finally, the first two steps show that under the effect of navi-
gation control laws (6) and (7), each solution began in the set

R5asymptotically converges to the invariant set fU1i

���ðx1i
; y1i

;

z1i
Þ2R3;jei ¼ djei

; qei ¼ dqei
g. The third step shows that under the

effect of the tracking error control law (8), the system trajectory

asymptotically converges to the invariant setfU2i

���ðx1i
;y1i

;z1i
Þ ¼ 03;

jei ¼ djei
; qei ¼ dqei

g. Furthermore, we can prove that the largest

invariant set ofU2i
practical equivalent to the set fU3i

���ðx1i
;y1i

;z1i
;jei ;

qei Þ ¼ 05g. By the LaSalle invariant set theory (Lapierre and
Soetanto, 2007), the system trajectory will asymptotically

converge to the largest invariant set fU3i

���ðx1i
;y1i

;z1i
;jei ;qei Þ ¼ 05g.

This ends the Proof of Theorem 1. ðje � dÞ;ε1;ðu � udÞ;ðb � bdÞ; ~Du;

3.2. Path following controller based on the dynamic model of the ith
UUV

The above feedback control laws apply to the kinematic model
of the ith UUV only. In this section, using backstepping techniques,
the control laws can be extended to deal with the ith UUV’s dy-
namics. In section 3.1, the resultant velocity vi of the ith UUV was
left free, but it implicitly dependent on a desired speed vdi

ðsiÞ. In
this section, the ith UUV’s resultant velocity vi is related to a desired
speed vdi

ðsiÞ. Notice also that the ith UUV’s angular speed ri and qi
were assumed to be control inputs. The control problem is now
transformed into the issue of designing control laws for system
(1)e(3) withMTzi

,MTyi
, and Txi as the control inputs, so that uis0 is

guaranteed, and at the same time, x1i
ðtÞ/0, y1i

ðtÞ/0, z1i
ðtÞ/0,

jei ðtÞ/0, qei ðtÞ/0, and vi � vdi
ðsiÞ/0 as t/∞. The control laws

are designed as follows:

MTzi
¼mri

�
cosqi

�
�k3i

�
_jei � _djei

�
�€biþc1i

ðsiÞ€siþ _c1i
ðsiÞ _siþ€djei

�
�

qi sinqi
�
�k3i

�
jei �djei

�
� _biþc1i

ðsiÞ _siþ _djei

�
�k6i

εri

�
þdri

(24)

MTyi
¼mqi

�
_c2i
ðsiÞ _siþc2i

ðsiÞ€siþ€dqei
�€ai�k4i

�
_qei� _dqei

�
�k7i

εqi

�
þdqi

(25)

where k6i
>0, k7i

>0, k8i
>0.

Here, we give a reasonable Assumption 3. Under this assump-
tion, the control input Txi designed in (26) is valid.

Assumption 3. If the initial velocity of the ith UUV is uið0Þs0,
thus Txi ð0Þs0. If there is a certain time t such that uiðtÞ ¼ 0, thus
Txi ðtÞ ¼ 0.

The following result holds.

Theorem 2. The kinematic model of the ith UUV is expressed as (1).

_V3i
¼ x1i

_x1i
þ y1i

_y1i
þ z1i

_z1i
¼ x1i

�
y1i

c1i
ðsiÞ _si � z1i

c2i
ðsiÞ _si þ vi cos jei cos qei � _si

�þ
y1i

�
vi sin jei cos qei � x1i

c1i
ðsiÞ _si

�þ z1i

�
x1i

c2i
ðsiÞ _si � vi sin qei

� ¼ x1i
vi cos jei cos qei � x1i

_si þ y1i
vi sin jei cos qei � z1i

vi sin qei
(19)

_V3i
¼ �k5i

x21i
þ y1i

vi sin jei cos qei � z1i
vi sin qei ¼ �k5i

x21i
þ y1i

vi sin djei
cos dqei � z1i

vi sin dqei

¼ �k5i
x21i

� k1i
vi cos dqei y

2
1i

.�
y21i

þ ε1i

�
� k2i

viz
2
1i

.�
z21i

þ ε2i

� (20)

Txi ¼
�
viðmuiriuiri þdviÞ = ðvimviÞþwi

�
muiqiuiqi þdwi

� � ðvimwi Þþ _vdi
ðsiÞ� k8i

�
vi � vdi

ðsiÞ
��

, vimui =ui þ dui (26)
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The dynamic model of the ith UUV is expressed as (2). The path
following error model in Serret-Frenet coordinate is expressed as (3).
The line of sight angles are expressed as (4) and (5). The speed tracking
error is vi � vdi

ðsiÞ, where vdi
ðsiÞ is the velocity changed with si, that is

_si ¼ vdi
ðsiÞ. The control laws are chosen as (6), (7), (8), (24), (25) and

(26). Then, the path following errors of the ith UUV in the closed-loop
system are tend to zero asymptotically.

Proof 2. Define the virtual control laws for ri and qi as follows:

r1i
¼ cos qi

�
� k3i

�
jei � djei

�
� _bi þ c1i

ðsiÞ _si þ _djei

�
(27)

q1i
¼ � k4i

�
qei � dqei

�
þ c2i

ðsiÞ _si þ _dqei
� _ai (28)

Let εri ¼ ri � r1i
and εqi ¼ qi � q1i

be the difference between the
real values and the expected values of ri and qi respectively. Then

ri ¼ εri þ r1i
(29)

qi ¼ εqi þ q1i
(30)

Consider the Lyapunov function as follows:

V4i
¼V3i

þ ε
2
ri

.
2þ ε

2
qi

.
2þ �

vi � vdi
ðsiÞ

�2 .2 (31)

The derivative of V4i
is calculated as follows:

By substituting (24), (25) and (26) into (32), one obtains

k8i

�
vi � vdi

ðsiÞ
�2

¼ � k5i
x21i

� k9i
y21i

� k10i
z21i

� k6i
ε
2
ri � k7i

ε
2
qi � k8i

�
vi � vdi

ðsiÞ
�2

(33)

where k9i
¼ k1i

vi cos dqei =ðy
2
1i

þ ε1i
Þ>0, k10i

¼ k2i
vi =ðz21i

þ ε2i
Þ> 0.

Then

_V4i
� � liV4i

(34)

where li ¼ 2minfk5i
; k6i

; k7i
; k8i

; k9i
; k10i

g. Then x1i
/0, y1i

/0,
z1i

/0, εri/0, εqi/0 and vi � vdi
ðsiÞ/0 uniformly asymptotically.

Combined with the control laws (6) and (7), the error signal jei/0
and qei/0 asymptotically. This ends the Proof of Theorem 2. k

At this stage, in preparation for the following sections, we state
Theorem 3 on an asymptotically stable property that applies to a
collection of the path following systems.

Theorem 3. Consider a group of n UUVs. The path following sub-
systems satisfy the Theorem 1 and the Theorem 2 with XPF ¼
½Xi�6n�1, Xi ¼ ½x1i

; y1i
; z1i

; εri ; εqi ; vi � vdi
ðsiÞ�T. Then there exists a

single Lyapunov function VPF satisfying: VPF >0, and _VPF � � lPFVPF ,
where lPF >0.

Proof 3. choose a Lyapunov function for the ith UUV as follows:

V4i
¼X

T
i GXi ¼ kXik2

.
2

where G ¼ diag½1;1;1;1;1;1� =2. The derivative of V4i
is calculated

as follows:

_V4i
� � liV4i

Choose a total Lyapunov function for a group of n UUVs as

follows:

VPF ¼
Xn

i¼1

V4i
¼ kXPFk2

.
2>0

The derivative of VPF is calculated as follows:

_VPF ¼
Xn

i¼1

_V4i
�

Xn

i¼1

�liV4i
¼ �lPF

Xn

i¼1

V4i
¼ �lPFVPF

Then all the path following error signals of a group of n UUVs
tend to zero uniformly asymptotically. This ends the Proof of
Theorem 3. k

_V4i
¼ _V3i

þ εri

��
MTzi

� dri
�.

mri þ qi sin qi

�
� k3i

�
jei � djei

�
� _bi þ c1i

ðsiÞ _si þ _djei

�
�

cos qi
�
� k3i

�
_jei � _djei

�
� €bi þ c1i

ðsiÞ€si þ _c1i
ðsiÞ _si þ €djei

��
þ

εqi

��
MTyi

� dqi
�.

mqi þ k4i

�
_qei � _dqei

�
� _c2i

ðsiÞ _si � c2i
ðsiÞ€si � €dqei

þ €ai

�
þ�

vi � vdi
ðsiÞ

�
,ðuiðTxi � dui Þ=ðvimuiÞ � viðmuiriuiri þ dvi Þ=ðvimvi Þ�

wi
�
muiqiuiqi þ dwi

��ðvimwi Þ � _vdi
ðsiÞ

�

(32)

_V4i
¼ � k5i

x21i
� k1i

vi cos dqei y
2
1i

.�
y21i

þ ε1i

�
� k2i

viz
2
1i

.�
z21i

þ ε2i

�
� k6i

ε
2
ri � k7i

ε
2
qi�
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4. Coordination for multiple UUVs

If the path-following controller has been implemented for each
UUV, that is, the ith UUV can move to the ith path from its initial
position and travel along the ith path with velocity vdi

ðsiÞ. And now
we should coordinate the entire group of multiple UUVs so as to
achieve a desired formation pattern compatible with the paths
adopted. This will be achieved by adjusting the desired speeds of
the vehicles as functions of the along-path distances among them
(Ghabcheloo et al., 2009).

Define giðsiÞ as coordination state of the ith UUV. If giðsiÞ�
gjðsjÞ ¼ 0, the multiple UUVs are coordinated. i ¼ 1;2;/;n, j2 Ni

whereNi denotes the set of UUVs which the ith UUV communicates
with. The formation speed tracking errors are defined as
follows:ei ¼ _gi � vgi

(35) where vgi
denotes a desired speed to be

defined.

_gi ¼ðdgi =dsiÞ , ðdsi =dtÞ¼ ðdgi =dsiÞ , vdi
¼ vDi

(36)

where vDi
is the coordination speed of the ith UUV. Let g ¼ ½gi�n�1,

vg ¼ ½vgi
�n�1, E ¼ ½ei�n�1, vD ¼ ½vD1

;/; vDn
�T .

The coordination control problem is described as follows:
Consider the ith UUV, i ¼ 1;2;/;n. Assume that gi and gj, j2 Ni, are
available to the vehicle i. Derive a control law for vgi

such that
lim
t/∞

ðgi � gjÞ ¼ 0, and the formation speed tracking errors
�� _gi �

vDi

��/0.
In order to solve the coordination control problem, the

communication topology among the multiple UUVs must be
modeled. We now recall some key concepts from algebraic graph
theory and agreement algorithms and derive some basic tools that
will be used in what follows.

4.1. Graph theory

Let Gðy; ƛÞ be the undirected graph induced by the multiple
UUVs communication network, with y denoting the set of n nodes

and ƛ the set of edges. Nodes i and j are said to be adjacent if there is
an edge between them. A path of length r between node i and node
j consists of r þ 1 consecutive adjacent nodes. We say that Gðy; ƛÞ is
connected when there exists a path connecting every two nodes in
the graph. The adjacency matrix of a graph, denoted A, is a square
matrix with rows and columns indexed by the nodes such that the
i,j-entry of A is 1 if j2Ni and zero otherwise. The degree matrix D of
a graph Gðy; ƛÞ is a diagonal matrix where the i,i-entry equals jNij.
jNij is the cardinality of Ni. If Gðy; ƛÞ is connected, then D�1ðD�AÞ is
positive semi-definite. The Laplacian of a graph is defined as L ¼
D� A. It is well known that L is symmetric and L1 ¼ 0, where 1 ¼
½1�n�1 and 0 ¼ ½0�n�1. If Gðy; ƛÞ is connected, then L has a simple
eigenvalue at zero with an associated eigenvector 1, and the
remaining eigenvalues are all positive.

Define the coordination error vector as follows:

~g¼D�1ðD�AÞg (37)

If Gðy; ƛÞ is connected, then rankD�1ðD � AÞ ¼ n� 1, D�1ðD � AÞ
,1 ¼ 0, and

~g¼0⇔gi ¼ gj⇔g2spanf1g (38)

4.2. Coordination control of multiple UUVs

From (37), the evolution of the coordination error ~g is governed
by

_~g¼D�1ðD�AÞ _g¼D�1ðD�AÞvD (39)

We propose the following decentralized feedback law for the
reference speeds vg as a function of the information obtained from
the neighboring UUVs:

vg ¼ vD þ KD�1ðD�AÞg (40)

where K ¼ diag½ki�2Rn�n, ki >0, i ¼ 1;2;/;n. Using (39) and (40),
the coordination dynamics take the form as follows:

_~g¼D�1ðD�AÞvg � D�1ðD�AÞKD�1ðD�AÞg (41)

That is _~g ¼ D�1ðD � AÞvg � D�1ðD � AÞK~g. The control signals vg is
viewed as disturbance, then~g ¼ 0is the equilibrium point of closed-

loop system _~g ¼ � D�1ðD � AÞK~g. And the equilibrium point is
globally uniformly asymptotically stable.

Theorem 4. Consider the coordination error dynamic system (39)
with the decentralized feedback law (40) under the connected
communication graph, then the coordination dynamic closed-loop
system (41) is input-to-state stable.

Proof 4. Choose a Lyapunov function as follows:

V5 ¼
1
2
~gTK�1~g (42)

compute the derivative of V5 to obtain:

Fig. 2. The overall closed-loop system.
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where 0< l<1, vg is bounded. Make ki large enough to satisfy the
following inequality:

k~gk �
			vgK�1

.
l
			 (44)

Because D�1ðD�AÞ is positive semidefinite, the following result
is derived based on (43) and (44):

_V5 � �ð1� lÞ~gTD�1ðD�AÞ~g � 0 (45)

That is _V5 is negative semidefinite. From (44), we can get that kvg �
vDk � kvgk=l. That is ~g is input-to-state stable with input signal vg.
Then the coordination control closed-loop system of n UUVs is
input-to-state stable. This ends the Proof of Theorem 4. k

Theorem 5. Consider the interconnected system
P

depicted in Fig. 2.
For a group of n UUVs, the path following subsystems satisfy the
Theorem 1, 2 and 3, and the coordination control subsystem satisfies
the Theorem 4. Then,

P
is input-to-state stable with respect to the

states ~g and XPF , the input t, where t ¼ ½tT1;/; tTn�
T
, ti ¼

½Txi ;MTyi
;MTzi

�T, i ¼ 1;2;/;n.

Proof 5. From Theorem 3, _VPF � � lPFVPF , that is, for each hPF > 0,
there is TðhPF Þ>0 such that

kXPFk�hPF ; ct� t0 þ TðhPFÞ; ckXPFk < cPF (46)

From Theorem 4, there is a class KL function bCC and a class K
function gCC such that for any initial state ~gðt0Þ and any bounded
input vg, the solution ~gðtÞ exists for all t � t0 and satisfies

k~gðtÞk� bCCðk~gðt0Þk; t� t0ÞþgCC
�
sup
tCC�t0

kvgðtCCÞk
�
; ct � t0

(47)

Using the input-to-state version of the small-gain theorem for
the interconnection of (46) and (47), leads to the result. This ends
the Proof of Theorem 5.

Fig. 3. The leader and followers trajectories.

Fig. 4. Path following errors.

_V5 ¼ ~gTK�1 _~g ¼ ~gTK�1
�
D�1ðD� AÞvg � D�1ðD� AÞK~g

�
¼ ~gTK�1D�1ðD� AÞvg � ~gTD�1ðD� AÞ~g

¼ ~gTK�1D�1ðD� AÞvg � ð1� lþ lÞ~gTD�1ðD� AÞ~g ¼ �ð1� lÞ~gTD�1ðD� AÞ~gþ ~gTK�1D�1ðD� AÞvg � l~gTD�1ðD� AÞ~g
(43)

Fig. 5. Coordinate errors.
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In the designing process of the controller, the controller ti ¼
½Txi ;MTyi

;MTzi
�T needs full state feedback of the system, including

position, angle, linear velocity and angular velocity. In the process
of coordinated control, the velocity of the UUV needs to be
adjusted, which requires that the communication topology is
interconnected. Therefore, it requires that the UUV be equipped
with position sensor, orientation sensor, and velocity sensor.

On the basis of battery power, fuel battery, nuclear power, solar
power and AIP power devices have been produced. Fuel batteries
are characterized by high working current, high energy density,
high energy efficiency, no pollution to the environment, and a life
span of more than 10000 h. The fuel cylinder can not only provide
buoyancy for UUV, but also be thrown away as an auxiliary fuel
container. In the long run, fuel battery is a promising energy source.
Lithium-ion batteries have the advantages of high voltage, high
energy density, long cycle life, good safety, no pollution and low
self-discharge rate. Lithium-ion batteries are likely to be an
attractive alternative to UUV power sources. Many manufacturers
are doing research in this area. Combined with various factors, a
battery pack equipped with lithium-ion batteries is used here. For
underwater vehicle projects, other possible options are either too

expensive or important research projects in themselves. In addi-
tion, nuclear energy involves environmental and legal issues, which
makes it impossible to be widely used in a short time.

5. Simulation analysis

To illustrate that the approach is applicable to UUV systems,
simulation study is carried out based on a group of five UUVs. That
is i ¼ 1;2;3;4;5. Five UUVs must move along the desired spatial
paths and keep the tangent slopes the same at the same time
points.

The spatial paths for five UUVs are set to



0:866t� t2

50
þ t3

105
þ t4

1:5� 106
;
t
2
� t2

5� 104
þ t3

105
þ t4

107
;
t
10

�

Fig. 6. The linear velocities of multiple UUVs.

Fig. 7. The angular velocities of multiple UUVs.

Fig. 8. Control signals.

Fig. 9. Comparison of coordinate errors.
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The initial positions of five UUVs are ½ � 20;10;1�, ½ � 10;10;1:5�,
½ � 15;8;1:2�, ½�12;9;1:3� and ½0;0;0� respectively. The initial yaw
angles of five UUVs are p, 5p6 , � 2p

3 , 0 and p
6 respectively. The initial

velocities are u1ð0Þ ¼ 4ðm=sÞ, u2ð0Þ ¼ 3:5ðm=sÞ, u3ð0Þ ¼ 2:5ðm=sÞ,
u4ð0Þ ¼ 2ðm=sÞ, u5ð0Þ ¼ 3ðm=sÞ, and v1ð0Þ ¼ v2ð0Þ ¼ v3ð0Þ ¼
v4ð0Þ ¼ v5ð0Þ ¼ 0ðm=sÞ.

The initial angular velocities are

r1ð0Þ¼ r2ð0Þ¼ r3ð0Þ¼ r4ð0Þ¼ r5ð0Þ¼0ðrad=sÞ
The system parameters are selected as follows:

Controller parameters are selected as follows:

Fig. 3 shows the x-y-z plot of five UUVs trajectories. Fig. 4 shows
the path following errors of five UUVs. Fig. 5 illustrates the evolu-
tion of the coordination errors. Clearly, five UUVs adjust their
speeds to meet the formation requirements, and the coordination
errors gij converge to zero. The linear velocities and the angular
velocities of the multiple UUVs are shown in Fig. 6 and Fig. 7
respectively. Fig. 8 shows the control signals of the multiple
UUVs. In Fig. 9, a Gaussian white noise is added to the measured

signals including position, orientation and velocities using
randnð ,Þ function to simulate real sensors. Fig. 9 shows the com-
parison of coordinate errors between the traditional backstepping



0:866t� t2

50
þ t3

105
þ t4

1:5� 106
� 7;

t
2
� t2

5� 104
þ t3

105
þ t4

107
�0:5;

t
10

�0:2
�



0:866t� t2

50
þ t3

105
þ t4

1:5� 106
þ 7;

t
2
� t2
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þ t3
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þ t4

107
þ0:5;

t
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þ0:2
�
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þ t3
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þ t4
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0:866t� t2

50
þ t3

105
þ t4

1:5� 106
þ 4;

t
2
� t2

5� 104
þ t3

105
þ t4

107
þ0:8;

t
10

þ0:1
�

mi ¼ 2234:5ðkgÞ; X _ui
¼ �142ðkgÞ; Y _vi ¼ �1715ðkgÞ; Z _wi

¼ 2:0ðkgÞ;
Izi ¼ 2000

�
N,m2

�
; N _ri ¼ �1350

�
N,m2

�
; IYi

¼ 20
�
N,m2

�
; M _qi ¼ 7

�
N,m2

�
;

Yuiri ¼ 435ðkgÞ; Zuiqi ¼ 60ðkgÞ; Xu2
i
¼ �35:4

�
kg,m�1

�
; Xv2i

¼ �128:4
�
kg,m�1

�
;

Xw2
i
¼ �50:4

�
kg,m�1

�
; Xq2i

¼ 78:6
�
N,m�1

�
; Yuivi ¼ �346

�
kg,m�1

�
;

Yjvijvi ¼ �667
�
kg,m�1

�
; Nuivi ¼ �686ðkgÞ; Njvijvi ¼ 443ðkgÞ; Nuiri ¼ �1427ðkg,mÞ:

k1i
¼ 1; k2i

¼ 1; k3i
¼ 2; k4i

¼ 2; k5i
¼ 1; k6i

¼ 2; k7i
¼ 2; k8i

¼ 5; ε1i
¼ 1;

ε2i
¼ 1; N1 ¼ f5;4g; N2 ¼ f1;3g; N3 ¼ f5;2g; N4 ¼ f2;3g; N5 ¼ f1;4g;

K ¼

2
666666664

10 0 0 0 0

0 8 0 0 0

0 0 5 0 0

0 0 0 9 0

0 0 0 0 6

3
777777775
; A ¼

2
666666664

0 0 0 1 1

1 0 1 0 0

0 1 0 0 1

0 1 1 0 0

1 0 0 1 0

3
777777775
; D ¼

2
666666664

2 0 0 0 0

0 2 0 0 0

0 0 2 0 0

0 0 0 2 0

0 0 0 0 2

3
777777775
;

gi ¼
dsi
dt

; vD ¼ ½3 3 3 3 3 �T
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controller and the controller designed in this paper. From Fig. 9, we
can see that the robustness of the proposed controller with respect
to sensor failures is evident.

6. Conclusion

In the paper, the path following subsystem and the coordinated
control subsystem are interconnected. In the path following sub-
system, the control law is designed based on Lyapunov theory and
backstepping technique. In the coordinated control subsystem, by
adjusting the speed of the UUV, the coordination error tends to
zero. Based on the small gain theory, the interconnected system is
proved input-to- state stable. As far as the actual control effect is
concerned, path following and coordinated motion are simulta-
neous. The effectiveness of the controller can be visualized by the
simulation experiments.

In view of the complexity of the underwater working environ-
ment of multiple UUVs, the further work will be devoted to the
research of obstacle avoidance, communication delay and energy
saving.
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