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ABSTRACT. Let N be the set of nonnegative integers and 2 be a 2-torsion free triangular
algebra over a commutative ring R. In the present paper, under some lenient assumptions
on 2, it is proved that if A = {J,}nen is a sequence of R-linear mappings d, : A — A
satisfying 6n ([[z,y],2]) = > [[0:i(2),d;(v)], 0k(2)] for all x,y,z € A with zy = 0 (resp.

i+j+k=n
xy = p, where p is a nontrivial idempotent of ), then for each n € N, 0, = d,, + 7»; where

dpn : A — A is R-linear mapping satisfying d,(zy) = > di(z)d;(y) for all z,y € 2, i.e.
ifj=n

D = {dn}nen is a higher derivation on 2 and 7, : 4 — Z(A) (where Z(2l) is the center of

2() is an R-linear map vanishing at every second commutator [[x,y], z] with zy = 0 (resp.

Ty = p).

1. Introduction and Preliminaries

Let R be a commutative ring with unity, A be an algebra over R and Z(A) be
the center of A. Recall that an R-linear map d : A — A is called a derivation on A
if d(zy) = d(x)y + zd(y) holds for all z,y € A. An R-linear map ¢ : A — A is called
a Lie derivation on A if §([z, y]) = [0(z), y] + [z, I(y)] holds for all z,y € A, where
[,y] = 2y — yx is the usual Lie product. An R-linear map 6 : A — A is called a Lie
triple derivation on A if §([[z, y], z]) = [[0(x), y], 2] + [[z, d(¥)], 2] + [[z, y], 6 (=)] holds
for all z,y,z € A. It is easy to check that every derivation on A is a Lie derivation
on A and that every Lie derivation on A is a Lie triple derivation on A. However,
the converse need not be true in general. For example if we consider the algebra A
of all 3 x 3 strictly upper triangular matrices over Z, the ring of integers, and define
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Then it can easily be seen that L is a Lie triple derivation on A which is neither a
derivation nor a Lie derivation on A. Now, let N be the set of nonnegative integers
and A = {6, }nen be a sequence of R-linear mappings 6, : A — A such that
0o = id g, the identity map on A. Then A is said to be

(i) a higher derivation on A if

on(xy) = Z 0i(x)d;(y), forall z,yec A & neN;
i+j=n

(ii) a Lie higher derivation on A if

on([z,y]) = Z [0i(x),0,(y)], forall z,ye A & neN;
i+j=n

(iii) a Lie triple higher derivation on A if

Sn(llzylz) = > [16:(2),0;(y)].0k(2)], forall z,y,z€ A & neN.
i+j+k=n

It is also easy to observe that there exists Lie triple higher derivation on an algebra
A which is not a Lie higher derivation on A. For example consider the algebra A
of all 3 x 3 strictly upper triangular matrices over the field Q of rational numbers,
and consider the sequence £ = {L, }nen of linear mappings L,, : A — A such that
L, = ’;“T,, where L is Lie triple derivation on A which is not a Lie derivation on A.
Then by using induction on n, it can be easily verified that £ is a Lie triple higher
derivation on A but not a Lie higher derivation on A.

The R-algebra A = Tri(A,M,B) = { ( g TZ )
the usual matrix operations is called a triangular algebra, where A and B are unital
algebras over R and M is an (A, B)-bimodule. Recall that a left (resp. right) A-
module M is faithful if aM = 0 (resp. Ma = 0) implies that a = 0 for every a € A.
The notion of triangular ring was first introduced by Chase [5] in 1960. Further, in
the year 2000, Cheung [7] initiated the study of linear maps on triangular algebras.
He described Lie derivations, commuting maps and automorphisms of triangular
algebras (see for reference [8, 9]).

In the recent years, derivation and Lie derivation have been studied by sev-
eral authors (see [1, 2, 3, 4, 9, 10, 12, 14, 16, 19, 20]) in various directions. One
direction of investigation is to study the conditions under which derivations and
Lie derivations can be completely determined by the action on some subsets of
A. We say that an R-linear map 6 : A — A is derivable at a given point ¢ € A
if §(x)y + x6(y) = 0(c) for every x,y € A with zy = ¢ and such ¢ is called a

aGA,mGM,bGB} under
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derivable point of A. This kind of maps were discussed by several authors (see
[6, 15, 22]). Similarly, an R-linear map § : A — A is said to be a Lie derivable at
a given point ¢ € A if 6([z,y]) = [0(z),y] + [z,d(y)] for all z,y € A with zy = c.
Lu and Jing [18] discussed such maps on B(X) where X is a Banach space with
dimX > 3 and B(X) is the algebra of all bounded linear operators acting on X
and proved that if § is Lie derivable at ¢ = 0 (resp. ¢ = p, where p is a fixed
nontrivial idempotent of B(X)), then § = d + 7, where d is a derivation of B(X)
and 7 : B(X) — CI is a linear map vanishing at every commutator [z,y] with
xy = 0 (resp. zy = p). Ji and Qi [13] investigated this problem on triangular
algebras and obtained that under some mild conditions on 2, if L : % — 2 is an
R-linear map satisfying 0([z,y]) = [0(z),y] + [z, d(y)] for any z,y € A with zy =0
(resp. xy = p, where p is a fixed nontrivial idempotent of 2 ), then § = d + 7,
where d is a derivation of A and 7 : A — Z () (where Z(2) is the center of A )
is an R-linear map vanishing at commutators [z,y] with zy = 0 (resp. zy = p).
Furthermore, in [17] Liu analysed Lie triple derivation on factor von Neumann al-
gebra A of dimension greater than one and found that if a linear map § : A — A
satisfies 3(([z, ], 2]) = [8(z), 4], 2] + [z, 6(y)], 2] + [z, ], 8(2)] for any 2,9, = € A
with zy = 0 (resp. xy = p, where p is a fixed nontrivial projection of A), then there
exist an operator r € A and a linear map f : A — CI (where CI is the center of A)
vanishing at every second commutator [[z,y],z] with zy = 0 (resp. zy = p) such
that §(x) = ar —rz + f(x) for any x € A.

An R-linear map 6 : A — A is Lie triple derivable at a given point ¢ € A if
8([[a,yl, =) = [16(), g1, 2]+ [[2,6)], 2]+ [, ), (=) for all 2,y = € A with ay = c.
It is obvious that the condition of being a Lie triple derivable map at some point
is much weaker than the condition of being a Lie triple derivation. So far, there
has been no result on the study of the local actions of Lie triple derivations on
triangular algebras. Motivated by these observations, the purpose of the present
paper is to characterize the additive mapping §,, on triangular algebra 2l satisfying
[z, yl,2]) = > [[0i(x),0;(y)], 0k (2)] for any z,y,z € A with zy = 0 (resp.

i+jtk=n
xy = p, where p is a fixed nontrivial idempotent).

Throughout the present paper 2 will denote a triangular algebra which is 2-

torsion free. Define two natural projections 74 : A — A and 7 : A — B by

A ( a 7;} ) =aq and 73 ( 8 mn > = b. The center of 2 coincides with

-{(3 )

Moreover, m4(Z()) C Z(A) and 75(Z(2)) C Z(B), and there exists a unique
algebra isomorphism 7 : w3 (Z(2A)) — 7a(Z(A)) such that n(b)m = mb for all
m € M.

Let 14 (resp.lz) be the identity of the algebra A (resp.B) and let I =

a€A,be B,am = mbforallmGM}

( 164 10 ) be the identity of triangular algebra 2I. Throughout this paper,
B
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we shall use the following notations: p; = La 0 ) and po = I —p; =

0 O
0 O a 0 0 m
(0 13). Sethn—{(OO)aeA},Qllg—{(O O)meM}and

Aopy = { ( 0 0 >b € B}. Then we can write 2 = 211 @ Ajo ® Az, where Aqg

0 b

is a subalgebra of 2 isomorphic to A, 2Asy is a subalgebra of 2l isomorphic to B
and 25 is a (11, Age)-bimodule isomorphic to the bimodule M. To simplify the
notation we will use the following convention: a1y € A = Aqq, age € B = Aso
and a;s € M = 20y5. Then each element x € 2 can be represented in the form
T = a1 + a12 + asg, where aj; € A1, a0 € Aoo and ago € Aqo.

In what follows, we write a;j, it indicates a;; € 2;; and the corresponding
element in A, B or M. Note that a;jar = 0if j # k.

The proof of the following lemma can be seen in [8, Propositon 3].

Lemma 1.1. Let 2 be a triangular algebra Tri(A11, A1, Ao). If me,, (Z(A)) =
Z (1) and 7o, (Z(A)) = Z(az), then there is a unique algebra isomorphism
1 Z(Aa2) = Z(A11) such that n(b) &b e Z(A) for any b € Z(Aas).

2. Characterizations of Lie Triple Higher Derivations by Action on Zero
Product

The main result of the present paper states as follows:

Theorem 2.1. Let A = Tri(A11,2A12,A00) be a 2-torsion free triangular algebra
consisting of algebras 211 and Ass over a commutative ring R with unity 1y, and
lgi,, respectively and Ao be a faithful (Aq1, Ass)-bimodule, which is faithful as a left
Ay1-module and also as a Tight ™Asz-module. Suppose that

(1) ma,, (Z(A) = Z(211) and ma,, (Z(A)) = Z(Aaz).

(ii) For any a € Aq1, if [a,A11] € Z(A11), then a € Z(™U11) or for any b € Aaa, if
[b,mgg] € Z(Q[QQ), then b € Z(Q[QQ)

If A = {0, }nen is a sequence of R-linear maps 6, : A — A such that §,[[z,y], 2] =
> [0i(2),0;(y)], 6k (2)] for all z,y,z € A with zy = 0, then for each n €

i+j+k=n

N, 6, = dn + Tn; where d,, : A — A is R-linear mapping satisfying d,(xy) =
> di(x)dj(y) for allz,y € A, i.e., D = {dy}nen is a higher derivation of A and

i+j=n

Tn A — Z(A) is an R-linear map vanishing at every second commutator [[z,y], Z]

with xy = 0.

The proof of Theorem 2.1 is based on the induction on n. We provide the proof,
for n = 1, through several claims. Indeed, we show that under the given assumptions
of our theorem every Lie triple derivation d; = § on 2 there exists a derivation d
on 2 and a linear mapping 7 : A — Z(2A) vanishing on second commutators such
that §(z) = d(z) + 7(z) for all z € .
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Proof of Theorem 2.1. Claim 1. pi0(p1)p1 + p2d(p1)p2 € Z(2A); d(a12) =
p1d(ai2)ps € A1 for any arz € Asa.

Since a1op1 = 0 for any a1 € U142, we have
d(aiz) = 0([[a12, p1], p1])
= [[0(a12), p1], p1] + [[a12, 0(p1)], p1] + [[a12, p1], 6(p1)]
= 6(a12)p1 — p16(a12)p1 — p1d(ai2)p1 + p1d(aiz) + a126(p1)p1
(2.1) — a120(p1) + p16(p1)a12 — a120(p1) + 6(p1)ara.

On multiplying the above equality from left by p; and right by po, we get
2(p16(p1)arz — a126(p1)p2) = 0.

This implies that p10(p1)ai12 —a120(p1)p2 = 0, that is, p10(p1)p1raiz —a12p20(p1)pe =
0, and hence p1d(p1)p1 + p20(p1)p2 € Z(2A). By putting §(a12) = 711 + ri2 + 722,
0(p1) = p11 + P12 + p22 in (2.1), we get r11 = 0 = 792 and so we have p;6(ai2)p; =0
for i € {1,2}, 6(a12) = p1d(aiz)ps.

Similarly we can get the following result:

Claim 2. p;3(p2)p1 + p20(p2)p2 € Z(2A).
Claim 3. §(I) = pé(I)p: + p2b(1)ps € Z ().
Since p1(I — p1) = 0, we have

0 =06([[p1, I —p1], p1])
=[[6(p1), I = pal,p1] + [[p1,0(I = p1)], 1] + [[p1, 1 — p1], 6(p1)]
= [[p1,6(1)], p1]
= —p16(I)p2.

This yields that §(I) = p16(I)p1 + p20(I)p2. By Claims 1 & 2, we have §(I) =
p16(p1)p1 + p26(p1)p2 + p1d(p2)p1 + p2d(p2)p2 € Z(A).

In the sequel, we define
f(x) =6(x) + 5p15(p1)p2 (),
where 6, 5(p, )p, () is the inner derivation determined by p10(p1)pe, that is,

Op15(p1)pa () = [P10(P1)P2, 2] = p10(p1)paz — 2p1d(p1)p2 for all = € 2.

One can verify that

f(llz, ), 2) = [[f (@), 9], 2] + [z, f(W)], 2] + [[2, ), £(2)]

for all x,y, z € A with xy = 0. Moreover by Claim 1, we have

f(p1) = 0(p1) + p16(p1)p2p1 — P16(p1)p2 = P1(p1)p1 + P20(p1)p2 € Z(A).
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By Claim 3, we get f(I) = 6(I) € Z(U). Consequently f(p2) = f(I)—f(p1) € Z(X).
Clearly for any a1z € 12, 0p,5(p1)p, (@12) = [p16(p1)P2, @12] = 0. By Claim 1,
we have f(alg) = 5(@12) S 2[12, and hence

Claim 4. For any a12 € 12, f(a12) € Usa.

Claim 5. f(2;) CA; & A;;. There exists an R-linear map 7; : Uiy — Z(A) such
that f(a;) — 7i(ai;) € Uiy for all a;; € Uiy, where i,j =1,2 and i # j.

First we show for ¢ = 1. Since aj1p2 = 0 for any a1 € ;1 and f(p2) € Z(A), it
follows that

0 = f([la11,p2], p2])
= [[f(a11), p2], p2] + [[a11, f(p2)], 2] + [[a11, p2], f(p2)]
= f(a11)p2 — p2f(a11)p2 — p2f(a11)p2 + p2f(air).
Multiplying by p; from the left we get p; f(a11)p2 = 0 and hence f(a11) € Aq1 BAoo.
Similarly, we can prove the result for ¢ = 2. Thus, f(;;) C i & Ajj.

Now we can write f(a11) = p1f(a11)p1 + p2f(a11)p2. Moreover, since aj1a2z = 0,
for any ago € Asp and x € XA, it is easy to check that

0 = f([la11,aze], x]) = [[f(a11), as2], ] + [[a11, f(az2)], 7]
= [[f(a11), agzs] + [a11, fagz)], z].

Multiplying by po on both the sides of the above equation, we get
0 = p2[[f(ai1), aze] + [a11, f(az2)], z]p2

= [[p2f(a11)p2, p2aazep2] + [p2a11p2, P2 f (a22)p2], P2xp2]
= [[p2f(a11)p2, aze], p2xps).

This implies that [p2f(a11)p2, a2] € Z(Usz2). Hence by hypothesis (ii), we find that

paf(ai1)p2 € Z(Aa2).

Define 71 : 217 — Z(2) such that 7 (a11) = n(p2f(a11)p2) & p2f(ai1)p2, where 7 is
the map defined in Lemma 1.1. Thus, we get

fla11) — 1i(a1r) = p1f(ar)pr + p2f(air)p2 — n(p2f(ai1)p2) — p2f(ai1)p2
= prf(a1)pr — n(p2f(a11)p2) € Ans.

Since f is R-linear, one can verify that 7 is R-linear. Similarly, we can define
R-linear map 7 : Age — Z(A) by m2(aze) = p1f(az)pr & 0~ (p1f(az)p1). Then

f(az2) — 2(aze) = p1f(aze)p1 + paflase)ps — p1f(az)pr —n " (p1f(aze)p1)
= paf(aze)pa — 0~ (p1f(az)p1) € Asa.
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Now, for any = a11 + a1z + ase € A, we define two R-linear maps 7 : A — Z(2A)
and d: A — A by

7(z) = 11(a11) + m2(ae) and  d(z) = f(x) — 7(x) respectively.
Then, d(%l”) Q Q[ij for 1 S ) S j S 2 and d(alg) = f(alz).
Claim 6. d is a derivation.

Since f & 7 are R-linear and d(x) = f(z) — 7(x), d is R-linear. It remains to show
that d(zy) = d(x)y + zd(y), for all z,y € A. Now, we divide the proof into the
following three steps:

Step 1. Since ajza1; = 0 for any a1 € 11, a1z € sz and 7(z) is in Z(A), we
have

—d(anai2) = d([[a11, a1z}, p1]) = f([[lar1, ar2], p1])

[[f(a11), ar2], pr] + [[a11, f(a12)], p1] + [[a11, arz], f(p1)]
= [[d(a11) + 7(a11), a12], p1] + [[a11, d(a12)], p1]
—d(a11)a12 — arid(ai2).

Hence, d(aj1a12) = d(a11)ai2 + ajid(ayz). Similarly, we can get

d(algazg) = d(alg)agg + algd(agg) for all a2 € 9112, 9o € Aso.

Step 2. Let ai1,b11 € 1. For any a5 € 2Aq2, we have

d(anbnalz) d( )bnalz + and(bnalz)
(2.2) = d(a11)b11a12 + a11d(b11)a12 + a11b11d(a12).

On the other hand,
(2.3) d(aiibiiai2) = d(ai1bir)aiz + anbiid(aiz).
Comparing (2.2) and (2.3), we have
(d(a11b11) — d(a11)b11 — a11d(b11))a12 =0 for all ars € Aso.
Since A5 is a faithful left 2(;;-module, we get
d(ay1b11) = d(a11)b11 + a11d(b11) for all aq1,b11 € g
Similarly, one can arrive at

d(a22522) = d(a22)b22 + a22d(b22) for all a22, bao € Apa.
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Step 3. Let z = ai1 + aig + asa, Yy = bll + b12 + b22 be in 2.
By Steps 1 & 2, we have
d(zy) = d((a11 + a12 + a22)(b11 + b1z + ba2))
= d(a11b11) + d(a11b12) + d(a12baa) + d(az2b22)
= d(a11)b11 + a11d(b11) + d(a11)b12 + a11d(b12)
+ d(a12)b22 + a12d(baz) + d(agz)bee + azad(baz).
On the other hand, d(2;;) C 2;; for 1 <i < j <2, we have

d(x)y + zd(y) = d(a11 + a1z + a22)(b11 + b1z + ba2)
+ (a11 + @12 + aza)d(bi1 + bi2 + baz)
= d(a11)b11 + a11d(b11) + d(a11)b12 + a11d(b12)

+ d(a12)baz + a12d(ba2) + d(as2)baa + azed(bzz).
Hence, we find that d(zy) = d(z)y + zd(y), i.e., d is a derivation.
Claim 7. 7 vanishes at second commutator [[z,y], z] with xy = 0 for all z,y, z € 2.
Suppose xy = 0. Since 7(z) € Z(2A), we have

T([[xvy}’z]) = ([[m,yLz]) d([[x,y],z])
= [[f @),y 2] + [[z, f ()], 2] + [z, 9], f(2)] — d([[z,y], 2])

= =

= [[d(=) + 7(2),

—d([[,y],2])
= [[d(@), 9}, 2] + [z, d(W)], 2] + [, 9], d(2)] = d([[z, 9], 2])
=0

for all x,y, z € /. The proof of our theorem for n = 1 is now complete.

Now, suppose that the conclusion holds for all m < n € N. That is, there exist
linear maps d,, : A — A and 7, : A — Z(A) such that 6,,(x) = dp(z) + T (),
Tm([[z,y],2]) = 0 with 2y = 0 and dp,(2zy) = Y di(z)d;(y) for all z,y,z € A.

i+j=m
Moreover, §,, has the following properties:

P10m (P1)P1 + P20m (P1)p2 € Z(A); 6m(a12) = p1m(aiz)pe € Ai2;
P10 (P2)p1 + P2dum (p2)p2 € Z(A);

Sm (1) = p16m(1)p1 + p2dm(D)p2 € Z(A).

We will show that §,, also satisfies the similar properties. We prove this through
the following claims:

Claim 8. p10,(p1)p1 + p20n(p1)p2 € Z(A); dp(a12) = p16n(aiz)pe € Ai2 for any
a2 € Aja.
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Since ajop1 = 0 for any a2 € 32, by induction hypothesis, we have
dn(a12) = dn([[ar2, p1],p1])
= [[0n(a12), pl] p1] + [[a1275n(p1)],191] + [[a12, p1]; 0n(p1)]
+ Y [6i(a12), 85 (p1)]s Sk (p1)]

i+j+k=n
0<i,j,k<n
= dn(a12)p1 — p16n(a12)p1 — p16n(a12)p1 + p16n(a12) + @126, (p1)p1
(2.4) — 1205 (P1) + P10n(P1)a12 — @120, (p1) + 0n(p1)ase.

On multiplying the above equality by p; and po from left and right respectively, we
get

2(p10n(p1)aiz — a120,(p1)p2) = 0.

This implies that pid,(p1)aiz — a126,(p1)p2 = 0, that is, pid.(p1)praiz —
a12p20,(p1)p2 = 0, and hence p1d,(p1)p1 + p2dn(p1)p2 € Z(A). By putting
On(a12) = s11+ 12 + S22, On(p1) = t11 +t12 + 12 in (2.4), we get s11 = 0 = s92 and
so0, we have p;0,(a12)p; = 0 for ¢ € {1,2}. Hence, ,(a12) = p10,(ai2)psa.

Since paajs = 0 for any ajo € 2A;2. Similarly, we can get the following result.
Claim 9. p16,(p2)p1 + p20n(p2)p2 € Z(A).
Claim 10. 6, () = p10,(1)p1 + p2dn(I)p2 € Z(A).
Since p1(I — p1) = 0, by using the induction hypothesis, we find that
0="0n([lpr, I = p1], 1))
= [[6n(p1), I - Pl] p1] + [[p1, 00 (I — p1)], p1] + [[p1. L — p1], 6n(p1)]
+ Y [6i(p1), 65(T = p1)], Sk (pr)]

i+j+k=n
0<i,5,k<n

= p19n(I)p1 — 6, (I)p1 — P16 () + p10n()p1

On multiplying by p; from the left and by py from the right, we have p1d, (I)ps = 0,
and hence we get that 0,,(I) = p19,(I)p1 + p20,(I)p2. By Claims 8 & 9, we have
0n(I) = p10n(p1)P1 + P20 (p1)P2 + P10 (p2)P1 + P20n(p2)p2 € Z(A).

In the sequel, we define

fn(x) = 671(1') + 5p15n(z>1)p2 (SU),

where 0,5, (p,)p, (%) is the inner derivation determined by p10,(p1)p2, that is,

Opy6, (p1)pe () = [P10n (P1)D2, ] = P10n(P1)P2 — 2P16n(p1)p2 for all z € A

691
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One can verify that

fn(llz, 9], 2]) = [[fn(2), Y], ] [[ff fn( )12+ [z, 9], fa(2)]
+ > Y, fr(2)]
i+j+k=n
0<4,j,k<n

for all z,y, 2z € /A with zy = 0. Moreover by Claim 8, we have

fa(p1) = 0n(p1) + P16 (P1)P2p1 — P10 (P1)P2 = P10n(P1)P1 + P20s (p1)p2 € Z ().

By Claim 10, we find that f,,(I) = §,(I) € Z(2A). Consequently f,(p2) = fu(I) —

fn(p1) € Z(2A). Clearly for any a1z € 12, 0p, 5, (p)ps (@12) = [P10n(P1)p2, a12] = 0.
By Claim 8, we have f,(a12) = dp(a12) € 212, and hence

Claim 11. For any a1z € 12, fn(a2) € Asa.

Claim 12. f,(;) C A & Aj;. There exists an R-linear map 7, = Ay — Z(A)
such that fn(ay) — Tni(ay) € ii for all ay; € Wy, where 1,5 =1,2 and i # j.

First we show the result for i« = 1. Since aj1ps = 0 for any a1 € 217 and f,(p2) €
Z (1), using induction hypothesis, it follows that

0= fn([[a11,p2]7pz])
= [[fn(a11),p2]; p2] + [[a11, fu(P2)], P2] + [la11, p2], fr(p2)]

+ > [filan), fi(p2)], fr(p2)]

i+j+k=n
0<4,j,k<n

= fn(a11)p2 — p2fn(ar1)p2 — p2fulair)p2 + p2fnlair).

Multiply by p; from the left to get p1fn(a11)p2 = 0. So, frn(a11) € A11 D Aso.
Similarly we can find the result for i = 2. Thus, f,(;) C 2; & 2A;;.

Now we can write fn,(a11) = pifa(ai1)p1 + p2fn(ai1)pe. Moreover, since
ai1a22 = 0 for any age € Ase and x € 2, it is easy to observe that

0= fn([[all, a22] D H n(ﬂll)ya22]7x] + Halla fn(aQQ)]vx] + [[all’ a22]’ f"(x)]
+ Z fz a11 f G22)]7fk(x)]
o<l i

= [[fnla11), aze), z] + [[a11, fn(a22)], x]
[[fn(@11), aze] + [a11, fn(az2)], 2].

Multiplying by p2 on both the sides, we get

0 = po|[fn(air), as2] + [a11, fn(az2)], z]p2
= [[p2fn(a@11)p2, p2azzpa] + [p2ai1p2, p2 fr(aze)p2l, P2xp2]
= [[p2fu(ai1)p2, azs], p2xp2).
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This implies that [psfn(a11)pe,a22] € Z(Asz). Hence by assumption (ii), we get

p2fu(ar)ps € Z(RAzz2). Define 7,1 : ™Ay1 — Z(A) by 7n1(a11) = n(pafulain)p2) ©
p2fn(a11)p2, where 7 is the map defined in Lemma 1.1. Thus, we get

fnla1r) = Tni(ai1) = prfa(arr)pr + p2fulain)pe — n(p2fn(ai1)p2) — p2fn(air)p2
= p1fulair)pr — n(p2fulain)p2) € A1

Since f, is R-linear, one can verify that 7,; is R-linear. Similarly, we can define
R-linear map Tp2 : Aoz — Z(A) by Tna(aze) = p1falae)pr ® 171 (p1faaze)pr).
Then

fu(aza) — Tha(azz) = p1fu(aze)pr + pafu(aze)ps — pifu(aze)pr — 1 (p1fn(aze)p1)
= pafalazz)ps — 0 ' (p1falaze)pr) € Aso.

Now, for any & = aj; + a1z + az2 € 2, we define two R-linear maps 7, : A — Z(2A)
and d,, : A — A by

Tn(x) = Tn1(a11) + Tna(agz) and  dn(x) = fo(x) — () respectively.

Then, dn(Ql”) Q Q[ij for 1 S ) S] S 2 and dn(au) = fn(alg).
Claim 13. d,(zy) = ). di(x)d;(y) for all z,y € A.

i+5=n

Since f,, & 7, are R-linear and d,(x) = fn(x) — 7 (), dy, is an R-linear. It remains

to show that d,(zy) = >, d;(x)d;(y) for all z,y € 2.
i+j=n
Now, we divide the proof into the following three steps:

Step 1. Since ajza;; = 0 for any a1 € i1, a12 € A2 and 7, (x) is in Z(A), by
induction hypothesis, we have

—dp(a11012) = fu([la11, a12],p1])
= [[fn(a11), ar2], p1] + [[a11, fu(@12)], p1] + [[a11, a12], fru(p1)]
+ Z [[fi(a11), fi(a12)], fr(p1)]

i+j+k=n
0<1,j,k<n

= [[fn(a11), a12], p1] + [[a11, fn(a12)], p1]
+ Z [[fi(a11), fi(a12)], p1]

i+j=n
0<i,j<n

= [[dn(a11) + Tn(an) aiz],p1] + [[a11, dn(a12) + T (a12)], p1]

+ Z all +Tn(a11),dn(a12)+Tn(a12)]ap1]

1+j=n
0<i,j<n

= [[dn(a11), a12], p1] + [[a11, dn(ai12)], p1]
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+ Z n(a11), dn(a12)], 1]

1+j=n
0<i,j<n
= *dn(an)am - andn(alz) - Z di(all)dj(a12)~
i+j=n
0<i,j<n

Hence, d,,(a11a12) = Y. di(a11)d;(a12). Similarly, we can get
i+j=n

(112a22 E di(a12)d a22) for any a2 € Uiz, a2 € Ans.
i+j=n

Step 2. Let a11,b11 € 2Ay11. For any a1 € 2q2, we have

dn(anbnalz): Z di(allbll)dk(am)

i+k=n
:dn(allbll)a12 + Z di(allbll)dk(a12)
1+k=n
k0
(2.5) =dp(anbin)az+ Y di(an)dy(bi)di(arz).
l+t+k=n
k=0

On the other hand,

dn(a11b11a12): Z di(all)dj(bllam)

i+j=n
Z di(all)dj(bn)dk(am)

i+j+k=n

di(a11)d;(b11)aiz + Z i(a11)d;j(b11)dk(a12)-

i+j=n i+j+k=n
k#0

(2.6) -

Comparing (2.5) and (2.6), we have
(dn(a11b11) — Z di(a11)d;(b11))ai2 = 0.
i+j=n
Since 15 is a faithful left 2;;-module, we get
n(ainbin) = Z di(a11)d bl1)~
i+j=n
Similarly, we can calculate

n(agabor) = Y diage)d;(bas).

i+j=n
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Step 3. Let z = a1 +aig + as2, Yy = b11 + b12 + b22 be in 2.
By Steps 1 & 2, we have

du(zy) = Y di(2)d;(y).

i+j=n
Claim 14. 7, vanishes at second commutator [[x,y], z] with xy =0 for all x,y,z €
2.
Since zy = 0, we find that

Ta(llz, 4], 2]) = fullz, v, 21) — dn({[z, 9], 2])
2. (i) £;W)], fi(2)]) — dn({l2, ), 2])

i+j+k=n

= Y (di(2) +7(@), dj(y) + 75(y)], di(2) + 70(2)])
i+j+k=n
= dn([[z, 9], 2])

= Y [[di(@),d;(v)], dr(2)] = du([[2, 9], 2])
i+j+k=n

=0

for all x,y, z € A. The proof is now complete. a

3. Characterizations of Lie Triple Higher Derivations by Action on Idem-
potent Product

The proof of the following theorem shares the same outline as that of Theorem 2.1
but requires different technique.

Theorem 3.1. Let A = Tri(As1,2Aq2,U02) be a 2-torsion free triangular algebra
consisting of algebras 211 and Asa over a commutative ring R with unity lo,, and
1o, respectively and 12 be a faithful (Aq1,Aaz)-bimodule. Suppose that

(i) 7, (Z(A)) = Z(An1) and ma,, (Z(A)) = Z(Anz)-

(ii) For any a € 241, if [a,2A11] € Z(2441), then a € Z(A11) or for any b € Wsa, if
[b, Q[QQ} S Z(ngg), then b € Z(ngg).

(ili) For every a € Aq1, there exists an integer t such that tle,, — a is invertible.

If A = {én}nen is a sequence of R-linear mappings 6, : A — A such that

Onllz,yl, 2l = > [10:i(x),0;(y)],0k(2)] for all z,y,z € A with zy = p, then
i+j+k=n

for each n € N, 6, = d,, + 7,; where d,, : A — A is R-linear mapping satisfying

dn(zy) = > di(x)d;(y) for allz,y € A, i.e., D = {d, }nen is a higher derivation

i+j=n

695
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of A and 1, : A — Z(A) is an R-linear map vanishing at every second commutator
[[z,y], 2] with zy = p.

For the proof of Theorem 3.1, we proceed by induction on n. We provide
the proof, for n = 1, through several claims. Indeed, we show that for every Lie
triple derivation §; = J on 2 there exist a derivation d on 2 and a linear mapping
7 : A — Z () vanishing on second commutators such that é(x) = d(z) + 7(z) for
all x € A.

Proof of Theorem 3.1. Claim 1. p16(p1)p1 + p2d(p1)p2 € Z(RA); d(a12) =
p1d(ai12)p2 € 1o for any aiz € Apa.

Since (p1 + a12)p1 = p1 for any aiz € Aja, we have

d(aiz) = 0([[p1 + a12,p1], 1))
[6(p1) + d(a12), p1],p1]) + [[p1 + a12, 0(p1)], p1] + [[p1 + a2, p1], 6(p1)]
= [[6(a12), p1], p1] + [[a12, 6(p1)], 1] + [[a12, p1], 6(p1)]
= 0(a12)p1 — p16(a12)p1 — p16(a12)p1 + p1d(ar2) + a120(p1)p1
(3.1) — a126(p1) + p16(p1)ai2 — a126(p1) + 8(p1)ara.

On multiplying the above equality by p; and py from the left and the right re-
spectively, we get 2(p10(p1)aiz — a126(p1)p2) = 0. This gives that p1d(p1)aiz —
a120(p1)p2 = 0, that is, p1d(p1)p1a12 — a12p20(p1)p2 = 0. It follows that pid(p1)p1 +
p20(p1)p2 € Z(A). By putting d(ai2) = ri1 + 712 + 122, 6(p1) = p11 + p12 + p22 in
(3.1), we get 111 = 0 = 792 and so we have p;6(a12)p; = 0 for ¢ € {1,2}. Hence,
d(a12) = p16(a12)p2. Now, define

f(@) = 0(2) 4 0py5(p1)pe (%),
where 0y, 5(p, )p, 15 the inner derivation determined by p1(p1)p2. Then, we have
f(p1) = 6(p1) + p16(p1)p2p1 — p16(p1)p2 = p16(p1)p1 + p26(p1)p2 € Z(A)
and f([[z, yl, 21) = [[f (), 4], 2] + [[x, f ()], 2] + [z, ], f(2)] for all 2,y,z € A with

xy = p. Moreover, for any a1z € 212, by Claim 1, we have

f(alz) = 5(012) + 5p15(p1)pz (012) = 5(012) € Ayo.

Claim 2. f(I) =pif(I)p1 +p2f(I)p2 € Z(A) and f(p2) € Z(A).

Since Ip; = p1, we have

UL, p1l, p1])
[[ (1), p1l,p1]l + [[L, f(p1)], pa] + [[L, 1, £(p1)]
= f(D)p1 —prf(I)pr — prf(I)pr + 1 f().
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This yields that py (f(1)p1 —p1f(I)p1 —p1f(I)p1+p1f(I))p2 = 0 and hence we find
that p1 f(1)p2 = 0. So, we get f(I) = p1f(I)p1 +p2f(I)p2. For any a1z € A;2, since
(p1 — a12)(I + a12) = p1, we have
—flar2) = f([[pr — a12, 1 + a12], p1])
= [[f(p1) = fla12), I + ar2], pr] + [[p1 — a1z, f(I) + f(a12)], p1]
+ [[p1 — a12, I + a2], f(p1)]
= —f(a12)p1 — ar2f(p1)p1 — p1f(p1)ar2 + p1 f(ar2)aiz + a2 f(p1)
+p1f(I)p1 + p1f(ar2)pr — araf(I)p1 — f(I)p1 — prf(I)
—p1flaiz) + araf(I) + prf(I)p1 — prf(I)aiz + p1f(ai2)p1)
—p1flaiz)aiz + a2 f(p1) — f(p1)are.
On multiplying above equality by p; and ps from the left and the right respectively,
we get aia f(I)p2 — p1f(I)ar2 = 0 and a12p2 f(I)p2 — p1f(I)praiz = 0.
This implies that f(I) = p1f(I)p1 + p2f(I)p2 € Z(A). Consequently, f(p2) =
fI) = f(p1) € Z(A).
Claim 3. f(2;) CA;; & AU;;. There exists an R-linear map 7, : Uy — Z(A) such
that f(ay) — 7i(ai;) € Yii for all a;; € Yy, where i,5 =1,2 and i # j.

First we show for ¢ = 1. Suppose that a;; is invertible in 211, that is, there exists
an element afll € 21 such that auail = aﬁlan = p;. From allaﬁl = p; and
(a1)' + p2)air = p1, we have

0= f([lar)', a11], p1))
= [[f(ar)), ana), pa] + [[a1y', f(a11)), pa] + [[a)', anal, f(py)]
and hence by Claim 2,
0

f(llaty" + p2, a11], 1))

[[f(a1y!) + f(p2), aual, pa] + [lagy + p2, flar)], pi] + [lag)' +p2. anl, f(p1)]
[[f(aiy), ann],pa] + [[ar', fla1n)), p1] + [laty s anal, f(p1)] + [[p2, f(a11)], pi]
= paf(a11)p1 + p1f(ai1)pa.

On multiplying by p; from the left and by ps from the right, we get p; f(a11)p2 = 0,
and hence we find that f(a;1) C 251 © Aao.

If @11 is not invertible in 2047, by the hypothesis (iii), there exists an integer
t such that tp; — a1 is invertible in 2A;;. It follows from the preceding case that
f(tp1 —a11) € Aqp B Aoga. Therefore, we have

flair) =tf(p1) — f(tpr — a11) € Apy ® Aos.

Similarly, we can prove the result for i = 2. Now we can write f(a11) = p1f(a11)p1+
paf(ai1)pe. First suppose that aqq is invertible in 24;; with inverse element al_ll.
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Note that allal_ll = p; and (al_l1 + age)a1l = p1, we get

0= f([[allla all]a I])
= ([f(ar), aun, 2] + [fary's flann)], 2] + [lary', anl, f(2)],

and hence

f(llary + az2,a11], 2))

[[f(aiy) + flaze),a11], 2] + [[ay + as2, fa11)], 2] + [[ag)' + az2, ar1], f()]
[[f(az2), ar1], x| + [[asz, f(a11)], 2]

[[f(a11), az2] + [a11, f(az2)], .

Multiplying by p2 on both the sides, we get

0 = p2[[f(a11), age] + [a11, f(a22)], z]p2
= [[p2f(a11)p2, p2azap2] + [P2a11p2, P2 f (a22)p2], P2p2)
= [[p2f(a11)p2, a2z, popa).

This implies that [paf(a11)p2,ass] € Z(Aa2). Hence by hypothesis (ii), we get
p2f(ai1)pe € Z(Aaz). If aqy is not invertible in Ay, by the hypothesis (iii), there
exists an integer ¢ such that (¢p; — a11) is invertible in 24;1. It follows from the
preceding case that

f([la22,tp1 — an], z])
[[ (a22),tp1 — an], ] + [[agz, tf(p1) — f(a11)], z] + [[age, tp1 — a1, f()]
= —[[f(a22), a11], x| — [[aze, f(a11)], z].

Multiplying by p2 on both the sides, we get

0 = po[[f(ai1), aza] + [an1, f(a22)], z]p2
= szf(au)m,mampz] + [p2@11p27p2f(a22)p2],p2$p2]
= szf(au)pQ, a22],p2xp2]~

This implies that [paf(a11)pe,aze] € Z(As2). Hence by hypothesis (ii), we get
p2f(ai1)pz € Z(Aaa).

Define 71 : 2441 — Z(RA) by 71(a11) = n(p2f(ai1)p2) ® paf(ai1)p2, where 7 is the
map defined in Lemma 1.1. Thus, we get

flair) — 1i(a11) = p1f(ar)pr + p2flain)p2 — n(p2f(ai1)p2) — p2f(ar1)p2
= p1f(a11)pr — n(p2f(a11)p2) € An.

Since f is an R-linear, one can verify that 71 is R-linear.
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Similarly, we can define R-linear map 75 : Ao — Z () by 72(a) = p1f(az)p1 ®
n~Y(p1f(aze)p1). Then

f(as2) — Ta(azs) = p1f(ase)pr + p2f(azn)ps — p1flase)pr — 0~ (p1f(aze)p1)
= paf(ase)ps — "' (p1f(aze)p1) € Ana.

Now, for any = a11+a12+a2e € 2, we define two R-linear mappings 7 : 2 — Z(2A)
and d : A — A by 7(x) = 11(a11) + 2(a22) and d(x) = f(z) — 7(x) respectively.
Then, d(%ll]) g 917] for 1 S ) S ] S 2 and d(alg) = f(alg).

Claim 4. d is a derivation.

Since f & 7 are R-linear and d(z) = f(x) — 7(x), d is an R-linear. It remains to
show that d(xy) = d(z)y + xd(y), for all z,y € A. We divide the proof into the
following three Steps:

Step 1. If a;; is invertible in 2A;; with inverse element aj, then (a' +
ayltaiz)an = py for any ajy € 11, agz € Ayo, we have

—d(a12) = d([[a11, a1y + ai7 a12], p1]) = f([la11, ary' + ai7 a12], p1))
[[f(a11), aiy' + a3y ara), pi] + [faan, flay') + flari' a12)], 1]

+ [[allv a;ll + a;11a12]7 f(pl)]

Since Hf(all)a al_ll]vpl] + Halla f(al_ll)]vpl] + Hallv a1_11]7 f(pl)] = 07 we have

—d(ai2) = [[f(au),afllau],pﬂ + [[a1, f(afllau)],pl]
= [[d(a11), aty' ara], p1] + [[a11, d(a7; a12)], p1]

—d(au)aﬁlau — alld(aﬁlau).

Hence, d(aq2) = d(an)al_llalg +a11d(a1_11a12). Replacing a1 by aj1a12, we arrive at
d(a11a12) = d(ai1)arz + a11d(arz2).
For any a1; € %A11, let tp1 — a11 be invertible in 2(y;. Then
d((tp1 — a11)ar2) = d(tpr — air)aiz + (tpr — a11)d(ai2).
Since d(piai2) = d(p1)ai2 + p1d(ai2), we have

d(ar1a12) = d(a11)a12 + ar1d(a12).

Step 2. Let a1z € A2 and ags € Ass. Observe that (p1+ai2)(p1+ass—aisass) = p1
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and (p1 + a2z — a12a92)(p1 + a12) = p1 + a12. Since f(p1) € Z(A), we have

—d(a12) = d([[p1 + a2 — a12a22, p1 + a12], p1])

[[p1 + aze — a12a22, p1 + ai2], p1])

= [[f(p1) + f(a22) — f(ai2a22), p1 + ar2], 1]

+ [[p1 + a2z — aiza2z, f(p1) + flai2)], p1]

+ [[p1 + az2 — a12a22, p1 + a12], f(p1)]

= [[d(a22) — d(ai2a22),p1 + a12], p1] + [[p1 + a22 — a12a22,d(a12)], p1]
= a12d(a22) - d(a12a22) - d(au) + d(a12)a22~

I
~
~~

Thus, d(algagg) = d(alg)agz + algd(agg) for any aig € Aqo, ags € Aos.
With the same approach as used in the proof of Claim 6 of Theorem 2.1, we
can get:

Step 3. For any aii, b11 € Aq1 and ass, bog € 9[22,
(i) d(a11b11) = d(ai1)bi1 + a11d(bir),
(ii) d(ag2baz) = d(agz)baz + a22d(ba2).

Step 4. d(zxy) = d(z)y + zd(y) for all z,y € A.
Claim 5. 7 vanishes at second commutator [[x,y], z] with xy = p for all x,y,z € A.

Since zy = p, we find that

m([lz,], 2]) = ([, ], 2]) = d([[, y], 2])

([, f(W)], 2] + [[=,9], f(2)] = d({[z,9], 2])
= [[d(z) + 7(2), 9], 2] + [z, d(y) + 7(y)], 2] + [[2, 9], d(2) + 7(2)]
—d([[z,y],2])
= [[d(=),y], 2] + [z, d(y)], 2] + [z, 9], d(2)] — d([[z,y], 2])
=0

for all z,y, z € 2. The proof for n = 1 is now complete.

Now, suppose that the conclusion holds for all m < n € N. That is, there exist
linear maps d, : A — A and 7, : A — Z(A) such that d,,(x) = dp(z) + T (),

Tm([[z,y],2]) = 0 with 2y = p and dp,(2zy) = Y di(z)d;(y) for all z,y,z € A.
i+j=m
Moreover, §,, has the following properties:

P10 (p1)p1 + P20 (p1)p2 € Z(A);

P10m(p2)p1 + p2dm(p2)p2 € Z(A);
Im(a12) = p1dm(a12)pe € Ass.
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We shall show that d,, also satisfies the similar properties. We prove this through
the following claims:

Claim 6. p16,(p1)p1 + p2dn(p1)p2 € Z(A); dn(a12) = p1dn(aiz)pe € A1z for any
a1z € Asa.

Since (p1 + a12)p1 = p1 for any ais € Ay, by induction hypothesis, we have

dn(a12) = on([[p1 + a12,p1],p1])
= [[0n(p1) + 0n(a12), 1], p1]) + [[p1 + @12, 6n(p1)], 1]
+ [[p1 + a12,p1], 0n(p1)] + Z [[6:(p1 + @12),6;(p1)], Ok (p1)]
o<t shen
= [[6n(a12), 1], p1] + [[a12, 6n(p1)], 1] + [[a12, P1], 6n(p1)]
= 0n(a12)p1 — p1on(aiz)p1 — p1on(aiz)pr + p1on(ai2) + a120,(p1)p1
(3.2) — @120, (p1) + P19 (P1)a12 — @120, (p1) + 6n(p1)a12.

On multiplying by p; from the left and by p, from the right in the above equation, we
get 2(p10n(p1)aiz—a120, (p1)p2) = 0. This gives that p16, (p1)aiz—a120,(p1)p2 = 0,
that is, p10, (p1)p1a12 — a12p20, (p1)p2 = 0. It follows that p1d,, (p1)p1 +p20n(p1)p2 €
Z(A). By putting 0,(a12) = s11 + S12 + S22, 0n(p1) = t11 + t12 + t22 in (3.2),
we get s11 = 0 = s99 and so, we have p;d,(ai2)p; = 0 for ¢ € {1,2}. Hence,
On(a12) = p1d,(ai2)p.

Now, define

fu(@) = 0p(x) + Op16, (p1)pa (z),
where 0,5, (p,)p, i the inner derivation determined by p16,(p1)p2. Then, we have
fa(P1) = 0n(p1) + P14 (P1)P2P1 — P160(P1)P2 = P16n(P1)P1 + P2dn(p1)p2 € Z().

and

falllz, 9l 2]) = [[fn(@), y], 2] + [z, fu(W)], 2] + ([, 9], fr(2)]
+ Z Hfz(x)7f](y)]7fk(z)]

i+jt+k=n
0<i,j,k<n

for all x,y, z € A with xy = p. Moreover, for any ai5 € 232, by Claim 6, we have

fn(a12) = 6n(ai2) + 61)15”(171)1)2 (a12) = dn(ai2) € Apa.

Claim 7. f,(I) = p1fu(I)p1 + p2fu(I)p2 € Z(A) and fn(p2) € Z(A).
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Since Ip; = p1, using induction hypothesis, we have

0= fn([[Lpl]vpl])
= an(‘[)apl]vpl] + [[Ivfn(pl)]apl] + [[val}afn(pl)]

+ > (D fe0)], fr(pr)]

i+j+k=n
0<4,5,k<n

= fn(l)pl _plfn(l)pl —plfn(I)Pl +p1fn(1)'

On multiplying by p; and by ps from the left and the right respectively, we get

p1fn(I)p2 = 0. Hence, we find that f,(I) = p1fn(I)p1 + p2fn(I)p2. For any a1 €
Ay, since (p1 — a12)(I + a12) = p1, using induction hypothesis, we have

—fnla12) = fu(llp1 — a12, I + a1z}, p1])
= [[fu(p1) = fular2), I + a12], p1] + [[p1 — @12, fu(I) + fn(a12)], p1]
+ [[p1 — a12, I + a1z, fn(p1)]
+ Y [filpr — an2), 5T+ a1)], fr(pr)]

i+j+k=n
0<i,5,k<n

= —fula12)p1 — a12fu(p1)p1 — P1fu(p1)arz + p1fu(arz)arz + ara fu(p1)
+p1fu(D)p1 + p1fuar2)pr — ar2fu(Dp1r — f(1)p1 — p1fu(l)
—p1falarz) + a2 fu(I) + p1fa(l)p1 — p1fu(l)arz + p1fn(aiz2)ps
—prfn(aiz)aiz + a2 frn(p1) — fu(p1)aiz.

Further, multiply by p; from the left and by ps from the right, we find that

ar2fn(I)p2 — p1fu(l)aiz =0
a12p2 fr(I)p2 — p1fn(I)praiz = 0.
This implies that f,,(I) = p1fn(I)p1 + pafu(I)p2 € Z(A). Consequently, fr,(p2) =
fn(l) - fn(pl) S Z(Ql)
Claim 8. f,,(;;) C Ay ®AU;;. There exists an R-linear map Tn; : sy — Z(2A) such
that fn(ai;) — Tni(ai) € sy for all a;; € Wy, where i,5 = 1,2 and 1 # 5.

First we show the result for ¢ = 1. Suppose that a;; is invertible in %l;1, that
is, there exists an element al_ll € 241 such that allal_ll = al_llall = p;. From
allaﬁl = p; and (aﬁl + pa2)ai1 = p1, by induction hypothesis, we have

0= fa(llaiy', a11], 1))
= [[fulaiy), a1l ;1] + [lar)'s falarn)], 1] + [lary's ana], fu(p1)]
+ > [fiarh), £i(aan)]s fr(pa)],

i+jt+k=n
0<i,5,k<n
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and hence by Claim 7,

0= fa(llary' + p2,a11],p1])
[[fn(all ) + fn(pQ) all]apl] + Haﬁl + p2, fn(all)}apl]
+lla +po,anl, fale)l + Y [filar) +p2), fi(ann)], fr(pr)]

i+j+k=n

0<4,j,k<n
= [[p2, fn(a11)], p1] + Z [[fi(p2), fi(a11)], fi(p1)]
i+j+k=n
0<i,j,k<n

= pafn(a1)pr + p1falair)ps.
This yields that pi(p2fn(a11)p1 + p1fn(a11)p2)p2 = 0 and hence we find that
p1fn(ai1)p2 = 0. From this we get f,,(a11) C A1 © Asa.

On the other hand if aq; is not invertible in 2047, by the hypothesis (iii), there
exists an integer t such that tp; — aq; is invertible in 2;;. It follows from the
preceding case that f,(tp1 — a11) € 11 © Aaa. Therefore, we have f,(a11) =
tfn(p1) — fu(tpr —a11) € Aq1 @ Ase. Similarly, we can prove that for i = 2.

Now we can write f,(a11) = p1fn(a11)p1 + p2fn(ai1)pe. First, suppose that
aq1 is invertible in 2A;; with inverse element a;ll. Note that allaﬁl = p; and
(a7t 4 ag)ar; = pi, using induction hypothesis, we get

0= fo(llaz)', an1), 2])
= [[fa(ary)s annl 2] + (a7, fu(ann)], 2] + [lagy', an], fu(2)]
+ Z fz alll 7 j(all)]afk(x)]a

i+j+k=n
0<4,7,k<n

and hence

0= fa(llazy' + azs, @11, 2])
= [[falary!) + falaze), anl, 2] + [[ag)' + asz, fu(a11)), 2]
+ ! +ass,an), fu(@)] + Y [filar)! + as), fi(an)], fr(@)]

i+j+k=n
0<1,j,k<n

[[fn(a22),a11], z] + [[azz, fn(a11)], 2]
[[fn(a11), aze] + [a11, fn(az2)], z].

Multiplying by p2 on both the sides, we get

0 = pa[[fulair), azz] + [a11, fn(a22)], x]p2
= [[prn(an)p%pzampz] + [P2a11p2,pzfn(am)pz},pﬂpz]
= [[pzfn(an)m,a22]7p2$p2}-
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This implies that [psfn(a11)pe,as] € Z(a2). Hence by hypothesis (ii), we get
D2 fn(ai1)ps2 € Z(Aa2).

If a17 is not invertible in 2041, by the hypothesis (ii7), there exists an integer ¢
such that (tp; — aj1) is invertible in 20y;. It follows from the preceding case that
0= fn([[CLQQ,tpl - all]vx})

= [[fn(a22),tp1 — a11], x] + [[aze, t frn(P1) — fu(a11)], @] + [[aze, tp1 — a11], frn(z)]

+ Z [[fi(a22), fi(tp1 — a11)], fu(x)]

i+j+k=n
0<i,5,k<n
—[[fnlaz2), a11], x] — [[az2, fn(a11)], =] + Z [[fi(ag22), fi(tp1 — a11)], fr(2)]
i+j+k=n
0<i,5,k<n

= [[fn(azz),a11], z] + [[a22, fn(a11)], x]
= [[fn(a11), az2] + [a11, fn(a22)], x].

Multiplying by p2 on both the sides, we get

0 = pa[[fn(ain), aze] + [ai1, fn(a22)], z]p2

= [[szn(an)PQ,P2a22p2] + [P2a11P2,P2fn(a22)p2]apzfpz]

= [[p2fn(a11)p2, aze), p2xps).
This implies that [paf,(a11)pe,as] € Z(a2). Hence by hypothesis (ii), we get
D2 fn(ai1)ps € Z(Aa2).
Define 7,1 : %11 — Z(A) by Tp1(a11) = n(p2fulair)p2) ® pafnlair)pz, where 7 is
the map defined in Lemma 1.1. Thus, we get

fn(all) - Tn1(a11) = plfn(an)lh +p2fn((111)p2 - U(pzfn(an)Pz) - p2fn(a11)p2
= p1fulair)pr — n(p2fnlain)p2) € Aa1.

Since f,, is R-linear, one can verify that 7,1 is R-linear. Similarly, we can define

R-linear map 7,2 : Aze — Z(A) by Tna(az) = p1fala)pr ® 0~ (p1fn(az2)p1).
Then

falasz) — Tna(aze) = pi1falaze)pr + pafalase)ps — p1fa(asz)pr — 0~ (1 falaze)pr)
= pafulaz)pz — 1 (P1fn(a22)p1) € UAna.
Now, for any « = a11 + a12 + a2 € 2, we define two R-linear maps 7,, : A — Z(2A)

and dy, : A = A by 7, () = Th1(a11) + Tha(ags) and dn(z) = fo(z) — ().
Then, dn(glu) g Q[ij for 1 < ) S j S 2 and dn(alg) = fn(alg).
Claim 9. d,(zy) = > di(x)d;(y) for all z,y € A.

i+j=n

Since f,, & 7, are R-linear and d,, () = fn(x) — 7 (2), dy, is an R-linear. It remains

to show that d,,(zy) = Y di(x)d;(y), for all z,y € .
i+j=n
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We divide the proof into the following three Steps:

Step 1. If ay; is invertible in %fy; with inverse element afll, then (afll +
al_llam)au = p; for any aq1 € Aq1, a2 € ™Aq2, we have

—dp(a12) = dn([[ar1, a1)' + aii'arz), p1]) = fulllars, aiy' + aiiara), pi)
= [[fulan1), a1y’ + ayy ara], pi] + [[ar1, fu(aly) + fulag) arz)], pi]
+ [[an, a7y + aiiara], fu(p1))]
+ Y (lfilan), filar) +aii'ar)], fi(pr)].

i+j+k=n
0<i,5,k<n

Since,

0 = [[fnla11), ary'l,pa] + (a1, fn(ai)], 1] + [[ar1, aiy']s fa(py)]
+ > (i@, filar)] fr(po)],

i+j+k=n
0<i,j,k<n

we find that

—dn(a12) = [[fn(a11), aﬁlau},pﬂ + [[a11, fn(all a12)),p1)
+ [lar1, aiitara, fu(pr)] + Z [[fi(a11), fi(ati ar2)], fi(py)]

i+j+k=n
0<i,5,k<n

= [[fu(ai1), al_llau] 1)+ [[allafn(al_llau)]vpl]
+ Z [[fi(an1), fi(aiy ar2)], pi]

i+j=n
0<i,5<n

= [[dn(a11) + Tn(a11), a7 a1z, p1]
+ [[a11,dn (aﬁlalz) + Tnlag) a12)], p1]

+ Z i(a11) + 7i(a11),d;(a a12) + 75(ait a12)], p1

1+j=n
0<i,5<n

= [[dn(a1), aﬁlalz] p1] + [[a11, dn(aiy ar2)], p1]

+ Z i(a11) a111a12)] p1]

i+j=n
0<,5<n

= [[dn(a11), ary ar2], p1] + [[a11, dn (a1; a12)], p1]

E d a11 an a12)

i+j=n
0<i,5<n
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= —du(an)agi'ars — andy(aga) = Y di(aan)dj(ag;arz)

1+j=n
0<i,j<n
-1
= - E a11 au alz)
1+j=n
1 . .
Hence, d,,(a12) = ). di(a11)d;j(ai; a12). Replacing ai2 by ai1a12, we arrive at
i+j=n

n(aiiaiz) E di(a11)d;j(ai2).

i+j=n

For any a11 € 2441, let tp; — a1 be invertible in 241;. Then

dn((tp1 — a11)ai) = Z di(tp1 — a11)dj(ai2).
i+j=n

Since dy,(prai2) = > di(p1)dj(ai2), we have dyp(ar1a12) = Y, di(ai)d;(ar2).
1+j=n i+j=n

Step 2. Let a1z € Y10 and age € Ags. Observe that (p1+a12)(p1+ase—aizaz) = p1
and (p1 + a2 — a12a22)(p1 + a12) = p1 + aqa. Since f,(p1) € Z(2A), we have

—dn(a12) = dn([[p1 + az2 — a12a22, p1 + a2, p1])

= fn([[p1 + a22 — a12a22,p1 + a12],p1])

[[fa(p1) + fnlazz) — fu(ai2a22), p1 + ai2], pi1]
+ [[p1 + a2z — ai2a22, fn(p1) + fn(a12)], p1]
+ [[p1 + ag2 — a12a22,p1 + a12], fu(p1)]

+ Z [[fi(p1 + a22 — a12a22), f(p1 + a12)], fu(p1)]

i+j+k=n
0<4,j,k<n

= [[fn(a22) — fn(ai2a22), p1 + ar2], p1]
+ [[p1 + ag2 — a12a22, frn(a12)], p1]

+ Z [[fi(p1 + a2 — a12a22), f;(p1 + a12)], fr(p1)]

i+j+k=n
0<i,jk<n

= [[dn(a22) — dn(ai2a22), p1 + a1z, p1]
+ [[p1 + a22 — a12a22,dy (a12)], p1]

+ Z i(P1 + a2 — a12a22), d;(p1 + ar2)], di(p1)]

i+j+k=n
0<1i,5,k<n
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= [[dn(ag2) — dn(ai2as2),p1 + aiz], p1]

+ [[p1 + a2z — a12a22, dn(a12)], p1] + Z di(a12)d;(azz)

1+j=n
0<i,j<n

= —dp(a12a22) + a12d, (a) — dp(a12)
+dn(ar2)azz + Y di(ar2)d;(ag).

i+j=n
0<i,j<n

Thus, dn(alzagg) = Z di(am)dj(agg) for any ajs € Q[lg,azz S 9122.
i+j=n
Using the same approach as used in the proof of Claim 13 of Theorem 2.1, we
find that

Step 3. For any a11,b11 € 211 and agg, baa € Ao,
(i) dn(annbn) = > di(ar1)d;(bu),

i+j=n

(ii) dn(a22b22): Z di(agz)dj(bgg).

i+j=n

Step 4. d,(zy) = > di(x)d;(y) for all z,y € A.
i+j=n

Claim 10. 7,, vanishes at second commutator [[x,y], z] with xy = p for all x,y,z €

2.
Since xy = p, we find that
ma([[z, 9], 2]) = fu(llz, 9], 2]) — du({[z, 9], 2])
_ ([Lfi(@), ;)] fe(2)]) — dn([[z, 9], 2])

i+j+k=n
= ([[di(x) + 7i(2), dj (y) + 75(y)], di (2) + T(2)])
i+j+k=n
—dn([[z, 9], 2])
= Y [[di@),d;(y)], dw(2)] = du([w, y]. 2])
i+j+k=n
=0

for all x,y, z € 2. The proof is now complete.

4. Applications

As an application of Theorems 2.1 & 3.1, we consider the nest algebra case. We
know that every nontrivial nest algebra is a triangular algebra (see [11]), which
satisfies the conditions of Theorems 2.1 & 3.1 and hence we have the following
results.
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Theorem 4.1. Let N be an arbitrary nontrivial nest on a Hilbert space T of di-
mension greater than 2, AlgN be the associated nest algebra. If A = {6, }nen
is a sequence of R-linear maps 6, : AlgN — AlgN satisfying 0,[[z,y],2] =
> [0i(x),05(y)], or(2)] for all z,y,z € AlgN with xzy = 0. Then for each
it+jtk=n
n €N, §,(z) = hy(x) +1.(x) for all € AlgN; where H = {hy}nen is an inner
higher derivation on AlgN and 1, : AlgN — FI (where FI is the center of AlgN)
is an R-linear map vanishing at the second commutator [[z,y], z] with xy = 0.

Proof. Since N is nontrivial nest, the associated nest algebra is a triangular al-
gebra which satisfies the conditions of Theorem 2.1. Then there exists a higher
derivation D = {d,}nen of AlgN and a linear map 7, : AlgN — FI vanish-
ing at the second commutator [[z,y], 2] with xy = 0 such that for each n € N,
dn(z) = dp(z) + 7 (x) for all x € AlgN. Since every higher derivation on AlgN
is inner (see [10, 21]), there is an inner higher derivation H = {hy}nen on AlgN.
This implies that for each n € N §,,(x) = hy,(x) + 7, (x) for all z € AlgN. O

Theorem 4.2. Let N be a nontrivial nest on a Hilbert space T of dimension greater
than 2, AlgN be the associated nest algebra and p be a nontrivial projection in N.
If A = {0n}nen is a sequence of R-linear maps 0, : AlgN — AlgN satisfying
Sllz vl 2zl = > [[0:(2),6;(y)], 0x(2)] for all z,y,z € AlgN with zy = p. Then
i+j+k=n

for each n € N, 0, (z) = hy(z) + 7 (z) for all x € AlgN; where H = {hy}nen is
an inner higher derivation on AlgN and 1, : AlgN — FI (where FI is the center
of AlgN) is an R-linear map vanishing at the second commutator [[x,y], z] with
Ty = p.

Proof. Let 11 = pAlgNp, Ao = (I — p)AlgN(I — p) and 12 = pAlgN(I — p).
Then 2;; and Ao are unital algebras with unit element p and I — p respectively
and AlgN = Tri(A11,22,Us0) is a triangular algebra. Also AlgN satisfies the
conditions of Theorem 3.1, then there exists a higher derivation D = {d,}nen of
AlgN and a linear map 7, : AlgN — I vanishing at the second commutator
[[z,y], 2] with zy = p such that for each n € N, 0, (z) = d,,(z) + 7,(x) for all z €
AlgN. Since every higher derivation on AlgN is inner (see [10, 21]) there exists an
inner higher derivation H = {hy }nen on AlgN such that for each n € N, §,,(z) =
hn(x) + 1 (2) for all x € AlgN. O

If Hilbert space T is finite dimensional, then nest algebras are upper block
triangular matrices algebras [7].

Theorem 4.3. Let B,,(R) be a proper block upper triangular matriz algebra over a
commutative ring R. If A = {6, }nen is a sequence of R-linear maps 0, : Bp(R) —
B, (%) satisfying 5, ([0],2) = 5> [3e). 8,000 6u(2)] for il vy, € B(R)
i+j+k=n
with xy = 0 (resp. xy = p, p be a nontrivial projection in B, (R)). Then for each
n €N, o,(z) = hyp(x) + 7 (z) for all x € B,(R); where H = {hy}nen is an inner
higher derivation on B, (R) and 1, : B, (R) — FI (where FI is the center of B, (R))
is an R-linear map vanishing at the second commutator [[z,y], z] with xy = 0 (resp.
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Ty =p).

Proof. Tt can be easily seen that conditions of Theorems 2.1 & 3.1 hold for block
upper triangular matrix algebra and from [21, Proposition 2.6] all higher derivations
of B,,(R) are inner. Hence d,, is the sum of an inner higher derivation h,, : B, (R) —

B, (R) and a functional 7, : B, (R) — FI that vanishes on all second commutators
of B, (R). |
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