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ABSTRACT. We introduce the p-deformation of generalized Humbert polynomials. For
these polynomials, we derive the differential equation, generating function relations,
Fibonacci-type representations, and recurrence relations and state the companion matrix.
These properties are illustrated for certain polynomials belonging to p-deformed general-
ized Humbert polynomials.

1. Introduction

In 2007, Diaz and Pariguan introduced the one-parameter deformation of the
classical gamma function in the form [7]:

e} P
Fp(z):/ t*"le™ v dt,
0

where z € C, R(z) > 0 and p > 0. In fact, the occurrence of the product of the form
x(z+p)(x+2p)- - (x+ (n—1)p) in the combinatorics of creation and annihilation
operators [6, 8] and the perturbative computation of Feynman integrals [5] led them
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to generalize the gamma function in the above stated form and to generalize the
Pochhammer p-symbol in the following form:

(2)np = 2(z2+p)(z+2p) -~ (z + (n = 1)p),

in which z € C, p € R and n € N. These generalizations lead to the following
elementary properties.

Tp(z+p) = 2p(2),

Fp(p) =1,

(2)kp = Fp;fp?—z)kp)7
(=1)*(2)n,p

(Z)n*kdﬂ = (

pP—2—nP)kyp
‘v (2+ip—p
_..mn
Oy = [ (FHLZ2)
j=1 n,p

1
For p >0, a € C and |z| < —, Diaz et al. [7] demonstrated that
p

oo

(1.1) > (Dnp o _ (1—px)~ 7.

n!

n=0

This may be regarded as the p-deformed binomial series. The radius of convergence
of this series can be enlarged or diminished by choosing a smaller or larger p; unlike
in the classical theory of the radius of convergence of the binomial series which is
fixed. This motivated us to study the p-deformation of certain Special functions,
particularly, the polynomial system formed by generalized Humbert polynomials.

Our objective is to extend generalized Humbert polynomials according to Gould
[9] by involving a new parameter: p(> 0). We call this extension a p-deformation of
the polynomial. We study its properties, namely, the differential equation, generat-
ing function relations (GFRs), differential recurrence relations, and mixed relations,
and we illustrate the companion matrix.

The companion matrix of the monic polynomial is defined as follows.

Definition 1.1. Let f(z) € C[X] be a monic polynomial given by f(z) = §, +
§,x+ 6,22+ -+ 6, ,2*"1 + 2F. Then the k x k matrix, called the companion
matriz of f(z), is denoted and defined as follows [14, p. 39]:

0 1 0 0
0 0 1 0
C(f(z)) = :
0 0 0 1
_50 _51 _52 519—1
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We have the following lemma [14, Proposition 1.5.14, p. 39].

Lemma 1.1. If f € Klz] is nonconstant and A = C(f(x)), then f(A) = O, the
null matriz.

The class {P,,(m,z,v,s,¢);n =0,1,2,...} of generalized Humbert polynomials
is defined below [9, Eq.5.11, p. 707].

Definition 1.2. For m € N, n € NU {0}, and = € R,

/] s—n+mk s s—nbmk—k
(1) Pmayse = S (7" ‘

n —mk
k=0
X’yk (_m‘r)nimk7
where v, ¢, and s are generally unrestricted.

This class of polynomials is generated by the following relation:

(o)
(1.3) (¢ — mat +~t™)° = ZPn(m,x,%s,c)t”.
n=0
The substitution s = —v, v =1, and ¢ = 1 in (1.2) result in Humbert polynomials,

according to Humbert [11]:

Ln/m] (—mz

, B )n—mk
(L4)  T0Y,.(2) = kZ:O T = v —nt (m— Dk —mk) ki’

Apart from the polynomials (1.4), according to Humbert [12, p. 75], Humbert func-
tions also exits. They have explicit representations in a double infinite series, given
by the following:

Uy (asbe, dsa,y) =y ) eryi
\IIQ(G/;bvc;'r7y) = Z

Ei(abiodim,y) =

and
oo oo
(a’)T (b)T r,,8
Eo(a, by x,y) = T
B ;;0 (€)pys 7! 8! ’
where |z| < 1, |y| < oo and ¢, d # 0,—1,—2,.... In recent years, these functions

have been increasingly used in various fields, for example, in theoretical physics
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[3, 13] and communication theory [1, 2, 18]. Moreover, for specific values of pa-
rameters and variables, their reduced forms have also been found useful, especially
in connection with simplification algorithms in computer algebra systems (see [3]).
Therefore, we propose the following extension of the polynomials P,(m,x,, s, ¢).

Definition 1.3. For v, s, c€ C, me N, z € R, n € NU{0}, and p > 0,

n/m)]

(1.5) P, p(m,z,v,s,c) = Z
k=0

,ykcsfnerkfk:

(s + P)mk—k—n,p(n —mk)! k!

(_mx)nimkv

in which the floor function |r] = floor r, represents the greatest integer < r.

We call these polynomials p-deformed generalized Humbert polynomials or
pGHPs. When p = 1, it coincides with the polynomial (1.2). The particular poly-
nomials belonging to these general p-polynomials provide an extension to the Hum-
bert polynomials (1.4), Kinney polynomials, Pincherle polynomials, Gegenbauer
polynomials, and Legendre polynomials (see [9]). For instance, the substitutions
v=1, c=1,and s= —v in (1.5) yield p-deformed Humbert polynomials:

Ln/m]
(16) I @)= Y

k=0

(_mx)n—mk

T,(p — v —np+ (m— 1)kp)(n — mk)! k!’

For p = 1, this coincides with (1.4). If we substitute v = 1/m, m € N, in (1.6),
then we obtain the p-deformed Kinney polynomial:

Ln/m] (_mx)n—mk)

Ppp(m,z) = kZ:O Lp(p—1/m —np+ (m — 1)kp)(n — mk)! k!’

For m = 3 and v = 1/2, (1.6) reduces to the p-deformed Pincherle polynomial:

[n/3] _
_ (_31‘)'@ 3k
Pnp(@) = kgo Lp(p—1/2 —np + 2kp)(n — 3k)! k!

The p-deformed Gegenbauer polynomial is the special cases where m = 2 of (1.6)
which occurs in the following form:

[n/2] (_2x)n—2k
(L.7) Crplz) = ]; Lp(p— v —np+ kp)(n — 2k)! k!

Further, if v = 1/2 then (1.7) is reduced to the p-deformed Legendre polynomial
given by the following:

[n/2] (72.%)”72]6
(1.8) Pop(z) = kz:% Tp(p—1/2 — np + kp)(n — 2k)! k!
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All these polynomials reduce to their classical forms when p =1 [9, p.697].

2. Differential Equation

In this section, we derive the differential equation of the polynomial (1.5). Costa
et al. [4] demonstrated that the homogeneous differential equation:

N
(1= a8 + 37 ARy g,
k=1

has a polynomial solution if and only if 0 < r < N, Vr, and 3 n > 0 such that n» mod
N = r, where n is a root of the recurrence relation, and y) is the j** derivative of
y with respect to = for j =1,2,..., N.

Let the sequence {f,}"_, be given by f,. = f(r), where

F(r) = (n—7) <—s Frp+ (”;f) p>m1’p.

We use the forward difference operator A’ and the shift operator 'E’ which are
defined as follows [10, Eq. (5.2.13), p. 178]:

Afy = fir1 — fo, E¥fi = fron

The relation between A and E is given by [10, Eq.(5.2.14), p.178] A = E — 1,
where 1 is the identity operator defined by 1f = f. In (1.5), we use the following
formula:

(71)n7mk+k:

p+s)- k—kyp = (D + 8)—(n—mk+k),p =
( ) n+m P ( ) (n—mk+k),p (p—P—S)nfkarmp’

to obtain the alternative form:

Ln/m]
_ _1\k~k s—n+mk—k (_S)ﬂ*kark’P n—mk
(21) Pn’P(mv T,7, 8, C) - ,;:O ( 1) ve (TL — mk)i' Ll (mx) .

The differential equation for this explicit form is derived in Theorem 2.1.

Theorem 2.1. Let s € C, p > 0, and m € N. Then, the polynomial
y = P, p(m,x,7,s,c) satisfies the following equation:

(2.2) ey m) 4 Z arz"y" =0,
r=0

m—1

m
where a, = ' A" fo.
7!
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Proof. Let n = ml + q, where |n/m| =1 and 0 < ¢ < m — 1. The r*" derivative of
(2.1) is given by the following:

[(n—=r)/m]

DTPnp(m z,7, C) _ Z (_l)k,ykcs—n—&-mk—k (_S)n*karkyP n—mk

P (n—mk —r)! k!
X g TmRT
Hence,
rpr _ K k_ k s—n+mk—k (*S)n—mk+k,p
(2.3) 2" D"P, p(m,xz,v,8,¢) = ];) (—=1)"y"¢c (n—T—r)'k'
x (ma)" "k,
Next, we have
m _ /! k. k s—nt+mk—k (_S)n—mk-i-k,p
(2.4) D™P, p(m,z,v,s,¢) = kz_o (—1)"~%¢c el
Mk pn—mk—m
— o kok s—ntmk—k (—S)n—mh+kp m
B kz:;)(_l) e (n —mk —m)! K"
x (ma)nmk—m,

where

Ln—rJ_ l ifr <gq

m 1 Jl—=1, ifr>q

Substituting the equation (2.3) and (2.4) on the left-hand side of the differential
equation (2.2) and comparing the corresponding coefficients of z, we find that

(25) Z <’I’L o mk)’l‘!ar _ mmk(_s)n—mk-i-k-l-m—l,p

—0 T (_S)nfmk%»k,p

= mmk(_s"i_np_mkp"_kp)mfl,p»
where £ =0,1,2,...,0l — 1, and
1 n—ml
Z ( . )r!ar = m"l(—s+np—mip+Ip)m-1,p.
r=0
Because n = ml 4+ ¢ = n — ml = q, we have the following:

(2.6) Zq: (i)?‘!ar = m" (n—q) (—8 +aqp+ <nm_q> p) .

r=0
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mmflArfO
r!

é}(z)Nfo = (n— )(—s+qp+< n_%q>p>m_1,p’

By substituting a, = n (2.6), we obtain

that is,
q n—4q
(2.7) (1+A)fo = (n—q) (—S+qp+ () p) :
m m—1,p
Hence, 1 + A = E, the shift operator, in (2.7) becomes the following:

Elfo = flg) = (n—q) <5+qp+ <nmq> p)m—l,p'

For k=0,1,2,...,1 — 1, (2.5) can be written in the following form:

" n—mk .
(2.8) Z( . )ATfO = foemk = mk(—s+np—mkp+ kp)m—1,p-

r=0

As t — f(t) is a polynomial of degree m, the equation (2.8) is a forward difference
formula for f at the point t = n — mk. Thus, the proof is completed for the choice:

mm AT fe  ommTt np —ms
a, = = A" [n| —— .
7l r m e 1p

2.1. Particular Cases

We illustrate special instances of the differential equation (2.2). In particular,
the equations of the Pincherle, Gegenbauer, and Legendre polynomials. We choose

r =0,1,2 and 3 to obtain the following:

(2.9) ag = m"m A fy = m™ <np—ms> ;
m m—1,p

(2.10)  a; = mM™rAfy = m™
<n1p+m s+p))
(n—1)

m—1,p

“HE-1f(0) = m™TH (1) - £(0)

737
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(211) ay =

and

(212) a3 =

R. V. Savalia and B. I. Dave

mm—;AQfo _ m’;‘l (E—1)%f, = m;_l (E* —2E +1)f(0)
%(ﬂz) —2f(1) + £(0))

m’;*1 l(n _g) ((n —2)p +7:L(*S + 2P)>m_17p —o(n—1)

) ((n —1)p +mm(—s +p))m_1,p . (”pmms)m_l)p] :
mm’;Agfo _ m’;*l [£(3) = 3£(2) + 3£(1) — £(0)]

%!—1 (n-3) ((n —3)p +TZ”L(—S + 3P))m_17p ~3(n—2)

. ((n —2)p +nT(_S + 2p))m1’p +3(n—1)

y <<n —1)p +mm<—s +p>>m_m . <W>]

By choosing m = 3 in (2.9), (2.10), (2.11) and (2.12), we obtain the following:

(213) ay =

(214) a; =

(2.15) ay =
(2.16) a3 =

Further, after

equation (2.2),

52, (”P;?’S)z’p = n(np—3s)(np — 3(s — p)),

-y (R g () |

3np(np — 25+ p) — (3s — 2p)(3s — 5p),

12ps — 18p?,
—4p2.
entering m = 3, v =1, ¢ = 1, and s = —\ into the differential

from the particular values (2.13), (2.14), (2.15) and (2.16), we ar-

rive at the differential equation of the p-deformed Pincherle polynomial. From the
following general form:

that is,

3
y(3) + Z ar.fll‘Ty(r) = O’
r=0

(1+ azz®)y® + agy + a2y + axa®y® = 0,
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we obtain the following equation:

(1 —4p*a®) y® — 6 (2pX + 3p?) 2%y'? + [3np(np + 2X + p)
—(3X+2p)(3X + 5p)] 2y + [n(np + 3\ (np + 3(A +p))]y = 0.
The choice p = 1 yields the differential equation of the Pincherle polynomial ac-
cording to Humbert [11, p. 23].

Next, to obtain the equation for the p-deformed Gegenbauer polynomial, we
enter m =2,y =1,¢=1, and s = —v into (2.2) to obtain

2
SO 43 ey <0,
r=0

or equivalently,
(1+ axz®)y" + a1zy’ + agy = 0.

From (2.9), (2.10) and (2.11), we have the following:

ag = n(np—2s),

ap = Q[n_l n1)p+22(S+p))1,p_(n)<np225>l7p]

_ Z{n_l (n—l)p—;?(—s—i—p))_(n)<np;2$>} _ 2%y,

ay =
With ag, a1, and as, the above equation takes the precise form:
(1 —pa®)y" +n(np +2v)y — 2v + play’ = 0,

where y = C} () is given by (1.7). When p = 1, this reduces to the differential
equation of the Gegenbauer polynomial [17, Eq.(1.4), p.279]. The well-known
special case v = 1/2 of this equation is the following differential equation:

(1 = pa®) Py () = (L +p)aPy ,(2) + n(np + 1) Pop(z) = 0

n,p
of the p-deformed Legendre polynomial (1.8). In addition, for p = 1, this reduces to
the differential equation of the Legendre polynomial P, (z) (cf. [17, Eq. (5), p. 161]).
3. Generating Function Relations

We derive GFR of the pGHP (1.5). This is accomplished with the help of the
p-deformed version of the identity [16, Ex. 212 and 216, p. 146]:

(142" S fa+bn+n)
1—2b _Z n v

n=0
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where a,b € C and w = z(1 + z)7°~!. It is given as explained in Theorem 3.1.
z

Theorem 3.1. Forp >0, a,b € C, and w = m'

o0

(1+ z)e/pt1 _ Z Iy(a+bnp+np+p) w"

1—2b T,(a+bnp+p)nl pr°

(3.1)
n=0

Proof. We use the Lagrange’s series [19, Eq. (3), p. 354]:

f(2) . = wh " N - d
Cug@ = 2 VOO ey, D= g
_Z" %0
where w = o)

To derive (3.1), we take 2o = 0, f(z) = (1 + 2)?, g(2) = (1 + 2)**!, and w =
2(1+4 2)7%"1 in the left-hand side of Lagrange’s series gives the following:

f(z) _ 1+ z)“/p _ (1+ Z)a/p _ (1+ Z)a/p-i-l
L—wg'(z) 1T-wb+D(1+2)" - _Z (41 1—2b
(1+2)

The same substitution on the right-hand side of the Lagrange’s series gives the
following:

oo n oo n

W= n _ W= n >Fbn+n
> D @) sy = 3D [@+zyitmen]
= Zw'<+bn—|—n> <+bn+n—1)
n=0 n
a
><~-~<—|—bn+n—n+1)
b
e w(—=1)"
- Z EL ') (—a —bnp — np)n,p
— p"nl
= > ——(a+bnp+phy
n:Op ’

oo

B Z I'y(a+bnp+np+p) w”
Tpla+bnp+p)nl pr

n=0
This completes the proof. O

We define the function as follows:
[n/m]

(3-2) R(An,a,’)/,r,m,p) — Z rp(*OZerTker)
k=0 FP(

k, —k
Ap_mk,
—a+mrk—kp+p) kP Snmk
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which is required in deriving the following GFR.

Theorem 3.2. Form € N, w = t(1 +~yw™) 2 p>0, G(z) = Y A,2" where

n=0
Ao # 0,
(3.3) iR(A o+ Bn,y,r,m,p)t" = (1 4 yw™)P=)/p . w
. ns 7’)/3 ) 7p - (1+’ywm)r/p 7

n=0 1+ (%m + 1) Vwm

o0

where {An} is an arbitrary sequence such that Y |A;| < oo and other parameters
i=0

are generally unrestricted.

Proof. We begin with the following:

Z R(A’rua + Bna’y»nmap)tn

n=0

o lv/m I'p(p— a— Bn—nr+mrk) b —k n
= Z T "Y p An—mkt

= = »(p—a— pn—nr+mrk —kp) k!

k
_ ii Ip(p—a—pn— Bmk —nr) NRp=E A, grtmk
Ip(p— o — pn— Bmk —nr — kp) k! "

n=0 k=0

_ ZAnthF I‘p(p—a—ﬁn—ﬂmk—nr) k —k:tmk.

= = »(p —a— pn — pmk —nr —kp) k!

In view of the sum in (3.1), the inner series simplifies to the following:

o e 1 (—a—pBn—nr)/p+1
S R(Awat oy rmptt = S A, e LY
n=0 n=0 1 + (,BTm + 1) v

(1 +/U)(p_a)/p e (t(]_ _i_'U)*:B/p)n
e N =

)

where v = vt (1 +v)~P™/P, If we replace v with yw™, then w = t(1 + yw™)~#/P
and, consequently, we obtain

oo 1 my(=a)/p 2 (1 + yw™)~A/P)"
Z R(Ana a+ Bn,vy,r, m’p>tn = ( o ) Z Ay ( ( ghad m) nr/ )
n=0 1+ (% + 1) YW™ n=o (1 Tow ) g

_ (e & [ w ]n
Lo (224 1) w5 LT ey

741
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This completes the proof of GFR (3.3). O
The replacement of v with yp/c, and the substitutions a« = —s, r = p, and

A, = (—m)" "
(=m)" ¢ I'y(p+s—mnp) n!

in (3.3), yield the GFR of the pGHP in the following form:

(1 + ypw™ Jc)@+s)/p

(3.4) Z P, py(m,z,v,s+ fn, o)t =

w
el

o 14 et (8 1)
c p
m\ —B/
where w =t (1 + %) ! and
— vson__ Lplp+s)
Gu) = )" d —mau)”.
W) = O e g )

We note that 8 = 0 < w = ¢; and hence, using the p-binomial series (1.1), we find
the following:

(3.5) Zanp(m,aj,”y,s,c)t" (1 +'thm/c)s/p G

n=0

t

_ (1—1/p)s m\s/p ~ (_m)nrp(p+ 8)
= c c+ ypt E
(e +pt™) I'y(p+s—np)n!

n=0
xt "
X e —
c+ypt™
o0

= 7YPIS (e g ypt™)s /P Z

n=0
xt "
>< e —
c+ypt™

— c(l—l/p)s(c_"_ ’)/ptm)s/p Z (_5)71717
n=0

n!
mat "
X —
c 4+ ypt™

_ 0D ()l (1 _

(=m)"

(p+ 8)—npn!

pmaxt s/p
c+ypt™

= YRS (e pypt™ — pmxt)s/p.

This generalizes the GFR (1.3).
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The GFR of the p-deformed Humbert polynomials occurs as a special case of
(3.4) with the substitutions vy =1, ¢ =1, and s = —pu given by

s 1 erwm)(p*u)/p w
TLZ::O n,m,p(‘r) 1+ (Bm —|—p) wm (1 +pwm) ’

where w = t (1 + pw™) ?/? and

oo

G(Z) — Z - (Fp(p_,u) (_mxz)n

— Ip(p— p—np)n!

The case 8 = 0 yields the following GFR:

oo

(3.6) S, @ = (1+pt™ —pmat) P
n=0
This extends the GFR according to Humbert [11, p.24] (also see [15, Eq. (1.15),
p.5] with p = 1).
The GFR of the p-deformed Kinney polynomial occurs with v =1, ¢ =1, and
s = —1/m from (3.4) given by

(1 + pw™)P=1/m)/p [ w
( )

(oo}
P, ,(m,pn,x)t" =
2 Prplm, ) L+ (Bm + p) w™ 1+ puw™)

n=0

where w = t (1 4+ pw™) /" and

= Fp( — %) n
G(z) = Z e _p% —— (—mzxz)™.

n=0

The GFR of the p-deformed Pincherle polynomial is obtained by substituting m =
3, v=1, ¢c=1, and s = —\ in (3.4), and it is given by the following:

Soypre - LN Gl e )
S 1+(%+1)pw3 (1+pw?)

where w =t (1 + pw?) PP and

— FP( _A) n
G(z) = ;rp(p _Z;\_np)n!(—?)xz) .

Similarly, taking m =2, v =1, ¢ =1, and s = —v in (3.4), we obtain
- (L+pw?)®=/v { w ] |

(3.7) cuthn(z)n =
2.0 Ve (2 ) LT

743
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where w =t (1 +pw2)75/p and

G(z) = ZI‘ Lolp — 1) (—2zz)",

— T'p(p—v—np)n!

which is the GFR of the p-deformed Gegenbauer polynomial. Furthermore, entering
v =1/2 into (3.7), we obtain the GFR of the p-deformed Legendre polynomial or
briefly pLP given by

(1 +pw2)(2p*1)/2pG { w
( )

Py p(z)t"
7;) 1+(%+1>pw2 L+ pw?)

with w =t (1 + pw?) AP and

Ly~ 5) (—2z2)".

G(z) = n;orp(p_ T )l

3.1. Fibonacci-type Polynomials

We provide a computation formula of Fibonacci-type polynomials of order n
(cf. [15, Theorem 2.2, p.6]) in Theorem using (3.5).

Theorem 3.3. For the pGHP defined by (1.5),

(3.8) P,p(m,x,vy,s1 + s2,¢) = Z Pk p(m,x,v,s1,¢) Pyp(m,x,7,s2,c).
k=0

Proof. Replacing s with s; + s in GFR (3.5) provides the following result:

Z P, p(m,x, v, s1 + s2,c)t" ()1 1/P)s1+92) (¢ ypt™ — pmat)* T2/P

n=0

= (c)(l—l/P)Sl (C+’thm _pmxt)m/l?

X c)<171/p)82 (c+ ~ypt™ — pmxt)s2/p

—~

oo
P, p(m,z,7v,s1,c)t" Z Py, p(m, x, 7, 52, c)t"

I
hE

n=0 k=0
o0 oo
_ +k
— § E P, p(m,x,7, s1,¢) Py p(m, x,7, s2,c)t"
n=0 k=0

oo n

— Z Z Pk p(m,x,vy,s1,¢) Py p(m, x,7, s2,c)t™.
n=0 k=0
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Comparing the coefficients of ¢", this yields (3.8). O

The GFR (3.6) leads to the computation formula of Fibonacci-type polynomials
of order n, stated as Corollary 3.4.

Corollary 3.4. In the usual notations and meaning,

n
sk (z) =y M0, ()2 ().
k=0

4. Recurrence Relations

In this section, the differential recurrence relations and mixed relations of the
pGHP are derived.

First, we denote (c+ ypt™ —pmxt)s/p as A(t;m,x,v,s,c,p) and rewrite (3.5) in
the following form:

(4.1) A(t;m,z,v,8,¢,p) = c(l/p_l)san,p(m,x,’y,s,c)t”.

n=0

Then, with D, = d/dz, we have

Do(A(tm, 2,7, 5,0,0) = Da ((c+pt™ = pmat)’?)
= —mits(c+ypt™ — pmxt)s/pfl )

Setting sq = —p, ¢ € N, this results in the following:

mip

DCU (A(t7 m,x,7, _p/q? C,p)) = T ( + 'thm - pml_t)s/p+sq/p
mip

= A(t;m,x,'y, _p/Q7cap)1+q-

The successive differentiation yields the following:

mt
(42) Di(A(t7 m,x,v, _p/q7 C,p)) DCE (qu(t’ m,x,7, _p/q7 c7p)1+q>

mt
= Tpr ((A(t;m,l“,%—p/qvcap))l—i_q)

= W;—’_(])(A(t;m7x777 _p/Q7Cap))q
XDz (A(tv m,zx,7, 7p/q7 Cap))
(mtp)*(1 + q)

q2
1+2
X (A(t;m,%% _p/Q7C7p)) * q’
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3
mt
D3(A(t;m, x, v, —p/q,c,p)) = <qp> (1+q)(14+2q) (A(t; m, 2,7, —p/g, ¢, p)) 9,

and in general,

DAt m, 27, —p/a,e,p)) = (mqtp) {H(l HQ)} (A(tsm, ., —p/a,¢,p) 7!
=0

Next, taking the j*" derivative with respect to z in (4.1) yields the following:

DI A(tym, x,7, 8, ¢,p)

oo

= c<1/p71)5Zt"DiPmp(m,m,'y,s,c)
n=0
o |n/m] (—s) -
— (1/p—1)s iy _N\k,.s—n+mk—k\°/n—mk+k,p n—mij n—mk
¢ ng() I;J( e k!(n—mk)!m =¥
oo l(n=34)/m] (—s) -
_ (1/p—1)s n Nk .s—n+mk—k _\"2)n—mk+k,p n—mk_ n—mk—j
= WP Zt Z (=7)%¢ B —mk— ) _)'m x J
n=j k=0 ’ 1)
_ (1/p—1)s n+j Nk ,.s—n—j+mk—k\_°/)ntj—mk+kp _j n—mk
= c ,;Ot kzo (—y)%c k) m’ (mzx) .
However, because,
(4'3) DiPnJrj’P(mv L7 8, C)
L(n+3)/m] e
_ 1 k_ k s—n—j+mk—Fk n+j—mk+k,p n+j—mij n+j—mk
> e (st ynes-mipy()
[n/m] (= 8) s j o
— -1 k k_s—n—j+mk—k nt+j—mk+k,p n+j—mk_n—mk
kz—o( )re k! (n — mk)! " * ’

from (4.3), we have the following:

(o)
(44) DiA(t;m7xa'y’8acvp) = c(l/p_l)sZtn—"—jD;—P”l‘Fﬁp(m?x’,}/a876)'

n=0

Inserting s = —p/q into (4.4) and employing (4.3), we obtain

PN DI Py p(m, 2,7, —p/ g, €)
n=0

= (mp) {ﬁ(lﬂq)}(z‘l(t;m,x,%p/q7c,p))1+jq~

q 1=0
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Replacing A(t;m,x,v, —p/q, ¢, p) with its series expansion from (4.1), it becomes

c(1/p=1)s Z t”DiPnﬂ-’p(m, z,7,—Dp/q,c)

n=0
. (i o 1+jq
= (qp) { H(l + Zq)} (C(l/p_l)s Z Pn,p(mv Z,7, _p/q7 C)tn> )
=0 n=0
that is,

)

TR

n=0

; - 1+35q
m .
_ (qp) C(l/pl)sm{ (1+1q) } (Z n,p (m,x,7v,—p/q,c)t )

m 7 B _ Jj—1 o0 B
- (p) 1/p=1)siq H (1+iq) Z Z PypPiyp Pt
=0

q n=0 d1+iz+-+i14;q=n

where ¢ € N and P, , = P;, ,(m,z,7v,—p/q,c). Comparing the coeflicients of ¢,
this yields the following:

Djpn-i-jp(m €y, 7p/qa C)
j—1

mp s .
( ) (1/p=1) JQ{ H(I—Hq)} Z PPy Pisope

q =0 11ttt Firyig=n

This provides the p-deformed version of the result according to Gould [9, Eq. (3.4),
p.702](cf. with p = 1). Further, multiplying (4.3) by t" and then taking the
summation from n = 0 to oo, produces the following:

3 = e ——
DiP,. . " = )k esmngtmk—k L S nty—mbktkip
TLZ:;) T 7l+]7p(m7xa'778ac) nz:% kz:;)( X (n—mk)'
an+j—mkxn—mktn
oo [n/m]
— chp—j(_s)j’pmj Z (_,y)kcs—jp—n+mk—lc
n=0 k=0
(_S +jp)nfmk+k,p n—mkan
kl(n — mk)! (ma) t

o0
- Zc(p_l)j(_s)j,p ijn,p(m7x7,}/7S_jp7 C) tn

oo
= Zc(”_l)j(—s)j,p m? P, ,(m,z,v,s — jp,c) t".
n=0
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From this, it follows that
(4.5) DiPn+j7p(m,m,7, s,¢) = c(p_l)j(—s)jyp ijnyp(m,x,’y, s —jp,c).

This generalizes the formula given by Gould [9, Eq. (3.5), p.702](cf. with p = 1).
In addition, setting j =1, m=2,v=1,c=1, and s = —v and replacing n with
n—11n (4.5) yields

DICZ,p( )_QVCZ lp( )

involving the p-Gegenbauer polynomial. This generalizes the familiar formula of
Whittaker et al. [20, (III), p. 330](cf. with p =1). For v = 1/2, this further reduces
to the following:

Dy Py p(2) = Po1,p(2),

involving the p-Legendre polynomial.
For the recurrence relations, we first obtain the following:

¢+ ypt™ — pmat) tDyA(t;m, x,7, 8, ¢, p)

)
+pt™ — pmat) tDt (c+ypt™ — pm:ct)s/p
)t—

+ ypt™ — pmat (c +pt™ — pmat)*P 7 (ypmt™ T — pma)

(
(c
(c
(=m

)(l't - ,th)A(tv m,x,7,Ss, Cvp)'

From (4.1), we have the following:

(c+ypt™ — pmat) t D, <c(1/p1)s Z P, p(m,z,7,s, c)t")
n=0

= (—ms)(xt — ’}/tm) C(l/pil)s Z Pn,p(m7 T,7, 8, C)tn
n=0

Simplifying this and abbreviating P, ,(m,z,7, s,c) by B, p(x), we obtain

(¢ + ypt™ — pmat) Z nPP, ,(2)t" = —ms(xt —t™) Z B, p(z)t"
n=0 n=0

= Z enPBy, p(x)t" + ypt™ Z NP p(2)t" — pmat Z nPB,p(z)t

n=0 n=0 n=0

= —msaxt Z ‘Bn,p 2)t" + msyt™ Z (Bn,P

n=0 n=0
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o0
= Z enPBy, p(2)t" +p Z NPy p ()" — pmaz Z P, p(z)t"
n=0

= —msz Z Pop ()" + msy Z B p(z)t" ™

n=0 n=0
= Z cnBn p ()" + Y Z (n = m)Pr—mp(@)t" — pma Z(n = DBn—1p(@)t"
n=0 n=1
= —msz Z PBr—1,p(@)t" + msy Z PBr—m,p(z)t"
n=0 n=0

= Z (Cnf‘pn,p(m) + mx(s —np +p)‘43n—1,p(33) + 7(”]7 —mp — ms)mn—m,p(x)> "

n=m

= 0,
because n > m > 1. The recurrence relation is given as follows:

(4.6) cnP, p(z) +ma(s —np 4+ p)Br—1,(x) +v(np — mp — ms)Pp—m p(z) = 0.

This identity provides the p-deformed version of a recurrence relation derived by
Gould [9, Eq. (2.3), p. 700](cf. with p = 1). Taking derivative of (3.5) with respect
to x, we obtain

(4.7) Z Dy Py y(m, .7, s, )" = —smt(c) VP (¢ + ypt™ — pmat)¥/P7,
n=0

and differentiating (3.5) with respect to ¢ and using (4.7), we find

o0

Z Pn,p(m7 x,7, s, c)ntn_l
n=0

= 2 =P (ypmit™ =t — pmz) (¢ + ypt™ — pmact)s/p*1

m—1 e
_ o (1-1/p)s (’ymt — mx) n
sc st =i E,O D,P, ,(m,z,v,s,c)t

_ tmfl e
= %ZDxPn,p(m,x,’y,s,c)t".
n=0
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Thus, we obtain

(o)
Z npn,p(m’ xa ’Ya Sa C)tn

n=0
o0 o0
= =z Z Dy Py p(m,x, 7y, s, c)t" — 4t ! Z D.P, p(m,x,7v,s,c)t"
n=0 n=0
o0 o0
= z Z Dy P, p(m,z,v,s,c)t" —~ Z DyP, p(m,x,7,s, c)tntm=1
n=0 n=0
o0 oo
= z Z D, P, ,(m,z,v,s,c)t" —~ Z Dy P pt1p(m,z,v,s,c)t".
n=0 n=m-—1

After equating the coefficients of ¢™ on both sides for n > m — 1, we obtain
nPn,p(m,x,’y,s,c) = waPn,p(m7x77asvc) _’YDIPn—m-l-l,p(m)xv’szvc)-
This provides a p-deformation of the differential recurrence relation according to

Gould [9, Eq. (2.5), p. 700]. The other recurrence relations involving the pGHP may
be obtained similarly.

5. Companion Matrix

Let ]Bn’p(m,x,'y,s,c) be the monic polynomial obtained from (2.1) and it is
defined by the following:

(5.1) ﬁn,p(m,aj,’y,s,c) = Z(Sk gnmk

where

()RR (—n) iy ™ R (=5 + np) etk p
mmkk! ’

O =

Then, with this 45 ,, C (Pn,p(m,x,% s, c)) assumes the form stated in Definition

1.1. The eigen values of this matrix are thus precisely the zeros of I—T’n,p(m, x,7,8,C)
(see [14, p.39]).

Tillustation 5.1. To illustrate the companion matrix of the above monic polyno-
mial, we take n = 3,p = 2, and m = 2 into (5.1) to obtain

- 1
P32(2,2,7,8,¢) = 3. 6 #3728 = §o2® + 510 = Jpa® + 022 + 612 + 0,
k=0

where dg =1 and 6; = % <3’Y_04) :
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Thus, the companion matrix is as follows:

N 0 1 0
C (P372(2,:c,’y,s,c)) =10 0 1
0 6 O

where the eigen values are determined from the following determinant equation:

-2 1 0
0 —-Xx 1 |=0
0 01 —A

From this, we obtain the eigen values A = 0, V&1, and —/&;, that satisfy the
equation Ps5(2,z,7,s,¢) = 0.

POLYNOMIAL REDUCIBILITY

p-deformed generalized
Humbert polynomials

i

p-deformed
Humbert polynomials
[
' v ¥
p-deformed p-deformed p-deformed
Pincherle Gegenbauer Kenny

polynomial polynomial polynomial

p-deformed

Legendre polynomial
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