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ABSTRACT. We define morphic near-ring elements and study their behavior in regular
near-rings. We show that the class of left morphic regular near-rings is properly contained
between the classes of left strongly regular and unit-regular near-rings.

1. Introduction

Let R be a ring, M be an R-module and A := Endr(M) be the ring of R-
module endomorphisms of M. An element a of A is called regular if there exists
a B € A such that afa = a. A regular element « is called unit-regular if 5 can
be chosen to be an R-automorphism of M, i.e., 8 € Autr(M). If every element in
A is unit-regular, then A is a unit-regular ring. In two successive papers, [6] and
[7], G. Ehrlich studied the class of unit-regular rings. She showed that o € A is
unit-regular if and only if « is regular and has the property that M /Im(a) = ker(a).
Note that, the property M/Im(«) = ker(«) is the Dual of the First Isomorphism
Theorem, M/ker(a) = Im(a), for « € A. Ehrlich’s result sparked further studies
concerning this dual.

Let a € R. Following the case for M = rR in which a(r) = ra for all r € R, we
denote the left and right annihilators of a by (0 :; a) and (0 : a) respectively. It is
known that for any @ € R, R/(0 :; a) & Ra. By dualisiling this isomorphism, W.
K. Nicholson and C. E. Sdnchez in [18] introduced the notion of morphic elements.
An element @ in R is said to be left morphic it R/Ra = (0 ;; a). A ring is called
left morphic if each of its elements is left morphic, i.e., if for every a € R, the Dual
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of the First Isomorphism Theorem for an endomorphism r — ra of R holds. Right
morphic elements and right morphic rings are defined analogously. We say that
R is morphic if it is both left and right morphic. With appropriate modifications,
morphic modules, morphic groups and morphic group-rings were defined. These
studies exist in [5, 11, 12, 14, 20] among others. In this work we extend this study
to near-rings.

Let N be a near-ring. By defining left morphic near-ring elements, several
properties are obtained. For instance, we establish that where as a right near-ring
is in general not Abelian as a group under addition and also lacks left-distributivity
of multiplication over addition; existence of a left morphic idempotent element in a
zero-symmetric right near-ring allows the two mentioned conditions above to hold
under some special situations. In particular, if e is a left morphic idempotent
element of a zero-symmetric near-ring N, then for all x € N,

x(l—e)=x—ze=—xe+ 1.

Secondly, we establish in Theorem 4.8 that an idempotent e of a zero-symmetric
near-ring N is left morphic if and only if e and its supplement, 1 —e, are orthogonal
and their left annihilator sets have only the zero element in common. Moreover,
every left morphic idempotent element of a near-ring is morphic. Surprisingly,
every idempotent need not be left morphic. It turns out that there are many results
already known in left morphic rings that do not carry over to left morphic near-rings.
For instance, for rings, Theorem 1.1 was proved.

Theorem 1.1.([7, Ehrlich]) A ring R is unit-reqular if and only if it is both regular
and left morphic.

The group-theoretic analogue of Theorem 1.1 was proved by Y. Li and W. K.
Nicholson in [13]. Here we show that the analogue of Theorem 1.1 does not hold
for near-rings. Whereas a left morphic regular zero-symmetric near-ring is unit-
regular, see Theorem 4.14, we show in Examples 4.15 and 4.16 that the converse
does not hold in general. Also, whereas zero-symmetric left strongly regular near-
rings are left morphic, see Proposition 4.6, the converse is not true in general as
shown in Example 4.12. We establish and classify left morphic regular near-rings.
The relationship between left strongly regular, left morphic regular and unit-regular
near-rings is studied. It is explicitly illustrated that the class of left morphic regular
near-rings properly lies between the classes of left strongly regular and unit-regular
near-rings.

2. Preliminaries on Right Near-rings

A right near-ring (N, 4+, %) is a non-empty set N with two binary operations
‘+" and ‘%’ such that (N,+) is a group, (not necessarily Abelian) with identity
0, (N,*) is a semigroup and ‘+’ satisfies the right distributive law with respect to
‘+ e, (+y)xz =axxz+yxz for all x,y,z € N. One often writes zy for
z xy. A natural example of a right near-ring is the following: Let G be a group,
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written additively but not necessarily Abelian, and M (G) be the set of all mappings
from G to G. Given f,g in M(G), the mapping f + ¢g from G to G is defined as
(f+9g)(x) = f(x) + g(x). The product f g, of two elements, is their composition
f(g(z)), for all z in G. Then (M(G),+,x) is a right near-ring. A near-field is a
near-ring in which there is a multiplicative identity and every non-zero element has
a multiplicative inverse. As an immediate consequence of the right distributive law,
we have 0x = 0 for every x in N but it is not necessarily true that z0 = 0 for every
2 in N. However, if 20 = 0 for every x € N, then N is zero-symmetric.

Let a € N. For a right near-ring N, the mapping » — ra from N to N
determines an endomorphism of (IV, +) whose kernel coincides with (0 :; a) and its
image with Na.

Definition 2.1. Let N be a right near-ring. A left N-module M is a group, (M, +),
written additively but not necessarily Abelian together with a map N x M —
M, (r,m) — rm, such that for all m € M and for all 1,79 € N,

(7-1 + r2)m =7rim-+rom and (T1T2)m = rl(’er)'

Observe that, a right near-ring IV has a natural structure of a left N-module.

Definition 2.2. Let N be a right near-ring and M be a left N-module. A subset
L of M is called an N-ideal of M if (L,+) is a normal subgroup of (M, +) and

r(l+m)—rmelL

forallme M,l € L and r € N. The N-ideals of N are called left ideals. In fact,
if L is a left ideal of N and LN C L, then L is an ideal of N.

For any near-ring N and a € N, the set (0 :; a) is an N-ideal. If M is a left
N-module, one can define a factor left N-module M/L provided L is an N-ideal
of M. Near-ring homomorphisms and N-homomorphisms are defined in the usual
manner as for rings.

Let a € N. We call a regular if there exists x € N such that a = aza. If z can
be chosen to be a unit, then a is called unit-regular. The element a is said to be
left (right) strongly regular if there exists x € N such that a = za? (a = a®z) and
strongly regular if it is left and right strongly regular. Regular, unit-regular and left
(right) strongly regular near-rings are defined in the usual manner. We say that N
is reduced if it has no non-zero nilpotent elements, i.e., a € N, a™ = 0 implies a = 0.
N is said to have IFP (Insertion-of-Factors-Property) if for a,b € N, ab = 0 implies
anb = 0 for every n € N. For a detailed account of basic concepts concerning
near-rings and near-ring modules, we refer the reader to the books [8], [16] and [21].

Convention: A near-ring N is called unital if there exists an element 1 # 0 in
N such that, 1r = r1 = r for every element 7 in N. We call N zero-symmetric if
r0 = 0r = 0 for every r in N. Unless otherwise stated, all near-rings are unital
zero-symmetric right near-rings and all N-modules are unitary. We denote by U(N)
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and U(R) the collection of all units of N and R respectively (i.e., invertible elements
with respect to multiplication ‘x’).

3. General Results and Examples of Left Morphic Near-rings

For a near-ring N and a € N, consider the multiplication map n — na : N — N.
By the First Isomorphism Theorem, N/(0 :; a) & Na considered as N-modules. If
Na is an N-ideal, then the dual to this isomorphism is N/Na = (0 :; a).

Definition 3.1. Let N be a near-ring and a € N. An element a is called left
morphic if Na is an N-ideal and

N/Na=(0: a)
as near-ring N-modules. A near-ring N is called left morphic if each of its elements
is left morphic (right morphic near-rings are defined similarly).

In Lemma 3.2 below, we give other equivalent statements for a left morphic
near-ring element.

Lemma 3.2. Let N be a near-ring and a € N. The following are equivalent:

(1) a is left morphic.

(2) There exists b € N such that Na = (0 :; b) and Nb= (0 3 a).

(3) There exists b € N such that Na = (0 :; b) and Nb= (0 ; a).
Proof. (1) = (2). By (1), if 0 : N/Na — (0 :; a) defined by (1 + Na) = b
is the N-isomorphism, then Nb = Im(oc) = (0 ;; a) because o is surjective and
(0: b) =ker(o) = {n+ Na:nb= 0} = Na because o is injective.
(2) = (3). This follows from the equality Nb = (0 :; a) of N-ideals.

(3) = (1). Suppose that there exists b € N such that Na = (0 :; b) and Nb = (0
a), then Na is an N-ideal and N/Na = N/(0:; b) =2 Nb = (0 :; a), proving (1). O

Lemma 3.3. Let N be a near-ring, a € N and u € U(N), then
(1) Nu=N,
(2) (0 a)=(0yau?),
(3) (0: a)u=t =(0: ua),
(4) (0:a)= (0 a)u.

Proof. To prove (1), it is enough to show that N C Nu since for any u € U(N),
1 =wu'u € Nu. Forevery r € Ny;r =r-1=r(u"tu) = (ru!)u € Nu, hence
N = Nu.

For (2), let € (0 ;; a). Then za = 0. Then 0 = Ou™! = (za)u™t = z(au™);

hence z € (0 ;; au™t) and (0 5y a) € (0 ; au™t). For x € (0 ; au™t), we
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get x(au~t) = (za)u~! = 0. This implies that (za)u='u = za = 0. Therefore,

x € (0 ; a); which proves (0 ;; au™') = (0 :; a). The proof of (3) is similar to that

of (2).
For the proof of (4), the map ¥ : (0 :; a) = (0 ;; a)u, = — zu gives the required
N-isomorphism. O

Proposition 3.4. Let N be a near-ring and a € N. If a is left morphic, then the
same is true of au and ua, for every u € U(N).

Proof. Let a € N be a left morphic element. Then by Lemma 3.2 Na = (0
b) and Nb = (0 :; a) for some b € N. Suppose u € N is a unit. Applying Lemmas 3.2
and 3.3, N(ua) = Na = (0 5 ) = (0 bu™!) and N(bu™t) = (Nb)ju=! = (0 4
a)u=t = (0 :; ua). So ua is left morphic. Similarly, N(au) = (Na)u = (0 ;; b)u =
(0 u=tb), and N(u=tb) = (Nu=1)b = Nb=(0: a) = (0 ;; au). So, au is also left
morphic. O

Proposition 3.5. Let N be a near-ring and a € N. If a € N s left morphic, then
the following are equivalent:

(1) (0 a) = {0},
(2) Na=N,
(3) a € UN).

Proof. (1) < (2) is clear from N/Na isomorphic to (0 ;; a). The proof of (3) = (1)
is immediate. We now prove (2) = (3); from (2) we have that 1 = ba for some b in
N and so a = aba. Then (1 — ab) is in the left annihilator of a that is zero. Thus
we obtain 1 = ab = ba; which implies that a € U(N). a

n
Using condition (2) in Lemma 3.2 we get: A finite direct product [] N; of
near-rings is left morphic if and only if each near-ring N; is left morp}zlil. The
proof is immediate after taking into account that the left annihilator of an element
(ay,as,...,a,) in the product is just the product of the sets (0 ;; a;),i =1,2,...,n.
We will give examples of left morphic near-ring elements and left morphic near-
rings starting with the ring theoretic ones.

Example 3.6. The earliest known class of left morphic rings to be determined
were the unit-regular rings in [7]. Later, in [18], [19] and [20], more examples were
investigated to include all local rings where the Jacobson radical is a nilpotent
principle ideal, all factor rings of commutative principal ideal domains like the
rings Z,, of integers modulo n. Let R be a unit-regular ring, 0 : R — R be any
ring homomorphism that fixes idempotents element-wise and R[z; o] be the skew
polynomials with commutation relation zr = o(r)x. The rings R[z;o0]/(z™) and
Rlx]/(x™) are left morphic for all n > 1 by [11] and [12].

Example 3.7. Let N be a near-ring. The units of NV are left and right morphic. To
see this, let v € N be a unit. Then Nu = N by Lemma 3.3 and N/Nu = N/N 2
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{0} = (0 :; w). This proves that u is left morphic. Similarly, N/uN = (0 : u) and
thus « is morphic. Consequently, all near-fields are morphic. If all idempotents e of
N are central, then 1 — e is idempotent and N(1 —e) C (03 €). Let xe = 0. Then
z—(1—e)x = z+ex—x = 0. We, therefore, have x = (1—e)z = z(1—e) € N(1—e).
Thus N(1 —e) = (0 ;; e). Similarly, (0: (1 —e)) = Ne and Lemma 3.2 implies e
is left morphic. By a similar argument, e can be shown to be right morphic.

Example 3.8. A near-ring N is said to be subcommutative if Na = aN for all
a € N. We call N a generalised near field if it is regular and subcommutative. It
was proved in [17, Theorem 1.5] that, if N is a unital generalised near field, then
N has a decomposition N = (0 :; a) ® Na for each a in N, where Na is an N-ideal.
Since N/Na = (0 3 a) for all a € N, then N is left morphic and thus all generalised
near fields are left morphic.

Example 3.9. Let N be a finite weakly divisible near-ring, that is, for all a,b € N,
there exists © € N such that za = b or b = a. Let L = N\ U(N). In [3] and
[4], it was shown that there exists n,k € {0,1,...} and r € L such that L¥ = Nr*,
L™ = {0} and " = 0 for some 0 < k < n. Further, for each a € L, a = ur® for
some u € U(N). Moreover, every L* is an N-ideal and (0 :;; *) = N7"~*. Thus we
claim that N is left morphic. To see this, suppose that a € N. If a € U(N), then
by Example 3.6 there is nothing to prove. Otherwise, a = ur®. Thus

Na = Nurk = Nr¥ = (0 r7F)
and by Lemma 3.3,
Nk =04 %) = (0:wF)u= (0 a)u== (0 a).

Applying Lemma 3.2 completes the proof that a is left morphic and thus N is a left
morphic near-ring.

With Example 3.6 in mind and following [3, Proposition 3], we hasten to note that
the only morphic weakly divisible near-rings of the form N := (Z,,+,*) are those
for which n is a power of a prime number.

4. Morphic Regular Elements

The aim of this section is to investigate morphic elements in regular near-rings.
The following Lemmas [4.1 - 4.4] will be useful in the sequel.

Lemma 4.1.(]21, Theorem 9.158]) Let N be a non-zero regular near-ring. The
following are equivalent:

(1) N is reduced,
(2) all idempotents of N are central,
(3) N is a sub-direct product of near-fields.
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Lemma 4.2. A near-ring N is left strongly reqular if and only if N is reqular and
reduced if and only if N is reqular with central idempotents.

Proof. By [1, Corollary 4.3], N is left strongly regular if and only if N is regular
and reduced. Lemma 4.1 completes the proof. m]

Lemma 4.3.([22, Theorem 3]) Let N be a left strongly regular near-ring and a € N.
If a = za® for some x € N, then a = axa and ax = xa.

Lemma 4.4.([15, Proposition 5]) Fwvery left strongly regular near-ring is unit-
regular.

Proposition 4.5. Let N be a left strongly reqular near-ring and a € N. Then a?
is a regular element of N.

Proof. Let a € N. Then a = xza? for some x € N. By Lemmas 4.2 and 4.3, a = aza,
and ar = wa is a central idempotent. Hence a? = aa = (aza)(ara) = (aax)(vaa) =

a®(zx)a® = a*r?a®. O

Proposition 4.6. Fvery left strongly reqular near-ring N is left morphic.

Proof. Let a € N. By Lemma 4.4, a = aua with u € U(N). Using Lemma 4.2
and Lemma 4.3, au = ua is a central idempotent. Let v be the inverse of u. Then
a = a(uwv) = (au)v is a product of a central idempotent and a unit which are both
left morphic (according to Example 3.6). Proposition 3.4 completes the proof. O

Corollary 4.7. Every strongly reqular near-ring N is morphic.
Proof. Strongly regular near-rings are both left and right strongly regular. By
Proposition 4.6, they are both left and right morphic. a

H. E. Heatherly and J. R. Courville in [10] initiated the study of near-rings
with a special condition on idempotents. In Theorem 4.8, we extend their ideas and
show that the notion of left morphic idempotent elements for near-rings had been
already studied in [10] although was not called so at that time.

Theorem 4.8. Let N be a near-ring and e be an idempotent element of N. The
following are equivalent:

(1
2

e is left morphic,
Ne= (0 (1—¢)),
3) z(l—e)=—ze+x forallz € N,
5) 2(1—e) =z —xe for allz € N,

6

)
(2)
3)
(4) (0:e)N(0: (1—e)) ={0} and e(1 —e) =0,
(5)
(6) N(1—e)=(0ze),

(7)

7) (1 —e) is left morphic.



846 A. S. Bamunoba, P. I. Kimuli and D. Ssevviiri

Proof. Since the implications (2) < (3) < (4) < (5) are by [10, Proposition 2.1],
we prove (2) = (1) = (7) = (2) < (6).

(2) = (1). Suppose that (2) holds; it suffices to show that N(1 —e) = (0 ;; e)
by Lemma 3.2. In view of [10, Corollary 2.2], (1 — e) is an idempotent element of
Nand1l—(1—e)=e. By (2), N0l—e)=(0: (1 —-(1—¢))) =(0: e). Therefore,
applying Lemma 3.2, Ne = (0 :; (1 —¢e)) and N(1 —e) = (0 ;; e) implies that e is
left morphic.

(1) = (7). If e is left morphic, then by Definition 3.1, Ne is an N-ideal of N and
soe(l—e)—e € Ne. That is, e(1—e)—e = ne for some n € N. Right multiplication
by e gives —e = ne and hence e(1 — e) = 0. This proves Ne C (0 :; (1 —¢)). Let
x € (03 (1—e¢)). Then z(l —e) = 0 and —z = (1 —e) — z € Ne because,
by (1), Ne is an N-ideal of N. Since Ne is a normal subgroup of N, —z € Ne
implies © € Ne which gives (0 ;; (1 —e)) € Ne. Hence Ne = (0 ; (1 —e))
and so e verifies (2). Further, e(1 —e) = 0 implies (1 — e) is idempotent. By
[10, Corollary 2.2], 1 — (1 —e) = e and (1 — e) must verify (2) as well. Hence
N1l-e)=0:;(1—-(1—-¢€))=(0:¢e)and (0: (1—e)) = Ne which, by Lemma
3.2, proves that (1 — e) is left morphic.

(7) = (2). By (7), (1 —e) is left morphic with (0 :; (1 —e)) = Ne and so (2)
follows.

(2) = (6). Following [10, Corollary 2.2], (1 — e) is an idempotent element of N
and 1 — (1 —e)=e. Thusby (2), N(1—e)=0:3(1—(1—¢)))=(0:e€).

(6) = (2). Assume that (6) holds and let ¢’ denote the idempotent (1 — e).
Then N(1 —¢') = (0 3 ¢’) implies that N(1 — (1 —e)) = (0 ;; (1 —¢)). Therefore,
by [10, Corollary 2.2], Ne = (0 ;; (1 —€)). O

Corollary 4.9. Every left morphic idempotent element of a near-ring is morphic.

Proof. We show that each left morphic idempotent element e of a near-ring IV is also
right-morphic, i.e., if an idempotent e € N is left morphic, then eN = (0 :, (1 —¢))
and (1 —e)N = (0 :» e). With the formulations of Theorem 4.8 in mind, it is
enough to prove only the first equality. Since (1 —e)eN = (e — )N = ON = {0},
eN C (0: (1 —e)). Suppose that z € (0:,. (1 —e¢)). Then (1 —e)z = 0 which gives
x =ex € eN. Hence (0:, (1 —e)) =eN. O
Example 4.10. Consider the commutative ring N defined on the Klein four group

(N,+4) with N = {0, a,b,c}, whose addition and multiplication is given by the two
tables:

+
0
a
b
c

QO o OO
S0 O QR
L OO0 oo
o oo
o o Q O *
o O O OO
S 2 O
o o oo
o 0 O 9ollo

We can verify that N is left morphic since Na = (0 ;; ¢), Ne = (0 :; a), (0 :; b) = {0}
and (0 : 0) = Nb.
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Near-rings in which every element is idempotent are called Boolean. In light of
Example 4.10 and a property exhibited by a left morphic idempotent element of a
near-ring in Theorem 4.8, one is led to the following:

Proposition 4.11. Let N be a Boolean near-ring. Then N is a commutative mor-
phic ring.

Proof. By [2, Theorem 3], (NV,+) is commutative. N is (left and right) strongly
regular and so is morphic by Corollary 4.7. By Lemma 4.2, all the elements of N
are central. Now

x(y+z2)=y+z)r=yr+zx=cy+uzz

and we have the left distributive law. O

A near-ring N is called a left duo near-ring if the left ideals of N are ideals of
N. Every left strongly regular near-ring is a left duo near-ring.

Example 4.12. Let D be a division ring and R := M, (D) be the n x n matrix
ring over D,n > 2. It is well known that R is a left and right morphic regular
ring, see [18]. However, R is neither left nor right duo, hence neither left nor right

2
. 0 1 0 1 0 0
strongly regular. In particular, [ 0 0 } € R and { 0 0 ] = [ 0 0 ]

Example 4.12 is a left morphic regular ring which is not left strongly regular.
However, if N is a reduced near-ring, then it fulfills the IFP-property. But [8,
Proposition 1.6.35] implies that N has the IFP-property if and only if for all a € N,
(0 :; a) and (0 : a) are ideals of N. Hence regularity conditions and left morphic
left duo near-rings are linked by Proposition 4.13 below.

Proposition 4.13. Let N be a near-ring. Then the following are equivalent:
(1) N is a reduced left morphic near-ring,
(2) N is a left strongly regular near-ring,

(3) N is a regular and left duo near-ring.

Proof. (1) = (2). Let a € N. By the left morphic hypothesis, there exists some
b € N such that Na = (0 :; b). Further, N fulfills the IFP property because it is
reduced. Thus (0:; (0:a))=(0:(0: Na))=(0: (0:(0:30)))=(0:b) =Na
so that (0 :; (0 :» Na)) = Na for every a € N. By [8, Proposition 3.4.14], N is
regular and therefore left strongly regular by Lemma 4.2.

(2) = (1). Given (2), N is left morphic by Proposition 4.6 and reduced by
Lemma 4.2.

(3) = (2). Let a € N. Then each left annihilator set of a is an ideal because N
is left duo. In this case N fulfills the IFP-property and so by [1, Proposition 4.2],
N is left strongly regular.

(2) = (3). This always holds since every left strongly regular near-ring is regular
by Lemma 4.2 and every N-ideal of N is an ideal. ]

847



848 A. S. Bamunoba, P. I. Kimuli and D. Ssevviiri

Theorem 4.14. FEvery left morphic reqular near-ring is unit-reqular.

Proof. Let a € N, a = aza for some © € N, Na = (0 ;; b) and Nb = (0 3; a) for
some b € N. The argument is similar to the proof of [18, Proposition 5]. Observe
that a € Na = (0:;b) and b€ Nb= (0 a) give

(4.1) ab =0 = ba.

The elements, xa and ax are idempotents in NV, they are left morphic and so they
satisfy the conditions of Theorem 4.8. In particular,

a(l — az) = a — a(ax) = —a(ax) + a

for all @ € N. From a = aza we have (a — aza) = (1 — ax)a = 0. This implies that
(1 —azx) € (0: a) = Nb. Therefore, (1 — ax) = rb for some r € N. Now, we write

u=uzxar +b

and verify that u is a unit. In view of Proposition 3.4, it is enough to show that
(0 : u) = {0}. Suppose y € (0:; u). Then

(4.2) yu = y(zazx + b) = 0.
Right multiply (4.2) by (1 — az) to get
0 = y(xax 4+ b)(1 — azx) = y(b(1 — ax) + zazx(l — ax)).

Applying Theorem 4.8 and the fact that ab = 0 = ba leads to 0 = y(b—bazx + (zax —
zazaz)) = yb. Hence y € (0:;; b) = Na, say y = na, for some n € N. Then

0 =0a = (yu)a = y(xax + b)a = y(0 + za) = yra = nara = na = y.
Since (0 ;; u) = {0}, w is a unit in N. Lastly, observe that
aua = a(zazr + b)a = a(ba + zaza) = a(xa + 0) = aza = a.
Hence a is unit-regular. O

The near-ring in Example 4.10 is morphic and unit-regular near-ring. Clearly,
for rings, all morphic regular rings are unit-regular and the converse holds by [7].

In Examples 4.15 and 4.16, we construct unit-regular near-ring elements and
unit-regular near-rings which are not left morphic and hence the analogue of
Ehrlich’s theorem does not, in general, hold for near-rings.

Example 4.15. Consider the group Zs := {0,1,2} and the set of all functions
Mo(Zg) = {f S Mo(Zg) ‘ f : Zg — Zg such that f((_)) = 6} .

Recall, My(Z3) is a zero-symmetric near-ring with respect to componentwise addi-
tion + and composition o of functions.



Morphic Elements in Regular Near-rings 849

Claim 1. If N := My(Z3), then the near-ring (N, +,0) is unit-reqular but not left
morphic.

Proof. We begin by investigating the elements of N as follows. Let T € Z3, f; € N
with ¢ =1,...,9, then

fi(l)=0 and f1(2) =0;
f2(1)=0 and fo(2) =1
f3(1) =0 and f3(2) =2;
fa(1)=1 and f4(2) =0;
f5(1)=1 and f5(2) =1;
fo(l)=1 and fs(2) =2;
fr(1)=2 and f7(2) =0;
fs(1)=2 and f3(2)=1;
fo(1)=2 and fo(2) =2.

Note that f; = Op is the zero map and fg = 1y is the identity map. The only
non-identity unity is fg. These three maps are trivially unit-regular. Since fs, f4, f5
and fy are idempotent, they are unit-regular and fo and f7 are unit-regular using
fs. Hence N is a unit-regular near-ring. But N is not left morphic in view of
Theorem 4.8 since (f5(1n — f5))(2) # 0. O

Example 4.16. Let D be a division ring and R := M, (D) be the n x n matrix
ring over D, n > 2. R is unit-regular [9, Corollary 4.7]. For any non-zero R-module
M, let N := R x M and define addition and multiplication, respectively, in the
following manner:

(a1, m1) + (ag,m2) = (a1 + az, mi + ma)

(a1,m1) x (a2, m2) = (a1a2,a1me +my).

Claim 2. (N, +,*) is a unit-regular near-ring that is not left morphic.

Proof. Tt can be verified that N is a right near-ring with identity (1,0). We proceed
to show that N is unit-regular. Let (u, —um) € N, where u is a unit element in
R and m € M. Then for an arbitrary element (a,m) € N,a € R, it is easy to
verify that (a, m) x (u, —um) * (a,m) = (a,m) and (u, —uwm) is a unit with inverse
(u=1,m). This gives N unit-regular. To prove that N is not left morphic it suffices
to show that all elements (a,m) € N with 0 # m € M are not left morphic. Let
(a,m) € N;m # 0. If (a,m) is left morphic, then

(a,m) € N{a,m) = (0 (b,n)) and (b,n) € N(b,n) = (0 (a,m))
for some (b,n) € N. This gives (a,m) x (b,n) = (0,0) = (b,n) x (a,m) which yields

ab = 0 = ba,—n = bm and m = —an. Therefore, m = —a(n) = —a(-bm) =
(ab)ym = 0m = 0, which is a contradiction. Thus (a,m) is not left morphic. 0
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By Proposition 4.6 and Theorem 4.14, the picture of relationships among all
these classes of near-rings is as follows:

{ Left strongly } c { Left morphic } C { Unit- }

regular near-rings | * | regular near-rings | * | regular near-rings

However, if N has IFP we get from [1, Proposition 4.2] that such a unit-regular
near-ring is left strongly regular. Hence we have:

Proposition 4.17. Let N be a near-ring which has IFP. The following are equiv-
alent:

(1) N is left strongly reqular.
(2) N is left morphic and regular.
(3) N is unit-regular.
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